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Plan of the talk

+ Painlevé equations : isomonodromic deformations and confluence.
+ Calogero—Painlevé correspondence : classical and quantum.
+ Multi—particles systems and their isomonodromic formulation.

+ The case of PIl : Stokes data and applications.

Collaboration with M. Bertola, M. Cafasso .
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Painlevé equations
Painlevé property : The only movable singularities are poles
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Isomonodromic deformations

0 Ao
Ty —ARv .-
p AP, Az) - +

A; Ay
+
z—t z—1

Aso := —Ag — A, — A1 = diag(0o, —00).

Isomonodromic deformations +— Schlesinger equations :

dAy A1, Ao dAy A A

dr t 0 dr t—1
)

Painlevé VI for A = (simple) zero of (A)i2.

Painlevé Il
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Isomonodromic deformations-Reminder

Consider a Fuchsian system of rank N sur P' :
0.9 = A(z)®@, ®(z) € GL(N,C)

A =3

p=1% T v

* nregular singular points singuliers ai, . . . , a,
* No singularity inco = Ase := -3, A4, =0
Monodromy Representation :
p: m(P'\{a}) = GL(N,C)

* On can suppose trA,, = 0, monodromy matrices M,, € SL(N, C)
* Different choice of base in solution space = equivalent representations.
Riemann-Hilbert correspondence :

set of parameteres P space M

RIC: of linear system 7 ofthe monodromy data

Painlevé Il
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Isomonodromic Deformation
Schlesinger equations :

(A Av]

s
a, —ay

0,

ay,

Ay = n#v

* Hamiltonian non-autonomous system.
* a,’s play the role of "time"
* Tau-function generates the hamiltonians isomonodromic flows :

1
H, := 04, InT(a) = 5 TeSe=ay, rA%(z)

* Tr(A,) is conserved due to the Lax form
* it is useful to consider the space
M := Hom(m (P'\{a}, SL(N, C))/ ~
of local fixed monodromy
Exemple : N =2
* Schlesinger —> Garnier system G, _3

* dimMy=3(n—1) -3 —n=2(n—23)
(the complet set of quantites conserved for G, 3 !)

* n=4=> Painlevé Vl;a = {0,1,1, 00}

Painlevé Il
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The Monodromy Variety of Painlevé VI

Let the ¢(¢) be defined by
C(r) =t(t — 1)% In7(r)
Sigma Painlevé VI :

> 263 K —C A0+ + 0] — 0L
(z(z - 1)4“) = —2det ¢ 262 (t—1)¢ —¢
O+ +0T - 05, (1—1)¢ —¢ 2607

The monodromy data :
* To each solution on associate (the conjugation class of a triple (Mo, M,, M;)
* x, =2cos2nwh, = trM, (withv = 0,1, 1, co) give 4 parameters of PVI
* two other coordinates =- integration constants
* introduce x,,, = 2cos2moy, = trM, M,, then [Jimbo, '82]
XorX1Xo1 + X(z,, + Xf, + Xﬁl + xg + X,2 + Xf + xzoo + XoXiX1Xoo =

= (x0x; + X1Xoo ) Xor + (1% + XoXoo ) X1/ + (X0x1 + XiXoo ) X1 + 4

The triple o = (oo, o1, o01) verify the above identity and one can interprete as a pair of integration
constants for PVI.
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Confluence and Lax systems
Each of the Painlevé equations can be written as a Lax system (of isomonodromic type)

7]

—U(t;z) = U(t;2)V(t2),

£ (052) @Ry e
P R
5 Y(z) = V(2)U(2).

Confluence of Painlevé equations :
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Calogero—Painlevé correspondence for PVI

Take the elliptic curve y> = z(z — 1)(z — t) and the associated Weierstrass e function

1 1 1
Sy I
u (mmE(00) (u+m+nt) (m + nt)

Define e, := p(wn), wi:=1/2, wy:=—1+7)/2, w3 :=7/2.

