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1. g—exponential function / quantum dilogarithm identity

, (@Dn=0-¢q)...(1-¢")

n>0
functional properties:  (qz), = (1 +z) (z),, (0), =1
If YX=gXY, then

(x)  (X)y (V) = (X+Y),

(%) — Schiitzenberger ('53)

(o) (Y (X)y = (X)y (XY, {Y),

(#%) — “quantum pentagon” relation / quantum dilogarithm identity —

Faddeev, Kashaev, Volkov ('93-'94)
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2. g—exponential function and R-matrix

Yang—Baxter equation: Ri2: Vi@ Vo = Vo ® V)
R12 R13 Ro3 = Ra3 R13 R12

Ri9 L3 Loz = Loz L13 Ry2, Ros L12 L13 = L13 L12 Raa

Lo1 Lo2 Lo3 <+ Loz Lo2 Lot = Ri12Ri13R23 = Rag Ri3 R

K 0 _ K-l F
()= (5 D) erke e

Drinfeld ('86): ~ R=qi"*M(E@F) ¢i"®M K="
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3. Tetrahedron equation and the symmetric group

A. Zamolodchikov (’81)2 Riogg : ViVe@Vs =V VeV
Tetrahedron equation :

Ri93 Ri45 Raae R3s6 = Rase Roas Ri135 Ri23
an analogue of the RLL approach 7
Sy - the symmetric group:
sisjs; = 85885 if |[i—j| =1 and s;s85 =s;58; if [i—j]>1

R : 5;8i115; — Si+15iSi+1
Ria3

—~ = —~ — —
815281835251 = 828152838251 = 528351525183 = 525382 515283 = 535251835253

515253515281 = 515253525152 = 535152515352 = 535251525352 = 535251535253
N—— N—— S—— S——
Rys6

417



4. An upper triangular quantum group

The quantum group GL{ ,(n), p=q"
{1 ifi <j

05 0 _
1<4,j<n 1<i<j<n
2 2 a b
RgQ) L L3y =Ly Ly R%;, LT = (0 a,_r> , ab=gqba

RY) TisTos = Tos Tus Ry, R T3 Thy = Ty Tis RS

al b1 0 1 0 0 as bg 0
T=(0 a" O 0 as by 0 a3” 0| ~ s15281
0 0 1 0 0 ay" 0O 0 1
1 0 0 az by O 1 0 0
T, = 0 as bg 0 GQ_T 0 0 al bl ~ 825182
00 a3"/\0 0 1/ \0 0 a
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5. An upper triangular quantum group and TE

RT=TR
R: si8i+18i — Si+18:Si+1 — a solution to TE:
AB-Volkov ('14) (a generalization of Sergeev ('97), Kashaev-Volkov ('98) ):

R= (W), cinF W)y, W =ala;"bibs a3

Fa; =a1F, Fas =ajasF, Fasz= al_lag
Fby = bibobs'F, Fby=03F,  Fby=by

F is a counterpart of the flip P in YB: F? =id

F123 F145 Foue F356 = F356 Foa6 F135 F123
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6. TE, quantum dilogarithm identities, S3 symmetry

YB: R= PR, RiyRisRy3 = RosRi3Ri2 — RiaRosRis = RosRioRos

TE: R=F (W) 41, Ri23 Riss Roag Ras6 = Rase Ross Rigs Riaz —
(Z12), (Z12Z23), (Z13), (Z23), = (Z13),(Z13Z12), (Z23), {Z12), (*)
Lioli3 = qZi3lyz, ZLi3loz = qlozliz, Lp3lia = qlialas

(1'2) - (1'3) automorphism p- 212 — 213, Z13 — 223, 223 — 212

\ ,/ anti-automorphisms p;:

(2.3) w1 Zig <> 213, po: Z13 <> Loz, p3: Zag <> L1z

2 = (Z12), (Z12223), (Z13), (Z23),
(x) & Z= p(Z) = p(,o(Z)) and ui(Z) =Z - 53 symmetry
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AB-Volkov ('15):
N > 2, a quiver Qy with () vertices (i,5), 1 <i<j <N
torus algebra with (];) generators Z;;, 1 <i<j <N

(1,2) — (1,3) — (1,4)

s WAy

Q4 2,3)— (2,4)

i

(3.4

(2,3

Sz symmetry:  p(Zij) = Zj—i N+1-i,
pi(Zij) = Zj—ij, p2(Zij) = Zny1—jN+1—iv 13(Zij) = Zi N414i—j
%

—
Theorem: Z = I ¢ 1II Zi+m7j+m>q
1<i<j<k<N 0<m<k—j—i

Z = p(Z) = p(p(Z)), ,ui(Z) = Z - quantum dilogarithm identities
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8. Classical dilogarithm

i n
x 1
) = -1 ~ exp(—LiQ —x) asqg—1
=31 o Lia(-2)
(0.9] l‘n
dilogarithm : Lig(x) = E e
n=1
=z 1
Rogers dilogarithm : L(x) = nE_l 2 + 5 log(z) log(1 —z), O<zx<1
6 x
RS S
(z) 2 \1yz) ! >

1(0)=0, I(c0)=1, I(1/x)+1(z)=1

pentagon identity : I(z) 4+ I(y) = l<1j_y> +l<1 +Zy+ y> +l(1 j/-x)

