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The problems marked with ∗ are due at the beginning of the class on Tuesday 20 November.

Problem 7.1. Remember the spherical pendulum of Problem 6.2. The energy-momentum map
F = (H, K) : TS2 → R2 has two critical points of rank 0, namely m1 = (Γ, 0) and m2 = (−Γ, 0)
where Γ = (0, 0, 1) ∈ R3. Show that the critical points m1 and m2 are non-degenerate.

Problem 7.2*. (20 points)

Let ~R = (R1, R2) ∈ R2 with 0 < R1 < R2 <∞ and t ∈ [0, 1]. Consider the product of 2-spheres
S2×S2 ⊂ R3×R3 with cartesian coordinates (u1, u2) = ((x1, y1, z1), (x2, y2, z2)) and symplectic
form ω = − (R1ωS2 ⊕R2ωS2) where ωS2 is the standard symplectic form on S2 (cf. Problem
2.3). Given ( ~R, t) we consider the map

Ft, ~R = (J~R, Ht) : S2 × S2 → R2 (1)

given by

J~R (u1, u2) = R1z1 + R2z2

Ht (u1, u2) = (1− t)z1 + t(x1x2 + y1y2 + z1z2).

(i) Set Γ = (0, 0, 1) ∈ R3 and let Rs be the rotation in R3 of angle s about the axis determined
by Γ. Show that

XJ ~R(u1, u2) = (Γ ∧ u1, Γ ∧ u2)

is the Hamiltonian vector field of J~R and its flow ϕ : R× (S2 × S2)→ S2 × S2 is given by

ϕs(u1, u2) = (Rsu1,Rsu2). (6 points)

(ii) Show that Ht ◦ ϕs = Ht and conclude that {Ht, J~R} = 0. (5 points)

(iii) Find the four critical points of rank 0 of Ft, ~R given in (1). (4 points)

(iv) Give the Hessians of Ht and J~R at one critical point of your choice. (5 points)

Problem 7.3. Determine the Williamson type of the critical points (Γ, 0) and (−Γ, 0) in
Problem 7.1.


