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1. Quadratic forms over fields (Becher)

1.1. Quadratic forms. We revisit basic notions for quadratic forms over fields
and related algebraic objects such as the discriminant and the orthogonal group.
We formulate Witt’s fundamental theorems and describe the Witt ring of a field.
We further introduce residue forms.

1.2. Quaternion algebras and detecting isotropy by invariants. We intro-
duce quaternion algebras and recall their relations to quadratic forms. We show
how isotropy of quadratic forms in small dimensions can be determined by basic
invariants. Some special properties of norm forms of quaternion algebras extend to
Pfister forms. The way how a quaternion algebra can be associated to a quadratic
form of dimension 2 or 3 gives rise to the definition of the Clifford algebra of a
quadratic form.

1.3. Arithmetic of fields and isotropy criteria. We have two general ap-
proaches to the problem of showing that certain quadratic forms are isotropic,
on the one hand local-global arguments, on the other hand, systems of quadratic
forms. Any of these approaches requires the field to have special arithmetic prop-
erties. On the example of the Hasse-Minkowski Theorem, it will be explained how
the analysis of isotropy of quadratic forms (in particular of dimension 4) can be
reduced by weak approximation to analyse quaternion algebras. We further dis-
cuss the u-invariant of a field and how to bound it by means of Tsen-Lang Theory.
Some other criteria for bounding the u-invariant will be indicated.

2. Local-global principles in number theory and geometry (Auel)

2.1. Galois cohomology and quadratic forms. We will introduce Galois co-
homology with an eye toward the theory of quadratic form and the Brauer group.
Along the way, we will encounter Hilbert’s theorem 90, Kummer theory, Galois
descent for tensors on a vector space, and the Milnor and Bloch–Kato conjectures.

2.2. Local-global principles for global fields. We study the two original ex-
amples of local-global principles, namely the Albert–Hasse–Brauer–Noether exact
sequence and the Hasse–Minkowski theorem, describing the structure of the Brauer
group and of quadratic forms over a global field, respectively. This will involve
the input of other kinds of local-global phenomena, such as the Grunwald–Wang
theorem and the local and global Artin reciprocity theorems from class field theory.

2.3. Geometric view on local-global principles. We will explain how consid-
erations from classical algebraic geometry can give rise to explanations for why
local-global principles fail to hold for function fields of (complex) algebraic vari-
eties, especially in dimensions one and two. We will cover counterexamples to
local-global principles for isotropy of quadratic forms arising from unramified cov-
ers of curves and the unramified Brauer groups of surfaces.
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3. Field patching and local-global principles (Parimala)

3.1. Patching problems. We discuss patching problems and local-global princi-
ples for vector spaces with tensors in the abstract setting of factorisation an inverse
system of fields, which we call a system of patching fields. We illustrate this by
giving a patching system of fields associated to k[[t]](X).

3.2. Function fields of arithmetic surfaces and patching. We study regular
proper models of function fields of curves over k[[t]], associated patching fields, the
intersection property for the patches, and factorisation for the general linear group
GLn. We then describe how these results generalise. On the one hand these prop-
erties hold more generally for suitable linear algebraic groups and with patching
fields associated to function fields of curves over complete discretely valued fields.
This leads to a local-global principle for isotropy of quadratic forms. Furthermore,
one obtains period-index relations for central simple algebras.

3.3. Local-global principles with respect to discrete valuations. From the
local-global principle for isotropy of quadratic forms with respect to field patches
we derive local-global principles with respect to divisorial discrete valuations. We
obtain analogous results for the index of central simple algebras. This leads us to
a discussion of u-invariant and Brauer dimension of such fields.

4. Splitting ramification and residue characteristic two (Suresh)

4.1. Splitting the ramification of central simple algebras. Let X be a reg-
ular two dimension excellent scheme which is proper over an affine scheme and let
F be its function field. In this talk we explain a method of Saltman [Salt08] on
splitting the ramification of elements in the Brauer group of F .

4.2. The u-invariant of a function field over a complete field. Let K be a
complete discretely valued field and F the function field of a curve over X. Let
k be the residue field of K and p = char(k). Suppose that p 6= char(K) and
[k : kp] = pn. Using the filtration of Kato on the Brauer group of a complete
discretely valued field and the work of Hartmann-Harbater-Krashen on patching,
we give a bound on the indices of p-torison elements in the Brauer group of F
which depends on n. As a consequence we also show that the u-invariant of F is
finite. [PS15]

4.3. Local-global principle for quadratic forms over K((X,Y )). Let K be
a field of characteristic not equal to 2 and F = K((X,Y )). Following the work of
Hartmann-Harbater-Krashen on refinements to patching, we explain the proof of
the fact that a quadratic form q over F of rank at least 3 is isotropic over F if
and only if it is isotropic over the completions of F at all discrete valuations of F .
[HHK15]
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5. Special talks

5.1. Locally isotropic forms over a rational function field (D. Leep). Let
K be a field with characteristic different from 2 and assume that the u-invariant of
every finite extension of K is 2. We discuss what can be said about the u-invariant
of the rational function field K(x) and connections to the local-global question of
isotropy over K(x).

5.2. Locally isotropic forms over Q(X) (P. Gupta). In 1940-42, Lind-Reichardt
gave a locally isotropic pair of quadratic forms over Q which is anisotropic. Using
an extended version of their example I show that certain four-dimensional quadrat-
ic forms over the rational function field Q(X), do not satisfy local-global principle
for isotropy with respect to the set of all valuation on Q(X).

5.3. Systems of quadratic forms over a complete field (D. Leep). Let K
be a complete discretely valued field with residue field k. We discuss the proof
of the following theorem. Suppose there is a positive number A such that every
system of r quadratic forms over k in more than Ar variables is isotropic over
k. Then every system of r quadratic forms over K in more than 2Ar variables
is isotropic over K. For the special case when K is the field of p-adic numbers,
we improve a result of Heath-Brown. As a corollary, we discuss the u-invariant of
K(x1, ..., xm) for arbitrary m.
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