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1. q–exponential function / quantum dilogarithm identity

〈x〉q =
∑
n≥0

(−1)n
xn

(q)n
, (q)n ≡ (1− q) . . . (1− qn)

functional properties: 〈qx〉q = (1 + x) 〈x〉q , 〈0〉q = 1

If Y X = q X Y, then

(∗) 〈X〉q 〈Y〉q = 〈X + Y〉q

(∗) – Schützenberger (’53)

(∗∗) 〈Y〉q 〈X〉q = 〈X〉q 〈X Y〉q 〈Y〉q

(∗∗) – “quantum pentagon” relation / quantum dilogarithm identity –
Faddeev, Kashaev, Volkov (’93–’94)
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2. q–exponential function and R-matrix

Yang–Baxter equation: R12 : V1 ⊗ V2 → V2 ⊗ V1

R12R13R23 = R23R13R12

R12 L13 L23 = L23 L13R12, R23 L12 L13 = L13 L12 R23

L01 L02 L03 ↔ L03 L02 L01 ⇒ R12 R13 R23 = R23 R13 R12

L+ =

(
K 0
E K−1

)
, L− =

(
K−1 F

0 K

)
, E,F,K ∼ Uq(sl2)

Drinfeld (’86): R = q
1
4
H⊗H 〈E⊗ F〉q q

1
4
H⊗H, K = qH
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3. Tetrahedron equation and the symmetric group

A. Zamolodchikov (’81): R123 : V1 ⊗ V2 ⊗ V3 → V3 ⊗ V2 ⊗ V1
Tetrahedron equation :

R123R145R246R356 = R356R246R135R123

an analogue of the RLL approach ?

Sn - the symmetric group:

sisjsi = sjsisj if |i− j| = 1 and sisj = sjsi if |i− j| > 1

R : sisi+1si → si+1sisi+1

R123︷ ︸︸ ︷
s1s2s1s3s2s1 = s2s1

︷ ︸︸ ︷
s2s3s2s1 = s2s3

︷ ︸︸ ︷
s1s2s1s3 =

︷ ︸︸ ︷
s2s3s2 s1s2s3 = s3s2s1s3s2s3

|| ||
s1s2s3s1s2s1︸ ︷︷ ︸ = s1s2s3s2︸ ︷︷ ︸s1s2 = s3s1s2s1︸ ︷︷ ︸s3s2 = s3s2s1s2s3s2︸ ︷︷ ︸ = s3s2s1s3s2s3

R456
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4. An upper triangular quantum group

The quantum group GL+
q,p(n), p = qr

R(n) = qθijpθji
∑

1≤i,j≤n
Eii ⊗ Eii + (qp− 1)

∑
1≤i<j≤n

Eij ⊗ Eji, θij =

{
1 if i ≤ j
0 if i > j

R
(2)
12 L

+
13 L

+
23 = L+

23 L
+
13R

(2)
12 , L+ =

(
a b
0 a−r

)
, a b = q b a

R
(3)
12 T13 T23 = T23 T13R

(3)
12 , R

(3)
12 T

′
13 T

′
23 = T ′23 T

′
13R

(3)
12

T =

a1 b1 0
0 a−r1 0
0 0 1

1 0 0
0 a2 b2
0 0 a−r2

a3 b3 0
0 a−r3 0
0 0 1

 ∼ s1s2s1
T ′ =

1 0 0
0 a3 b3
0 0 a−r3

a2 b2 0
0 a−r2 0
0 0 1

1 0 0
0 a1 b1
0 0 a−r1

 ∼ s2s1s2
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5. An upper triangular quantum group and TE

R T = T ′ R

R : sisi+1si → si+1sisi+1 → a solution to TE:

AB-Volkov (’14) (a generalization of Sergeev (’97), Kashaev-Volkov (’98) ):

R = 〈W 〉q−(r+1) F 〈W 〉qr+1 , W = ar1a
−r
2 b1b

−1
3 a3

F a1 = a1 F, F a2 = a1a3 F, F a3 = a−11 a2
F b1 = b1b2b

−1
3 F, F b2 = b3 F, F b3 = b2

F is a counterpart of the flip P in YB: F2 = id

F123 F145 F246 F356 = F356 F246 F135 F123
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6. TE, quantum dilogarithm identities, S3 symmetry

