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Motivation
Exascale systems projection

Today's Systems Predicted Exascale Factor
y's oy Systems* Improvement
System Peak 10'° flops/s 108 flops/s 100
Node Memory 2 3
Bandwidth 104 GB/s 10° GB/s 10
Interconnect 1 2
Bandwidth 10 GB/s 104 GB/s 10
Memory Latency 107 s 5.1078s 2
Interconnect Latency 10=6s 5.1077s \ 2 )

*Sources: from P. Beckman (ANL), J. Shalf (LBL), and D. Unat (LBL)

e Data movement (communication) is much more expensive than flops
(computation) in terms of both time and energy

e Reducing time spent moving data/waiting for data will be essential for
exascale applications

= Communication avoiding / Communication hiding

e



Motivation
Communication hiding vs. communication avoiding

Communication cost has motivated several approaches to reducing global
synchronization cost in Krylov subspace methods:

Avoiding communication: s-step Krylov subspace methods *
[A. Chronopoulous, J. Demmel, M. Hoemmen, E. Carson, L. Grigori, J. Erhel, ...]

e Compute iterations in blocks of s (change of Krylov subspace basis)

e Reduces number of synchronizations per iteration by a factor of O(s)

Hiding communication: Pipelined Krylov subspace methods *
[P. Ghysels, W. Vanroose, S.C., P. Sanan, B. Gropp, |. Yamazaki, ...]

e Introduce auxiliary vectors to decouple SpMV and inner products

e Enables overlapping of communication and computation

* Both equivalent to corresponding Krylov subspace methods in exact arithmetic

e



Krylov subspace methods
General concepts

Iteratively improve an approximate solution of linear system Ax = b,

xi € xo + Ki(A,n) =x + span{ro,Aro,Azro, e A';lro}




Krylov subspace methods
General concepts
Iteratively improve an approximate solution of linear system Ax = b,

xi € xo + Ki(A,n) =x + span{ro,Aro,A2ro, e A';lro}

> minimize certain error measure
over Krylov subspace Ci(A, ro)

» Krylov subspace methods:
Conjugate Gradients (CG),
Lanczos, GMRES, MinRES,
BiCG, CGS, BiCGStab, CGLS, ...

» Preconditioners:

AMG & GMG, Domain
Decomposition Methods, FETI,
BDDC, Incomplete factorization,
Physics based preconditioners, ...

e
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Krylov subspace methods
General concepts

Iteratively improve an approximate solution of linear system Ax = b,

xi € xo + Ki(A,n) =x + span{ro,Aro,A2ro, e A';lro}

> minimize certain error measure
over Krylov subspace Ci(A, ro)

» Krylov subspace methods:
Conjugate Gradients (CG),
Lanczos, GMRES, MinRES,
BiCG, CGS, BiCGStab, CGLS, ...

» Preconditioners:
AMG & GMG, Domain
Decomposition Methods, FETI,
BDDC, Incomplete factorization,
Physics based preconditioners, ...

e

» usually in combination with sparse
linear algebra/stencil application

v

three algorithmic building blocks:
i. dot-product
e O(N) flops
e global synchronization
(MPI_Allreduce)

ii. SpMV

e O(nnz) flops

e neighbor communication only
iii. axpy

e O(N) flops

® no communication



Krylov subspace methods

Classical CG

i. dot-products

procedure CG(A, b, 0)
ro :=b — Azo; po =10

= (ris1,mi+1) / (riymi)
Pit1 o= Tig1 + Binapi

[ e A ol

—

> 2 global reductions: latency dominated
> scales as logy(#partitions)

dot-pr ii. SpMV

Spmv > computationally expensive

axpy > good scaling (minor comm.)
iii. axpy's

[3 Hestenes & Stiefel (1952)

> vector operations (recurrence relations)
> perfect scaling (no comm.)




Krylov subspace methods
Global reduction latency
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Krylov subspace methods

Pipelined CG

Algorithm  Pipelined CG
procedure PIPE-CG(A, b, o) Pipelined CG = re-engineered version of

1:
2: ro = b — Awo; wo 1= Arg 0
5 ! ’ CG for improved parallel performance
4:
5
6: B
e if ¢ > 0 then
8: Bi t=i/vi-1; ai == (/v — Bifaiz1) ™!
9: else
10: Bii=0; 0= :/6 .
11: end if dot pr
SpMV
axpy

19: end procedure

[3 Ghysels & Vanroose (2014)

e



Krylov subspace methods

Pipelined CG

Algorithm  Pipelined CG
1 procedure PIPE-CG(A, b, z0) Pipelined CG = re-engineered version of

2 ro :=b— Azo; wo := Arg g

3 CG for improved parallel performance
4:

5

6: A . . .

7 if i > 0 then » Re-ordering of operations requires
8: Bi t=i/vi-1; ai == (/v — Bifaiz1) ™! HA H .

o olse new auxiliary variables:

10: Bi = 0; a:=/d . - . S o .