9/17



9. Quasi-classical limit

X:exp(Q), Y:exp(P), [P,Q]:—ih — YX=¢gXY, g=¢€"

symbol of an operator: <<OA>>(]A37 Q) :A <?22?P€)>
|P) and |Q) — eigenstates of P and Q

Faddeev—Kashaev ('94): (Y), (X), = (X), (XY), (Y),

({(Y)y X NP, Qs ) = ( (X) (XY}, (Y), D(P,Q; 1)

asymptotics in the quasi-classical limit, i — 0: (z = e?, y = eF)

o010 - (25) 15 23) ()
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10. Ss-invariant dilogarithm identity

Ligli3 = qLizlye, ZLig3log = qlazlyz, ZLazliz = qlialas
the center: C = 212213223 , Z = <Zl2>q <Zl2223>q <Zl3>q <223>q

Z2=p(2) =r(p(2)). m(2) =2

asymptotics of Z in the quasi-classical limit, ¢ — 1:

F(x’y’z):l<1iy) H((?JL?H?ZQ +l((1+xf:f//)(1+2)> H(li“f')

Theorem:

F(x,y,z) = F(y,z,2) = F(x,z,y) = F(z,y,2) = F(y,z,z) = F(z,2,y)

— an Ss-invariant dilogarithm identity

ryz
F(z,y,2) :l(x)+l(y)+l(z)_l(1+m+y+z+:€y+xz+yz)
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11. Totally positive matrices

N, — the variety of n x n real unipotent upper triangular matrices that

are totally positive, i.e., every minor of M € Nn+ which does not vanish
identically is positive

Jip(x) = Iy + 2 B g1

Berenstein—Fomin—Zelevinsky ('96): M € N,  iff there exist positive z;;,
1 <i < j < n (the Jacobi coordinates) such that

M= H (Jr(@1p41) - - - J1 (@ k1))

n=4: M = Ji(z12)J2(213)J1(723) J3(714) J2(724) J1(T34) ~ 515251835251
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12. Involutions M', M" on N,*

P — the permutation matrix such that P;; = 0;4jn+1
Theorem: (AB-Volkov ('17))

1) for every M € N,, there exist unique M’, M” € N, and a unique
diagonal matrix D,; such that

PMP = M'PD,,M"
2) (M"Y =M, (M")”=M - involutions (s151 = s282 = id)

3) ((M/)”)/ = ((M”)/)” (818281 = 828182)
P S0V N - S 07)

= forall 1 <i<n/2
Tnt1-knt1-i(M) 2% Tng1—imt1-k

I
—

k=i+1
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13. Involutions M’, M", and TE

1
ij (M)
Local changes of the Jacobi coordinates that affect only w;;, 2, @k:

an involution M — M: z;;(M) =

Liji(wij) = zig, Liji(zig) = ij, Lije(zjp) = —2

)

Lik
Riji(xij) = ;;ka Rijk(vik) = @k, Rijr(zj) = ik
J
4) n=3: M’ = Lip3(M), M" = Rig3(M)

Li23(L124(L134(Lo3a(M)))) = Losa(L1ga(L124(L123(M)))) = M,
Ri23(Ri24(R134(Ro34(M)))) = Rosa(Riza(Ri24(Ri23(M)))) = M”
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14. Ss-invariant dilogarithm identity

n=4: M = Ji(z12)J2(z13)J1(x23)J3(x14) J2(224) J1(234)

Ar(M) — the right flag minor of M (intersection of the last || columns
with the rows labeled by the set I)

L(M) :l(i;iii’i) +Z<A1A24) +Z<A12A234) + (A2A34>

AyAq AGYPANDY AyAg3
£ _ T2 y _ 713 T T3
14y 1’23’ 1+x .%'24, 142 X34

Theorem:

L(M) = F(x,y,z), E(M'):4—F(z,y,:n), [,(M”):él—F(a:,z,y)

F(z,y,z) is Ss-invariant < L(M)+ L(M')=L(M)+ L(M") =4
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15. a generalization for N,

MGN,J{:

Apij- n Az n
Yijk(M) = A[Z.J' 1]U[k+lA}- [fl,b1u[k, 5
[6,4]Ulk+1,n] D [i+1,5—1]Ulk,n]

L= 3 (Vi)

1<i<j<k<n

Theorem: the dilogarithm identities:

LOM) + L) = £(M) + L") = gnln = 1)(n — 2)

Z l((Yijk(s(M)))sgns> =const, s€ 53

1<i<j<k<n
(?) the quasi-classical limit of Z = p(Z) = p(p(2))

Relation to cluster algebras, Y-systems, ...

16 / 17



REFERENCES

A. Berenstein, S. Fomin, A. Zelevinsky, Parametrizations of canonical bases and
totally positive matrices, Adv. Math. 122 (1996) 49-149.

A. Bytsko, A. Volkov, Tetrahedron equation, Weyl group, and quantum
dilogarithm, Lett. Math. Phys. 105 (2015) 45-61.

A. Bytsko, A. Volkov, Tetrahedron equation and cyclic quantum dilogarithm
identities, Int. Math. Res. Not. 2015 (2015) 1075-1100.

A. Bytsko, A. Volkov, Totally positive matrices and dilogarithm identities, Lin.
Alg. Appl., 547 (2018) 148-167.

L.D. Faddeev, R.M. Kashaev, Quantum dilogarithm, Mod. Phys. Lett. A9 (1994)
427-434.

17 / 17