YB: R = PŘ, R12R13R23 = R23R13R12 → Ř12Ř23Ř12 = Ř23Ř12Ř23

TE: R = F 〈W 〉qr+1 , R123 R145 R246 R356 = R356 R246 R135 R123 →

〈Z12〉q 〈Z12Z23〉q 〈Z13〉q 〈Z23〉q = 〈Z13〉q 〈Z13Z12〉q 〈Z23〉q 〈Z12〉q (∗)

Z12Z13 = q Z13Z12, Z13Z23 = q Z23Z13, Z23Z12 = q Z12Z23

(1,2) - (1,3)

J
J]

(2,3)




�

automorphism ρ: Z12 → Z13, Z13 → Z23, Z23 → Z12

anti-automorphisms µi:

µ1: Z12 ↔ Z13, µ2: Z13 ↔ Z23, µ3: Z23 ↔ Z12

Z = 〈Z12〉q 〈Z12Z23〉q 〈Z13〉q 〈Z23〉q
(∗) ⇔ Z = ρ

(
Z
)

= ρ
(
ρ
(
Z
))

and µi
(
Z
)

= Z – S3 symmetry
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AB-Volkov (’15):

N ≥ 2, a quiver QN with
(
N
2

)
vertices (i, j), 1 ≤ i < j ≤ N

torus algebra with
(
N
2

)
generators Zij , 1 ≤ i < j ≤ N

Q3 :

(1,2) - (1,3)

J
J]

(2,3)




� Q4 :

(1,2) - (1,3)

J
J]

J
J]

J
J]

(2,4)

- (1,4)

(2,3) -

(3,4)




�




�




�

S3 symmetry: ρ(Zij) = Zj−i,N+1−i,

µ1(Zij) = Zj−i,j , µ2(Zij) = ZN+1−j,N+1−i, µ3(Zij) = Zi,N+1+i−j

Theorem: Z =
→∏

1≤i<j<k≤N

〈 →∏
0≤m≤k−j−i

Zi+m,j+m
〉
q

Z = ρ
(
Z
)

= ρ
(
ρ
(
Z
))

, µi
(
Z
)

= Z – quantum dilogarithm identities
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8. Classical dilogarithm

〈x〉q =

∞∑
n=1

(−1)n
xn

(q)n
∼ exp

( 1

log q
Li2(−x)

)
as q → 1

dilogarithm : Li2(x) =

∞∑
n=1

xn

n2

Rogers dilogarithm : L(x) =

∞∑
n=1

xn

n2
+

1

2
log(x) log(1− x), 0<x< 1

l(x) =
6

π2
L
( x

1 + x

)
, x > 0

l(0) = 0, l(∞) = 1, l(1/x) + l(x) = 1

pentagon identity : l(x) + l(y) = l
( x

1 + y

)
+ l
( xy

1 + x+ y

)
+ l
( y

1 + x

)
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9. Quasi-classical limit

X = exp(Q̂), Y = exp(P̂ ), [P̂ , Q̂] = −i~ → Y X = q X Y, q = ei~

symbol of an operator: 〈〈Ô〉〉(P,Q) =
〈Q|Ô|P 〉
〈Q|P 〉

|P 〉 and |Q〉 – eigenstates of P̂ and Q̂

Faddeev–Kashaev (’94): 〈Y〉q 〈X〉q = 〈X〉q 〈X Y〉q 〈Y〉q

〈〈 〈Y〉q 〈X〉q 〉〉(P,Q; ~) = 〈〈 〈X〉q 〈X Y〉q 〈Y〉q 〉〉(P,Q; ~)

asymptotics in the quasi-classical limit, ~→ 0: (x = eQ, y = eP )

l(x) + l(y) = l
( x

1 + y

)
+ l
( xy

1 + x+ y

)
+ l
( y

1 + x

)
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10. S3-invariant dilogarithm identity

Z12Z13 = q Z13Z12, Z13Z23 = q Z23Z13, Z23Z12 = q Z12Z23

the center: C = Z12Z13Z23 , Z = 〈Z12〉q 〈Z12Z23〉q 〈Z13〉q 〈Z23〉q

Z = ρ
(
Z
)

= ρ
(
ρ
(
Z
))

, µi
(
Z
)

= Z

asymptotics of Z in the quasi-classical limit, q → 1:

F (x, y, z) = l
( x

1 + y

)
+ l
( (1 +x+ y)z

(1 +x)(1 + y)