Theorem (Fuchs, Painlevé, Lamé, Manin) :

Let ¢ be implicitely defined by

7&)(6]) —a and ¢:= ﬁ
e — e dr

Then the PVI equation is equivalent to the Hamiltonian system

A=

| 8H | OH [P
= —— ':—7—7 [-I)7 ,T) = — — + w
=5 P 7mi 00 (Psq,7) 5 ,?:o gn(q + wn)

with .
go=0a, g =B g="7, g3=—5+5~
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”

Why “Calogero — Painlevé

Remark :

Levin et Olshanetsky observed that Manin’s Hamiltonian

H(p,q,7) = —Zgn (q + wn)
is the rank—one case of a system of n particules qi, . . ., g, introduced by
Inozemtsev
Pj
Hw—z( LS ot ) +g4z( a +p<q,+qk>>
j=1 J#k

and generalising the elliptic Calogero—Moser system.

Manin’s system is non—autonomous, while Inozemtsev’s system is an
(integrable) autonomous Hamiltonian system.
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Takasaki : “Painlevé—Calogero revisted” (2000)

Theorem (Takasaki) :
Each of the Painlevé equation can be written, using the confluence scheme,
as an Hamiltonian system with Hamiltonian of the type

p2
H(q,p;t) = -~ V(g;1),

and there is a canonical transformation between these Hamiltonians and the
Okamoto’s (polynomial) ones.
The correspondence extends to the case of many particles.

D, D: ____ pD,
Pri Prip Prii

Pyy =Py =Py PiM =P
Pry —= PN
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Quantum Calogero—Painlevé correspondence

Theorem (Zabrodin—Zotov, Suleimanov) :
For each of the Painlevé equations it exists a Lax pair

o -

—®d(t;2 = U(t;2)P(t;2), N N
T S .
9 _ 0z o -7
§<I>(t; ) = V(52)2(h2).

such that the first component ¢(t;z) = ¢1(t;z) of
o= ( 563

ap(t;2) = [H(L 0;) — H(%p)}qﬁ(n 2).

satisfies the equation

Remark :
For the case of PIl and PIII these results apply to the study of S—models.

§8z¢>(t; 7) = [H(L 0;) — H(q,p)] #(;2).

Ramirez, Rider, Virag, Rumanov, Grava, lts, Kapaev, Mezzadri....

Painlevé Il
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Our aim :

Describing an isomonodromic formulation of multi—particles Calogero—Painlevé
systems.

* A central issue will be to find an isomonodromic description of the
multi-component Painlevé equations. If such an isomonodromic description does
exist, it should be related to a new geometric structure (Takasaki).

* Applying the classical tool of isomonodromic deformations to such systems.
* Quantization, application to beta models.

Our procedure :

Applying an Hamiltonian reduction a la Kazdan-Konstant-Sternberg on a matrix—valued
version of Painlevé equations.
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The simplest example : Pl

A matrix—valued Lax pair for the first Painlevé equation :

% w2) ( b H’)w )
—W(sz = 2 2 L _ 254 .
oz ZHg+a+ 7 P q = p
=
0 : po= Sd+
V(7)) = z 2| ¥(g2) 2
ot S4+q 0
Lemmal :

The Lax equations are Hamiltonian on M := T*gl, with respect to the standard
symplectic structure w := dq A dp and

2 3
H=Te( 2L _,9)
2 2%

Moreover, the commutator [p, q] is conserved along the flow.
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Reduction a la Kazhdan-Konstant-Sternberg

M, = {(q,p) € Ms.t. [p,q] = iga(1n — vTv)}7 vi=(1,...,1).
Lemmalll :
Let (q,p) € M,, with q diagonalizable. Then it exists G such that

G™'qG = X = diag(qi,- - -, qn),

and, if Y = G~ 'pG, then
[V,X] = iga(1, — vIV).