" mdit 7/ dot-pr si = Api, wi = Ar;, zj = As;

12: =i+ Bizia SpMv

13: e 5, i = w; + G551 ax

14 s i= 75 + Bipi1 Py

15: Tip1 =T + aip;

16: Fipl =T — @is;

17: Wil = Wi — Q%

18: end for
19: end procedure

[3 Ghysels & Vanroose (2014)

e



Algorithm  Pipelined CG

1: procedure PIPE-CG(A, b, o)
ro :=b— Azo; wo := Arg

2
3
4
5
6: e q; = Aw;
7
8
9

if i > 0 then
Bi t=i/vi-1; ai == (/v — Bifaiz1) ™!
else
10: Bi =05 0= 7i/8 or
11: end if dot P
12: zi = qi + Bizi1 SpMv

13; e 5 = Wi + Bisic1 axpy
14: e i i= 15 + Bipi1

15: e 1041 1= i+ Qi

16: = i1 = i — Qi

17: Wiyl = Wi — QiZi

18: end for
19: end procedure

[3 Ghysels & Vanroose (2014)

Krylov subspace methods

Pipelined CG

Pipelined CG = re-engineered version of
CG for improved parallel performance

> Re-ordering of operations requires
new auxiliary variables:
si = Api, wi = Ar;, zi = As;

> Derive recurrence relations to avoid
computing additional SpMV's, e.g.:

S = Ap,'

pi = ri + Bipi-1
I

si = w; + fisi-1

with w; := Ar;




Algorithm _ Pipelined CG

1: procedure PIPE-CG(A, b, o)

2 ro :=b— Axg; wo := Arg

3: for

dp —

;e

[

7 if i > 0 then

8: Biv=ifvi1; i = (/% — BiJai 1)t
dot-pr
SpMV
axpy

Wil 1= Wi — QiZi
18: end for
19: end procedure

Krylov subspace methods

Pipelined CG

Communication avoiding:
dot-products grouped in one global
reduction phase per iteration

Communication hiding:
overlap global synchronization with
SpMV (+ Prec) computation

No free lunch: Additional recurrence
relations, i.e. axpy's, for auxiliary var's
si = Apj, wj = Arj, zi = As;

dot-product SpMV




Krylov subspace methods

Pipelined KSM with deep pipeline
Classic KSM:

SpMV  GIRed Prec GIRed

Iteration

Pipelined KSM:

GIRed
SpMV Prec

Time

SpMV Prec

Iteration

Deep pipelined KSM:

Tteration n
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Classic KSM:

SpMV  GIRed Prec GIRed

Iteration

Pipelined KSM:

GIRed
SpMV Prec

Time

SpMV Prec

Iteration

Deep pipelined KSM:

Tteration n

Krylov subspace methods

Pipelined KSM with deep pipeline

Consider the Arnoldi relation
AV, = VipiHipai

with V; the Krylov subspace basis and
Hii1,i upper Hessenberg. Introduce the

auxiliary vectors Zji1 = [z0, z1, ..., 2] as
Vo j = 07
Z={P(Aw  0<j<],

Pi(A)yvj— j>1,

with polynomials P(t) of fixed order /,
where [ is the pipeline length

I—-1
Pi(t) := H(t— 7).



Krylov subspace methods
Pipelined KSM with deep pipeline

Writing the Arnoldi relation AV; = Vi 1H;1,; for basis vector vj_; and applying
Pi(A) to both sides, we obtain recurrence relations for z;:

-1 -1
Avimi—1 =D o hkj—i—1vk N Az D o hkj—i—1Zig

J

URES

hi—rj—i—1 hj—1j—1-1

This implies an Arnoldi-like relation for the auxiliary variables

AZ = Zi1Bjt1,i
with o0
1
X T al
Biyy,i = 1 hoo - hoi—i

h10 hy iy

hit1-1,i—1




Krylov subspace methods
Pipelined KSM with deep pipeline

Basis transformation: Z; and V; both span the i-th Krylov subspace, thus

Zi = ViGj,
where Gj is an upper triangular matrix.
Recursive calculation of entries G;:

Syl .
(zk-1,v) = <zk17 % = Dm0 Emi¥m gm,,vm)

&j.J

8j,k—1

Nyl g
_ (B3 %mzo Em ikt (Vj=0,1,....k—1)
)+

Diagonal element:

(z1,2) — >0 gmigm.
gj=-—" g_"’_o S = gy=
) 5

Note that this can lead to breakdowns. n




Krylov subspace methods
Pipelined KSM with deep pipeline

Recursive calculation of the Hessenberg matrix Hjy1,i:

Hisix = Vi AVi
VW1 AZ Gt using Zk = Vi Gy
~~

T —1 .
Vii1Ziv1 Boy1,k G, - using AZk = Ziy1 Bk
——

_1 . T
Gri1Bii1k G w using  Giyr = Vi1 Zka

Gk & k+1 Bik-1 b Gk g+ -
8hk41,k+1 0 bry1,k 0 gkiikt1
GkBk k-1 Gibok + garibeiik) (Gili — ;:_11g:,kgk_,;1
ghy1, k11 k 0 Sk
GkBkk 1Gk 1 ( GkBkk 1G 1gk+Gkb k+ &, k+1bk+1k)gkk
8ht1,k+1 bk+1,kgk7k
<Hk 1 (Gib.k + g kt1bri1,6 — Hk,k—lg:,k)gk_’:

— My k—1 kal - GkBk.kfl
b
gk+1,k+1 k+1,kgk’k




Krylov subspace methods

Pipelined GMRES with deep pipeline

Algorithm  p(l)-GMRES

1: g <= b— Azg; vo < rof||roll; 20 < vo
2: fori=0,....m+1do
5 lwe (A—o0il)z, L:<l — SpMV AZ,’
Az;, i>1
4 a+i—1
5. if a > 0 then
j—1 . .
6 Gjatt & (Giar1 = i Grkat1)/955, G=a—1+2,. 0 < scalar update G;
a 1
T Ya+1l,a+1 € y/Gatla+l — 2 he0 97 a1
8: # Check for breakdown and restart or re-orthogonalize if necessary
9: if a <! then
10: Rja ¢ (gjas1 + TaGja — Yoo hikGk,a)/Gaas 3= 0,...,a o
11: Patia < Gattat1/Jaa < scalar update Hjy1
12: else .
13: hja < ( ZLlf i kt1Pra—1 — ZZ;;,I hjkGka)/9aas 3=0,...,a
14: hat1,a ¢ Gat1,a+1hat1-ta-1/9a,a
15?: end if - <— axpy s Vi—y, Zjt1
16: Vo ¢ (%0 — X520 9j,aY)/9aa
17 Zig1 — (w— Z?;ﬁ, his,a—125+1)/ haya—1
18:  end if
(zit1,95), J=0 a
19: - ' ’ + dot-prs (zj+1, v;
9ji+1 ootz Gi= ol g ol P ( i+1, J)'

(z/+17 Zj)

20: end for
21: Yy ¢ argmin||(Hpi1,mYm — [70lle1)]]2
22: & 4 20 + VinYm

[ Ghysels & Vanroose (2013)



Krylov subspace methods

Pipelined GMRES with deep pipeline

Algorithm  p(l)-GMRES

1: g <= b— Azg; vo < rof||roll; 20 < vo
2: fori=0,....m+1do
5 lwe (A—oil)z, i<l — SpMV AZ,’
Az;, i>1
4 a+i—1
5. if a > 0 the:
6 i =a—-1+2, a
Gty ¢ + scalar update G;
T Ja+1,a+N
8 # Check for break e ATt or re-orthogonalize if necessary
9: if a <! then
10: 1+ ol 9=0,...,a I date H
. ’ < scalar update Hiy1,;
1 < fariar] Results of dot- P L
12: else
13 . -1, products needed |, . i_—0.
14 ot < Yo+10+] | iterations later .
15: end i <— axpy s Vi—y, Zjt1
16: va Mz — X525 94 to update G;y,'_/+1
17 Ziggf = (w — Z];l, Ga—125+1)] Ma,a—1
18:  endAf
19: 1,050, =006 + dot-prs (zit1, vj),
(zi41,25), j=a+1,...,i+1
20: end for (Z,’+17 Zj)

21: Y ¢ argmin||(Hm1,mYm — [7ollen)]]2
22: & 20+ Vinym

[ Ghysels & Vanroose (2013)



Krylov subspace methods
Pipelined CG with deep pipeline

In case of an SPD matrix A, the following observations simplify the algorithm:
> Hi1,; is tridiagonal
» Gj has a (2/ 4 1)-nonzero diagonal band structure.
Eg I=2: o

[ Cornelis et al. (2018) U

» The solution x; can be constructed using a recursively computed search
direction pj, instead of using the entire Krylov basis Vi:

pi = (vj = &j-1pj—1)/mj, Xj = Xj—1 4 &j-1pj-1.

[ Liesen & Strakos, Krylov Subspace Methods (2012)

e



Krylov subspace methods

Pipelined CG with deep pipeline

Algorithm  Deep pipelined Conjugate Gradients (p(¢)-CG)

6 a:=
7 if a > 0 then
-1
8 Gjra+1 = (Gjat1 = Dp—as1—2 IkiTkat+1)/ 95
9 Jatlatl = \/Gatiatt — 2y 2 Tttt

# Check for breakdown and restart if required
if a < then

= (Ja.a+1 + Fagaa = 0a—19a—1,0)/Ya.a}
= Ga+1,a4+1/gaai

Ga+1,a+10a—1)/Ga.a}

Zat1 = 35 q_gia1 5at1Y5)/Gat1,at1;
Zi+1 — YaZi — 0a-1Zi-1 a3

+— SpMV Az

j=a-1+2,...,a
< scalar update G;

< scalar update Hji1,i

Ja,aVa—1 + Ga,a+10a—1 — 0a—19a—1,a)/Ja,a;

< axpy's Viei+1, Zitl

<« dot-prs (zj+1,v)),

20: end if
21: if a < 0 then
22: Gii+1 = (2ig1,25); j=0,...,i+1
23 else )
(zi41,v5): j=max(0,i—2l+1),...,a+1
24: i =
ot {(Zwuz;);

(Zf+17 ZJ)

(2 Cornelis et al. (2018)



Krylov subspace methods

Pipelined CG with deep pipeline

Algorithm  Deep pipelined Conjugate Gradients (p(¢)-CG)