)
+ l
( xy

(1 +x+ y)(1 + z)

)
+ l
( y

1 +x

)
Theorem:

F (x, y, z) = F (y, x, z) = F (x, z, y) = F (z, y, x) = F (y, z, x) = F (z, x, y)

– an S3-invariant dilogarithm identity

F (x, y, z) = l(x) + l(y) + l(z)− l
( xyz

1 + x+ y + z + xy + xz + yz

)
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11. Totally positive matrices

N+
n – the variety of n×n real unipotent upper triangular matrices that

are totally positive, i.e., every minor of M ∈ N+
n which does not vanish

identically is positive

Jk(x) = In + xEk,k+1

Berenstein–Fomin–Zelevinsky (’96): M ∈ N+
n iff there exist positive xij ,

1 ≤ i < j ≤ n (the Jacobi coordinates) such that

M =

→∏
1≤k≤n−1

(
Jk(x1,k+1) . . . J1(xk,k+1)

)
n = 4: M = J1(x12)J2(x13)J1(x23)J3(x14)J2(x24)J1(x34) ∼ s1s2s1s3s2s1
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12. Involutions M ′, M ′′ on N+
n

P – the permutation matrix such that Pij = δi+j,n+1

Theorem: (AB-Volkov (’17))

1) for every M ∈ N+
n , there exist unique M ′,M ′′ ∈ N+

n and a unique
diagonal matrix DM such that

PMP = M ′PDMM
′′

2) (M ′)′ = M, (M ′′)′′ = M – involutions (s1s1 = s2s2 = id)

3)
(
(M ′)′′

)′
=
(
(M ′′)′

)′′
(s1s2s1 = s2s1s2)

if
n∏

k=i+1

xik(M)

xn+1−k,n+1−i(M)
=

i−1∏
k=1

xki(M)

xn+1−i,n+1−k(M)
for all 1 ≤ i < n/2
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13. Involutions M ′, M ′′, and TE

an involution M → M̄ : xij(M̄) =
1

xij(M)
Local changes of the Jacobi coordinates that affect only xij , xik, xjk:

Lijk(xij) = xik, Lijk(xik) = xij , Lijk(xjk) =
xikxjk
xik

,

Rijk(xij) =
xijxik
xjk

, Rijk(xik) = xjk, Rijk(xjk) = xik.

4) n = 3: M̄ ′ = L123(M), M̄ ′′ = R123(M)

n = 4:

L123(L124(L134(L234(M)))) = L234(L134(L124(L123(M)))) = M̄ ′,

R123(R124(R134(R234(M)))) = R234(R134(R124(R123(M)))) = M̄ ′′
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14. S3-invariant dilogarithm identity

n = 4: M = J1(x12)J2(x13)J1(x23)J3(x14)J2(x24)J1(x34)

∆I(M) – the right flag minor of M (intersection of the last |I| columns
with the rows labeled by the set I)

L(M) = l
(∆14∆234

∆34∆124

)
+ l
(∆1∆24

∆4∆12

)
+ l
(∆12∆234

∆24∆123

)
+ l
(∆2∆34

∆4∆23

)
z

1 + y
=
x12
x23

,
y

1 + x
=
x13
x24

,
x

1 + z
=
x23
x34

Theorem:

L(M) = F (x, y, z), L
(
M ′
)

= 4− F (z, y, x), L
(
M ′′
)

= 4− F (x, z, y)

F (x, y, z) is S3-invariant ⇔ L(M) + L(M ′) = L(M) + L(M ′′) = 4
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15. a generalization for N+
n

M ∈ N+
n :

Yijk(M) =
∆[i,j−1]∪[k+1,n]∆[i+1,b]∪[k,n]

∆[i,j]∪[k+1,n]∆[i+1,j−1]∪[k,n]
, L(M) =

∑
1≤i<j<k≤n

l
(
Yijk(M)

)
Theorem: the dilogarithm identities:

L(M) + L(M ′) = L(M) + L(M ′′) =
1

6
n(n− 1)(n− 2)

∑
1≤i<j<k≤n

l
((
Yijk(s(M))

)sgn s)
= const, s ∈ S3

(?) the quasi-classical limit of Z = ρ
(
Z
)

= ρ
(
ρ
(
Z
))

Relation to cluster algebras, Y -systems, . . .
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