Corollary :

Yij=—

84 iti=1,...,n
4 — g

The variables p; := Y;;,i = 1,...,n are the conjugated variables of {g, ..., ¢g.} for the
reduced system.

More precisely : p : M — gl}, u(q,p) := [p, q] is the moment map and {g;, p;} are the
symplectic coordinates on the quotient =1 (0)/PGL,(C), with O orbit of
diag(n — 1, —-1,...,—1).
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Reduction a la Kazhdan-Konstant-Sternberg Il

The gauge—transformed eigenfunction
Pd(1;2) == (Gfl(t) ®1,)U(t;2) = Gfl(t)\I/(t; 2)

satisfies the Lax pair

) 5
= ®(tz) = Ut)P(s2)
[o)4
Qo) = V(509052
(91‘ V4 = 32 [v4
N 1 p z—q Y —X
= - t =
v = 670 drgtadt s p G zz+zX+X2+% -y
~ S A .
Vo= : 2 | -G'nGn=| 2 , F(t) =G ()G(r)
E+X 0 E—i—x —F
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Reduction a la Kazhdan-Konstant-Sternberg Il

Compatibility conditions yields

X = [F,X]
3 t
Y = IX’4+-—[FY
2 * 4 [F, ]
. 2
ig4 . 3, 14 8
= F;, = _ k, —qgr + = —
J:k (xj _ xk)z J # qj 2‘]] 4 P (x] _ xk)3

On the other hand

Y X X P4 g
=) = 5y (D EANTEE
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)
20tz
% (:2)

1o}
— (s
5 Y (19)

H(X,Y)

Calogero—Painlevé correspondence

Isomonodromic formulation

lZZ+.2+.t .
— +1i i— —ip— -
2 q 2 “a-=rw z
W(t;2),
zq+ip — — ,li,iZ,l,
P 2 T
iz q
U(t;2),
qQ —ic
q = p
=4
p = 2¢3+rq+0

Painlevé Il
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Spectral type and Fuchsian systems

(9 AO At Al
— VU =A()¥, A(z) = —
0z @7, @) z z—t+z—l

Aoo = 7A0 7A, 7A1 = diag(&oo, 7900).

Ay with eigenvalues (6x, —0x), k=0,1,t.
A

Painlevé VI = Fuchsian system of spectral type 11, 11,11, 11.
This is, essentially, the only Fuchsian system with phase space of dimension
two (“accessory parameters”) and one—dimensional deformation.

Given a Fuchsian system of size k with N singular points, its spectral type is
given by N partitions Y1, ..., Yy of k and the dimension of its phase space is

given by (Katz)
24 (N -2k =Y (%)
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Spectral type and Fuchsian systems |l

Proposition (Oshima) :

There are (essentially) just 4 Fuchsian systems whose phase space has
dimension 4.

Oneis 11,11,11,11, 11, giving the Garnier system in two variables. The other
three, which admits a one—dimensional deformation, are

21,21, 111,111, 31,22,22, 1111, 22,22,22,211.

Kawakami : The Fuchsian system nn,nn,nn,nn — 11 gives a “matrix
version” of the Painlevé VI equation, and its degenerations (confluence)
yields a matrix version of all the other equations.
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Matrix Painlevé VI equation

0 Ao A, Ay
2y = o ==
5z AV,  A(z) -ttt

0, O .
Ak~<0n len) k=01,

Aco = diag(67°,...,07°,05°,...,05°,05°).