1: 1o :=b— Axzo;

j=a—1+

6 a:=
7 if a > 0 then
8 Giar1 = (gjar1 = Chas1-om Ihi9ka+1)/ 95
9: Gatla+1 = \/Gatlatt = Li_ar1—z Thasi
10: # Check for breakdown and restart if required
11: if a < then
12: Ya 1= (Ja,a+1 + OaGaa = Oa—19a—1,a)/Ga,a}
13: 0a i= ga+1,a+1/Gaa}
14:
15: Ja,aVa—1 + Ga,a+10a—1 — 0a—19a—1,a)/Ja,a;
16: Ga+1.a+10a—1)/Ga.a}
17:
18: Zatl = D q_gis1 9ia+105)/Gat1,at1;
19: Zi+1 — YaZi — 0a—1Zi-1 a’
20: end if
21: if a < 0 then
22: giir1 = (zi41,2); J=0,...;i+1
23: else
- Gratt = {(Zl+1.1)]); j= ma.x([),i — 20+ 1}, La+ 1|
: (zit1,25); j=a+2,...,i+1
25 end if

(2 Cornelis et al. (2018)

Sol\/ A=

Shorter recurrences
compared to p(/)-GMRES

e computation: 2/ 4 2 axpy's

e storage: 3/+ 2 basis vectors
[+ 1 vectors
Zp -1 - Ziel % Zigl

Fewer dot-products
compared to p(/)-GMRES

e 2/ + 1 band structure of G;

\=I=+=1Iy=])




Krylov subspace methods
Parallel performance of pipelined CG

Strong scaling experiments - PETSc 3.6.3/3.7.6 library - MPICH 3.1.3/3.3a2

Two 6-core Intel Xeon X5660 Nehalem 2.80 GHz Two 14-core Intel E5-2680v4 Broadwell 2.40 GHz
per node - 2D Poisson (5pt) - 1 million unknowns per node - 2D Poisson (5pt) - 3 million unknowns
10 9
9 —e—CG
—%— PIPE-CG /a—a 8
sl [ ——P0)ce
© —8—P(2)-CG = © 7
3, i //v——v o
o © 6
° ]
e /\” g
- i -5
3 34
R s
3 K
8 3 2
& &
2 2
—6— CG —&— P(2)CG
1 1 —— PIPE-CG P(3)-CG

—+— P(1)-CG —4— P(4)CG

0 5 10 15 20 0 8 16 24 32 40 48
nr of nodes (x12 MPI procs) nr of nodes (x14 MPI procs)




Krylov subspace methods
Overview of pipelined Krylov methods

> Pipelined GMRES [@ Ghysels et al. (2013)
e depth-one pipeline: p-GMRES
e deep pipelines: p(¢)-GMRES: compute ¢ new Krylov subspace basis vectors
(SpMV’s) during global communication and orthogonalize after ¢ iterations.
Vicesrr = [vo, vi,y ..oy Vied]
Z,'+1 = [Z(),Zl7 ooy Zi— 0y Zi—l41y e ey Z,']
—— —
i . 4
> Pipelined CG
e depth-one pipeline: p-CG [3 Ghysels et al. (2014)
e deep pipelines: p(¢)-CG [2 Cornelis et al. (2018)
» Pipelined BiCGStab [3C. & Vanroose (2017)
» Pipelined Block-CG (work in progress)
» Pipelined BiCG/CGLS/LSQR (work in progress)
» Preconditioned pipelined variants
» Augmented/deflated /hybrid s-step pipelined methods [ Yamazaki et al. (2017)

e



Pipelined Krylov subspace methods
Numerical stability in finite precision

10°
0t —e—cc
B —o— PIPE-CG
——P(1)-CG
0.01 —e—P(2)-CG
P(3)-CG
10°
£ E ted
g 2
= T
3 3 te6
2 ]
I = g
p-CG 1e-8
———p(1)-CG
P(2-CG
P(3)}-CG 1e-10
= p(5)-CG
10715 p(10)-CG
1e-12
0 100 200 300 400 500 0 5 10 15
iterations CPU time

Pipelined KSM produce identical iterates to classic KSM in exact arithmetic, but
finite precision computations introduce roundoff errors. This has two effects:

1. Delay of convergence, caused by loss of basis orthogonality
2. Loss of attainable accuracy, caused by local rounding errors in recurrences

e



Pipelined Krylov subspace methods
Numerical stability in finite precision

—e—cG
—%—PIPE-CG
—+—P(1}CG
—e—P(2)-CG

P(3)CG

residual norm
residual norm

1010

ce
pCG

——p(1}CG
p(2)CG

P(3}CG
——p(5)CC
p(10)-CG

1078

0 100 200 300 400 500 0 5 10 15
iterations CPU time

Pipelined KSM produce identical iterates to classic KSM in exact arithmetic, but
finite precision computations introduce roundoff errors. This has two effects:

1. Delay of convergence, caused by loss of basis orthogonality
2. Loss of attainable accuracy, caused by local rounding errors in recurrences

Severity of loss of attainable accuracy depends strongly on

> pipeline length /
» system size N

» choice of polynomial P;i(A) ‘



Pipelined Krylov subspace methods
Rounding error behavior in CG

Rounding errors due to recurrence relations for residual and auxiliary variables:

- - J—— X — — — A= r
Xir1 = Xi + aipi + &4, fiy1 =1 — &iApi + &itr-




Pipelined Krylov subspace methods
Rounding error behavior in CG

Rounding errors due to recurrence relations for residual and auxiliary variables:

