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Inspired by Schöbel’s work on the classification of separable coordinates on S3 as well as
Vu Ngoc’s classification of semitoric systems, we study the separation of variables of the
geodesic flow on S3 and the resulting integrable systems. This poster presents a variety
of interesting preliminary results about these systems.

The geodesic flow on the 3-sphere S3 is a superintegrable system with a global Hamil-
tonian S1-action. The quotient of T ∗S3 by this action is isomorphic to S2 × S2. We
obtain an explicit parametrisation of this symplectic manifold in terms of the angular mo-
menta Lij . The Hamiltonian-Jacobi equation of the geodesic flow on S3 separates in the
general spherical-elliptical coordinates as well as the 5 degenerate coordinates: prolate,
oblate, Lamé-subgroup reduction, spherical and cylindrical coordinates. These six distinct
Stäckel’s systems give rise to six integrable systems on S3 and consequently six integrable
systems on S2 × S2. We produce the image of the integral map (for a fixed energy) for all
six systems, with the general elliptical case consisting of four lines and a quadratic curve.
Resounding similarities are found between the momentum maps of our systems and those
from the geodesic flow on an ellipsoid and the Neumann problem.

We also show that image of the corresponding action map for the general elliptical coordi-
nates is the equilateral triangle given by the intesection of the plane I1 + I2 + I3 = 1 with
the positive quadrant. With an appropriate projection of this triangle onto R2, we show
that the image of the action map has the boundary being a Delzant triangle with critical
curves on the interior of this polygon.
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