)
Theorem (Kawakami) :
A(z) = A(t,q,p; z) in such a way that

[p,a] = (6" +6' + 6"+ 67°)1 + diag(65°,..., 65", 657)
and the isomonodromic deformation of the system is governed by the

Hamiltonian (0 := 6° + ' + ¢').
t(t — 1)Hy, = Tr [q(q - 1)(q - 0)p’+
+((0" +1-p.a)al@— 1) +0'(a— 1)@ —1) + (0 +267 ~ Dalq— 1) )p+

+(6 4+ 65°)(6° + 6" + 01°°)q]
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Hamiltonians by confluence

tHy
tHyy
tHp11(pe)
tHii(p7)
tHip(ps)
tHyy

tHy

Tr[p(p+t — 1)+ 6pq +p — (a+7)fq],

Tr[pq (p— q—t)+ﬁp+oeq]

242 _

Tr[p q° —(q fﬂqft)pfaq]
[

Tr[p?q? + apq + p +

o+ pa—a 1]

Tr[p2 +t)p—aq],
[ 2

Tr|p?* — ¢ —tq]

p, q] = const
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General procedure :
* We start with a Lax pair of type
d
5 V@0 =AGa, q ',p,0)¥(50)

B = q=A(q,p,1), P=3B(qp 1)
5 Y (@0 = B(za, q',p,0)¥(50),

with A, B polynomials (rationals) in q, p such that the equations above are
Hamiltonians and

A is of degree at most 1 in p and B is of degree at most 2 in p.

* [p, q] is a constant of motions, hence we apply KKS reduction and we get the Lax

pair
0
—B(z;1) = A(z;X,Xfl7 Y, 1)®(z;1)
0z
0 —1 -1
Loz = (B(z;x,x L Y,1) — F(X,X ,Y))<1>(z; 1)
ot
. . . iga
with X = Diag(q1,-..,4qn), Y = Diag(p1,...,pn) + (7) ,
4 — 4k / jtk

{X = AX,Y,1) + [X, F],
E

Y = BX,Y,0)+[Y,F].



Painlevé equations Calogero—Painlevé correspondence Isomonodromic formulation Painlevé Il

General procedure Il :

Proposition :
(i = x)Fis = (A ), X]) i #),
Fj=-> Fp+k, K:= % > Fom
keksAj £,m:m
All entries of F are rational functions of (xi, ..., x,) only.
Proof :

X, X] =0 = [x, X, F]] = [A(x, y),x]. (This gives the first equation).

d
0= SIY) = [AX ). X] + 1. B0 )]+ ([IXFL Y] + [ 17, F)).
On the other hand
[A(q,p), p] + [P, B(q,p)] = 0 = [A(X, Y),X] + [V, B(X,Y)] = 0.
Hence
0= [IX,Fl,Y] + [X, [V, F]] = —[[¥,X], F] = [iga(v/v), F]
The off—diagonal entries of the equation above give the linear system of equations

S Fy—fi= S Fu=0, ik=1,...mi#k
i 7k
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General procedure lll :

Final result : multi-component Painlevé Hamiltonians of Okamoto
type

I

Calogero—Painlevé systems.

(Using Takasaki’s canonical transformations.)
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Monodromy : the case of PlII

2 t

< .2 . . 0
i—+iq-+iz zq—ip— —
d 2 2 z
Y62 =AMt )U(62); Abz) =
Z T 0 .ZZ .2 .t
ip— — —l— —iq° — i
qTip Z 5 q 3
Slight generalisation :
d d " d
t— t:=diag(ty,...,th), —F— — = —
fag(tn, oty 2 g d;

. 1
i=2¢+ Sty +0

(Retakh - V. R., Bertola—Cafasso)
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Theorem : Given the equation
d
—W(t2) = At 2) W (t;2),
dz
There exists a unique piecewise analytic solution ¥ = {¥,, v =0, ..., 7} satisfying

)

i 23 -\ &
W(t;2) ~ (1 el ®o3—q® o i O(z‘z)) e(lna+;7re)[q,p]®137(TH“)U3
Zz

The corresponding (matrix) Stokes operator X, Y, Z satisfy the relations

123 A4

(X +Z+XYZ)Q + Q'Y = 2isin(n8) o
[+

XY+1)Q -0 H(YX+1)=0
Gy | W

720X -XQ7'Z+ Q-0 '=0

eilpal®1 einlpale!