Xiv1 = Xi + @ipi + &1, Fiv1 = Fi — QAP + &l
Residual deviates from the true residual b — AX;j+1 in finite precision:
fin = (b—AXi1)—Fin

b— A(%i + aipi + &§41) — (i — @iApi + &i11)
= fi— Afixﬂ - §ir+1

[ Sleijpen & van der Vorst (1995)
o _ X r
= f Z (ALksr + &) - [3 Greenbaum (1997)
k=0

D e



Pipelined Krylov subspace methods

H’ Rounding error behavior in CG
Rounding errors due to recurrence relations for residual and auxiliary variables:

Xit1 = % + @ipi + &, Fiyr = Fi — &iAp; + &1
Residual deviates from the true residual b — AX;j+1 in finite precision:

fin = (b—AXi)—Tin
b— A()_(i + aipi + fixﬂ) - (Fi - d/Aﬁi + §ir+1)
= fi—Af —&in

i

[ Sleijpen & van der Vorst (1995)
o _ X r
= fo Z (Aks1 + Erra) - [3 Greenbaum (1997)

k=0
Matrix notation: Fiy1 = [fo,...,f], ©F =[0,&F,...,&21], ©f = [fo, &1, .., & _1]
-7:[+1 - —(A@fﬂ + e;ﬂ) Uf*h

with Uj+1 an upper triangular matrix with all entries one.

D e



Pipelined Krylov subspace methods
Rounding error behavior in CG

Rounding errors due to recurrence relations for residual and auxiliary variables:

Xiv1 = Xi + @ipi + &1, Fiv1 = Fi — QAP + &l
Residual deviates from the true residual b — AX;j+1 in finite precision:
fin = (b—AXi1)—Fin

b— A(%i + aipi + &§41) — (i — @iApi + &i11)
= fi— Afixﬂ - §ir+1

i

[ Sleijpen & van der Vorst (1995)
o _ X r

fo Z (A£k+1 + £k+1) : [3 Greenbaum (1997)
k=0

Matrix notation: Fiy1 = [fo,...,f], ©F =[0,&F,...,&21], ©f = [fo, &1, .., & _1]
Fir1 = —(AO 1 + ©1.1) Uin,

with Uj+1 an upper triangular matrix with all entries one.

Only accumulation of local rounding errors in classical CG, no amplification.

[2 Gutknecht & Strakos (2000)
B van der Vorst & Ye (2000)




Pipelined Krylov subspace methods

t ’ Rounding error behavior in pipelined CG

Additional recurrence relations in pipelined CG all introduce local rounding errors
= — o= s
5 =w + Bi5i-1+ &,

— — - = w

Wit1 = W — @iz + &4,

Z = AW + Bizio1 + &,

= = - = X
Xit1 = Xi + aipi + &t

— — JE— r
fiy1 =1 — ais + &,

pi = Fi + Bipi—1 + €F,




Pipelined Krylov subspace methods
Rounding error behavior in pipelined CG
Additional recurrence relations in pipelined CG all introduce local rounding errors:

= = - = X — o= s
Xiy1 = Xi + aipi + &1, 5 =w + Bi5-1+&,

— — JE— r — — J— w
fiv1 =1 — &5 + &b, Wir1 = Wi — iz + &b,

pi = Fi + Bipi—1 + €F, Z = AW, + Bizi_1 + &,
Residual gap is coupled to the gaps on the other auxiliary variables:
j—1 j—1
f=(b—A%) —F =1fo — > axex —Z(AEﬁH‘*'EZH)’
k=0 k=0
i j i j i
g=Ap 5= 116 |eo+> ( I A) (AL =€) +> | TI i) e
k=1 k=1 \I=k+1 k=1 \I=k+1

j—1
hj:AijvT/j:h()*Z'TAFk*Z(Ag;Jrl75‘:‘;1)’
k k=0
i J i
G =A5—z=[]B|eo+> | Il Bi) (A& —€0)-

k=1 \/=k+1

DS



Pipelined Krylov subspace methods
Rounding error behavior in pipelined CG

Additional recurrence relations in pipelined CG all introduce local rounding errors:

Xit1 = Xi + &ipi + &, S5=w+ 35 1+E,
Fiol = Fi — @is + &1, Wirr = W — &% + &1,
pi = Fi + Bipi—1 + &7, zj=Aw; + Bizi—1 + &,
Residual gap is coupled to the gaps on the other auxiliary variables:
j—1 j—1
fi=(b—A%) =7 =1 — > Gue _Z(A5i+1+£;+l)’
k=0 k=0
i j i j i
g=Ap 5= 116 |eo+> ( I A) (AL =€) +> | TI i) e
k=1 k=1 \I=k+1 k=1 \I=k+1
j—1 j—1
hj = AF; — wi; = ho — ﬁkek+Z(A§;+1—§,:V+l),
k= k=0

G = A5 -z = (ﬁ@) eo+i<ﬁ 5/) (Agk — €0) -

k=1 \/=k+1

Ampilification of local rounding errors possible, depending on &;’'s and Bi's.

[ Carson et al. (2017)
[3C. & Vanroose (2017)



' ' Pipelined Krylov subspace methods

Rounding error behavior in pipelined CG
Additional recurrence relations in pipelined CG all introduce local rounding errors

= = - = X = — n = S
Xiy1 = X + @ipi + i1, 5 =w; + Bi5i-1+ ¢,
— — J— r

fiv1 = F — &5 + &,

Wit1 = W — &Z + &,
pi = Fi + Bipi—1 + €F, Z = AW, + Bizi_1 + &,
Matrix notation:
Fir1 = (A9 + 07 1) U1 — GinAjn
Giv1 = (A© +1 +0 +1) Bj+1 + HJ+IBJ+1
Hjr1 = (A© ,+1 +0}1) Uj+1 —&Ajn
&1 = (AS

V4
+1 + ej+1) _/+1

Amplification of local rounding errors possible, depending on @&;’s and f;
[ Ca

[ C. & Vanroose

rson et al. (2017)



Pipelined Krylov subspace methods
Rounding error behavior in pipelined CG

Additional recurrence relations in pipelined CG all introduce local rounding errors:

= = - = X = — o= s
Xiy1 = Xi + aipi + &1, 5 =w + Bi5-1+&,
— — JE— r — — J— w
fiv1 =1 — &5 + &b, Wir1 = Wi — iz + &b,
- —_ o = = — o = z
pi = Fi + Bibi-1 + &7, Zi = Aw, + Bizi-1 + &,

Matrix notation:

0 ag &g cee ag
0 & L &
Fii1 = (AQ%, + ©0,1) Ujpr — gj & a1

Gj+1 = (A® +1 +6; +1 HJHBJH 0 G4
0
Hjr1 = (A© ,+1 +©j44) UJ+1 rAj
1B A 315, ... 5;
J+1 ( j+1 +0O +1) j+1 1 Bo By ... B;
1 3

Amplification of local rounding errors possible, depending on &;’s and J3;’s
[ Ca

rson et al. (2017)
[3C. & Vanroose (2017)



Pipelined Krylov subspace methods
Rounding error behavior in pipelined CG

Additional recurrence relations in pipelined CG all introduce local rounding errors:

= = - = X = — o= s
Xiy1 = Xi + aipi + &1, 5 =w + Bi5-1+&,
— — JE— r — — J— w
fiv1 =1 — &5 + &b, Wir1 = Wi — iz + &b,
- —_ o = = — o = z
pi = Fi + Bibi-1 + &7, Zi = Aw, + Bizi-1 + &,

Matrix notation:

0 ag &g cee ag
0 & L &
Fii1 = (AQ%, + ©0,1) Ujpr — gj & a1

Gj+1 = (A© +1 +6; +1 Hj+lBj+1 0 &,
0
Hjr1 = (A© ,+1 +©j44) UJ+1
1 B BB - BB B

J+1 = (A® +1 +© +1) j+1 1 B> Ba...Bj
Note:
L I l1? — . | 1 B
BiBiy1 --- Bj = i E = arbitrarily large in CG! !

PN

Amplification of local rounding errors possible, depending on &;’s and J3;’s

Bca

rson et al. (2017)
[3C. & Vanroose (2017)



Pipelined Krylov subspace methods
Rounding error behavior in p(/)-CG

True basis vector Vj;1 satisfies:

AV; = Vi Hiaj + (Vi — Vi) A
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Rounding error behavior in p(/)-CG
True basis vector Vj;1 satisfies:
AV; = Vi Hjin g+ (Vi — Vi) Aji

Computed basis vector v, satisfies:

<

iGj + ©f




Pipelined Krylov subspace methods
G Rounding error behavior in p(/)-CG
True basis vector Vj;1 satisfies:
AV; = Vi Hjin g+ (Vi — Vi) Aji
Computed basis vector v, satisfies:
7= G+
Computed basis vector Zj,1 satisfies:

AZ; = Zi1Bjij + €
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Pipelined Krylov subspace methods
H’ Rounding error behavior in p(/)-CG
True basis vector Vj;1 satisfies:

AV; = Vi Hjin g+ (Vi — Vi) Aji
Computed basis vector v, satisfies:
7= G+
Computed basis vector Zj,1 satisfies:
AZ; = Zi1Bjij + €

Thus the basis vector gap Fj+1 = Vj41 — Vjy1 can be calculated as

Fi1 = (071G 1 — AQ] Gt + 0], Bj1;G A

s e



Pipelined Krylov subspace methods
H’ Rounding error behavior in p(/)-CG
True basis vector Vj;1 satisfies:

AV; = Vi Hiprj + (Vi = Vi) Ay
Computed basis vector v, satisfies:
7= G+
Computed basis vector Zj;1 satisfies:
AZ; = Zi1Bjij + 6]

Thus the basis vector gap Fi41 = Vii1 — Vi1 can be calculated as
Fos = (©fG ) A0fG Dr 015G DA,

Amplification of local rounding errors possible, depending on G_fl.