RS> &,

(YZ+1)0 -0~ (ZY+1) =0

YO + 0~ 1(X + Z + ZYX) = 2isin(n6),

— N
e=e S

Ws Ve
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“Classical” Pl cubic |

Flaschka-Newell ('82) :
B 4 0 ) 0 —dw
AN = (0 —4)>\+(—4w 0 )’\+
n —2w?—z 2w, (0 a1
—2w; 2w? 4z a 0 A
eZiTI'Oé 0 _
M():C( 0 -2 >C !

1 xp 1 0 .
521‘:( o 1 )’ Soj—1 = ( xojm1 1 )’ Jj=123

Xiy3 =X, and xpxox3 4+ x; +x + x3 = 2sin(wa)

Monodromy data :
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“Classical” and deformed cubics |

If 0 = eiP:dl = +1 then
X,Y] = [X,Z] = [Y,Z] =0, X+Y+Z+XYZ = const,
as in the classical case.
Example (Bertola, Cafasso) :
h v

C= (c,j)l_FI Hermitian,

. 2 n o P . .

i (LPRY)OR) ", (Aif)i() = | ciyAiCe+y+ 1 + ) (0)dy.
Ry
82

o log det(1 — Ai?) = Tr(q?),

where q is the unique solution with asymptotics

q;(t) = cjAi(t + 1) + O <\/Te—§(27—2'">3/2>

1
T .= Z th’ m:= mjax(t,' — T)7 T — oo.
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“Classical” and deformed cubics Il

Suppose [p, q] = ik multiple of the identity. Then
* Upon identification p = ih -, the term a in

U(t;z) ~ (1 ;085487 O(Z’Z)> elhetimolaslele! (7 e
Zz

gives the quantum Hamiltonian of Painlevé II.
* The Stokes relations read
(X +Z+XYZ)Q + Q7Y = 2isin(n0)
OXY -0 'YX=0""-0
QZX - Q07 'XZ=0""'-0

0YZ - Q- 'ZY =0~ ' — 0.

These relations are the same obtained by Mazzocco and V.R. (2012) as a result
of the quantisation of the Poisson structure of the classical cubic of the
monodromy surface of Painlevé Il.
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Coupling n scalar solution of Painlevé Il

Example : How to construct solutions for [p, q] = igs(1 —vTv), igy = r € 2Z:

* Take r = 0 and construct the block—diagonal eigenfunction

diagyp () (520, y0,20; 001, | diaglph) (26D, 59, 29 )],

)

lI’O(Z; X’ Y7 Z; 0) =
diag[d) (zx0),yD), 20 ), ‘ diag[p) (z;29),y9), 20 0)]1_,

with asymptotics
£ 5+

Uy ~ (lzn + 0(271)) zoez( 3 )337

¢ Define R
Do) = (K@ DWR)(K @,

where
K11 — w)K = diag(1 —n, 1,...,1).
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» Combining a finite number of Schlesinger transformations, it exists
(Jimbo—Miwa—-Ueno) R(z) such that

T(z) := R(z)Ty(2)

is still an eigenfunction with asymptotics

i ﬁ 2 &
56 = (1 + o) mstoric-ar d (3457
* Finally,
T(2) = (K1) ') (K1)

is still an eigenfunction with the “good” exponent of formal monodromy =),
Note that

V() = R()¥o(z), R():=(K®1) 'RER)(X1).

Remark : These are “classical” solutions, with mutually commuting Stokes parameters.
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Two interesting questions for future

* "NC Ruijsenaars duality" :
We can also use “dual coordinates” imposing

. . ig4
X := diag(p1,...,pn), Y:=diag(qi,. - qn) — (7) :
Pi = Pj/ i

and, in these coordinates, the "dual" Hamiltonian reads
n 2 3
P; 4 g4(q; + qk
HP =Y (%L -1 - = >
‘ < 2 2 >
i=1 Jj<k

* What about other Calogero-Painlevé ?
* What about g— Painlevé ?

Painlevé Il

®)
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Thanks!
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