[ Carson & Demmel (2014)

B C. (2018) n



residual norm

Pipelined Krylov subspace methods

Rounding error behavior in p(/)-CG

. . - 1 .
residual history [|b — AX;l|2 |G, ||max for different /
10° 6
o o 0]}, CG
e
. 1185l P-CG
1o 1G]l P(1)-CG
o 116}l P2)-CG
10 1G] ], P(3)-CG
o / 116l PEFCS
£ 1G]"ll,,, P(10-CG
s
2
102
10710 G
p-CG 1
p(1)-CG 10
p(21CG F__I_p_,__—o——
p(3}-C6 0
p(5}CG 10
1075 p(10)-CG
10"
0 100 200 300 400 500 0 100 200 300 400 500
iterations iterations

Maximum norm || G, !||max provides a measure for the impact of local rounding
error propagation on maximal attainable accuracy in p(/)-CG
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Pipelined Krylov subspace methods

Rounding error behavior in p(/)-CG

residual history [|b — AX;l|2 ||G,'71Hmax for different /
5
10° 10 1Y/, €&
. 1185l P-CG
1o 1G]l P(1)-CG
. 116}l P2)-CG
" 10 el
10 116l P3FCG
. 116"l P5)-CG
o / 1G]"ll,,, P(10-CG

norm

residual norm

1070

—

0 100 200 300 400 500 0 100 200 300 400 500
iterations iterations

p(5)-CG
p(10}-CG

107

Maximum norm || G, !||max provides a measure for the impact of local rounding

error propagation on maximal attainable accuracy in p(/)-CG

Rounding error analysis explains loss of attainable accuracy with respect to
> pipeline length /
» system size N

» choice of polynomial P;(A) -



Pipelined Krylov subspace methods
Residual replacement in pipelined CG
e Idea: improve accuracy by replacing 1;, 5;, w; and Z; by their true values in
selected iterations:

For=fl(b— ARi1), Wi = fl(AF), & =fI(Ap), Z =fl(As).

[ van der Vorst & Ye (2000)




Pipelined Krylov subspace methods
Residual replacement in pipelined CG
e Idea: improve accuracy by replacing 1;, 5;, w; and Z; by their true values in
selected iterations:

Fiy1 = fl(b — AXiy1), Wi = fl(Afi1), & =fl(Ap), 2z =fl(As).
[ van der Vorst & Ye (2000)

e Choose when to replace based on estimate of ||fi|| = ||(b — AX;) — F;
replacement criterion:

sl < 7lFoall and 6] > 7lAl with 7 = Ve

> Replace sufficiently often such that ||f;|| remains small

» Don't replace too often to limit additional computation cost of SpMV's

> Don't replace when ||7|| is too small, which may cause delay of convergence
[3 Sleijpen & van der Vorst (1996)
[@ Strakos & Tichy (2002)
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Pipelined Krylov subspace methods
Residual replacement in pipelined CG
e Idea: improve accuracy by replacing 1;, 5;, w; and Z; by their true values in
selected iterations:
Fiy1 = fl(b — AXiy1), Wi = fl(Afi1), & =fl(Ap), 2z =fl(As).
[ van der Vorst & Ye (2000)

e Choose when to replace based on estimate of ||fi|| = ||(b — AX;) — F;
replacement criterion:

sl < 7lFoall and 6] > 7lAl with 7 = Ve

> Replace sufficiently often such that ||f;|| remains small

» Don't replace too often to limit additional computation cost of SpMV's

> Don't replace when ||7|| is too small, which may cause delay of convergence
[3 Sleijpen & van der Vorst (1996)
[@ Strakos & Tichy (2002)

e Estimate of ||fi|| is computed at runtime (inexpensive). Accuracy is
improved to comparable level as classical CG method in many cases.

[3C. & Vanroose (2017) ‘
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Pipelined Krylov subspace methods
Residual replacement in pipelined CG

» PETSc implementation using MPICH-3.1.3 communication

» Benchmark problem: 2D Laplacian model, 1,000,000 unknowns
> System specs: 20 nodes, two 6-core Intel Xeon X5660 Nehalem 2.8GHz CPUs/node

Speedup over single-node CG

(12-240 cores)

9

8

w s~ o o~

speedup over CG on 1 node

N

5 10 15
nr of nodes (x12 MPI procs)

20

residual norm

0.01
1e-3
1e-4
1e-5
1e-6
1e-7
1e-8
1e-9
1e-10
Te-11

1e-12
0

Accuracy i.f.o. total time spent
(240 cores)

2 3 4 5 6 7 8 9 101
total time (s.)




Pipelined Krylov subspace methods
Numerically stable variant of p(/)-CG

Use idea similar to residual replacement

to improve stability: replace recurrence —o—co
. . 0.01
for vjy1 by the Arnoldi relation: .
_ led —8—p(2)}-CG
ﬂ: p(3)-CG
Original p(/)-CG: L
) T tes
J =
_ 1e-10 ==
Vi = |z — > Gejrivk |/gin
1e-12
k=j—2/+1 o 1 2 3 4

time (s.)




Pipelined Krylov subspace methods
Numerically stable variant of p(/)-CG

Use idea similar to residual replacement

. ape 0
to improve stability: replace recurrence —o—co
. . 0.01
for vjy1 by the Arnoldi relation: .
_ led —8—p(2)-CG
] p(3)-CG
.. = e
Original p(/)-CG: I
) T tes
J =
_ 1e-10 ==
Vi = |z — > Gejrivk |/gin
1e-12
k=j—2/+1 o 1 2 3 4
time (s.)
Stabilized p(/)-CG: 0
0.01 ce
. ——p-CG
vir1 = (Av; = vj — 6j-1vj-1)/9; . —*—s1)os
_ te4 —8—p(2)-CG
i p(3)-CG
“ 1e-6
= 1e-8
1e-10
1e-12
1 2 3 4
time (s.)
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Pipelined Krylov subspace methods
Numerically stable variant of p(/)-CG

Use idea similar to residual replacement

. . 0
to improve stability: replace recurrence ——co
for vi+1 by the Arnoldi relation: ° =t
/j+1 DYy € Arnoldil relation: ——p(1)-CG
— Tled —8—p(2)-CG
g p(3)-CG
. T 1e6
Original p(/)-CG: i)
X ~ fes
J »®
1e-10 e
Vi = |z — > Gejrivk |/gin
1e-12
k=j—2I+1 0 e 1 2 3 4
1.0e-10 time (s.)
Stabilized p(/)-CG: 0 [p0—e-
0.01 \ e
X —— p-CG-T
vir1 = (Av; = vj — 6j-1vj-1)/6; ——bc
_ te4 —8—p(2)-CG
g p(3)-CG
" 1e-6
Attainable accuracy is improved for all = tes
pipeline lengths I, but extra SpMV 1e-10 hw-
increases computation time i
0 p(1)-CG 2 3 4
1.0e-10 time (s.)

= trade-off between numerical stability
and performance




Conclusions and takeaways

Wrap-up of this talk

e Pipelined Krylov subspace methods are a promising approach to reduce
synchronization cost in linear solvers for large-scale problems

» By adding auxiliary variables and recurrences it is possible to hide
communication latency behind computational kernels

> Deep pipelines allow to hide global reductions behind multiple SpMV's

» Asynchronous implementation: dot-products can take multiple iterations to
complete, in an overlapping manner

> Improved scaling over classic KSMs in strong scaling limit, where global
reduction latencies rise and volume of computations per core diminishes

s



Conclusions and takeaways

Wrap-up of this talk

e Pipelined Krylov subspace methods are a promising approach to reduce
synchronization cost in linear solvers for large-scale problems

» By adding auxiliary variables and recurrences it is possible to hide
communication latency behind computational kernels

> Deep pipelines allow to hide global reductions behind multiple SpMV's

» Asynchronous implementation: dot-products can take multiple iterations to
complete, in an overlapping manner

> Improved scaling over classic KSMs in strong scaling limit, where global
reduction latencies rise and volume of computations per core diminishes

e Finite precision behavior of communication reducing and hiding algorithms
should be carefully monitored!
> Rounding error analysis allows to explain observed loss of attainable accuracy

> Residual replacement -type techniques can be applied to improve numerical
stability, but at a (slight) increase in computational cost

e



Conclusions and takeaways
Related work

e Work in progress (not covered in this talk):

> Impact of hard faults & soft-errors on pipelined Krylov subspace methods
(INRIA Bordeaux)

> Resilience of pipelined Krylov subspace methods to system noise
(UChicago/ETHZ /Rice/Ulllinois)

> Pipelined Blocked Krylov subspace methods for systems with multiple rhs
(UAntwerp/INRIA Bordeaux)

> Pipelined Lanczos for eigenvalue calculation in graph partitioning algorithms
(LBNL)

e Many interesting open problems and challenges remain as we push toward
exascale-level computing!

e



Conclusions and takeaways
Contributions to PETSc

Open source HPC linear algebra toolkit: https://www.mcs.anl.gov/petsc/

¢ jcE= -
Overview
a SR
+ .
b 14 107
b s Open P Watchers
B mri o 99+ 135
©  Fipeiines Branches. Forks

» KSPPGMRES: pipelined GMRES (thanks to J. Brown)

» KSPPIPECG: pipelined CG

» KSPPIPECGRR: pipelined CG with automated residual replacement

» KSPPIPELCG: pipelined CG with deep pipelines

» KPPPIPECR: pipelined conjugate residuals

» KSPGROPPCG: asynchronous CG variant by W. Gropp and collaborators
» KSPPIPEBCGS: pipelined BiCGStab

We are soliciting for feedback from your applications!



https://www.mcs.anl.gov/petsc/

Conclusions and takeaways
Our main publications

@ P. Ghysels, T. J. Ashby, K. Meerbergen, and W. Vanroose, Hiding Global
Communication Latency in the GMRES Algorithm on Massively Parallel Machines
SIAM J. Sci. Comput., 35(1), pp. C48C71, 2013.

@ P. Ghysels and W. Vanroose, Hiding global synchronization latency in the

preconditioned Conjugate Gradient algorithm, Parallel Computing, 40(7), pp.
224-238, 2014.

@ S. Cools, E.F. Yetkin, E. Agullo, L. Giraud, W. Vanroose, Analyzing the effect of
local rounding error propagation on the maximal attainable accuracy of the
pipelined Conjugate Gradient method. SIAM J. on Matrix Anal. Appl., 39(1), pp.
426-450, 2018.

@ S. Cools, W. Vanroose, The communication-hiding pipelined BiCGStab method for
the parallel solution of large unsymmetric linear systems. Parallel Computing, 65,
pp. 1-20, Elsevier, 2017.

@ J. Cornelis, S. Cools, W. Vanroose, The communication-hiding Conjugate Gradient
method with deep pipelines. Submitted to SIAM J. Sci. Comput., 2018, Preprint
available at arXiv:1801.04728.




Thank you!

siegfried.cools@uantwerp.be

https://www.uantwerpen.be/en /staff/siegfried-cools
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