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GENERAL ORDER MULTIVARIATE PADE APPROXIMANTS
FOR PSEUDO-MULTIVARIATE FUNCTIONS. II

PING ZHOU, ANNIE CUYT, AND JIEQING TAN

ABSTRACT. Explicit formulas for general order multivariate Padé approxi-

mants of pseudo-multivariate functions are constructed on specific index sets.
Examples include the multivariate forms of the exponential function

E() = i R
U degm=o Ut a2 gm)!
the logarithm function
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 jiiateim 21 I T2 m

the Lauricella function
o0

>

J1:925--dm=0

F(Dm) (avl""vl;c;xlw":xm):

and many more.
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We prove that the constructed approximants inherit the

normality and consistency properties of their univariate relatives. These prop-
erties do not hold in general for multivariate Padé approximants. A truncation

error upperbound is also given.

1. INTRODUCTION

In [6] and [11], we explicitly construct multivariate Padé approximants to so-
called pseudo-multivariate functions of two variables by using their one variable
projections. Our aim in this paper is to first write a pseudo-multivariate function of
at least two variables as a finite sum of one variable projections by means of divided
differences, and then explicitly construct multivariate Padé approximants to the
given pseudo-multivariate function. We prove that the constructed approximants
inherit the normality and consistency properties of their univariate relatives, which
do not hold in general for multivariate Padé approximants, and present a truncation

error upperbound.
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Definition 1.1. Let

o0
F(z):=F(x1,...,2m) = Z Cirojm @I mdm ey € C
Jisee3Jm=0
be a formal power series, and let M, N, E be finite index setsin N x --- x N = N™,
An (M, N) general order multivariate Padé approzimant to F(z) on the set F is a
rational function

P(z)
M/Nlg(z) = ——,
[M/N]g(z) 0
where the polynomials
P(@) = Z a’jl"'jmx{l o '/I"z;znv Qjyejm € (Ca
(jl’“"jrrL)eM
Q)= Y bjgaal -z, by, €C,
(1, dm)EN

are such that
(1.1) (FQ—P)(z) = Z djllujml,{l ”.xznm’ dj,.s €C
(jlv'“vjvn)ENm\E

with E satisfying the inclusion property
(12) (]hvjm) € Ea 0 < Sjka 1<k<m= (ila---aim) €L

Equation (1.1) translates to the linear system of equations

J1 Im
(1~3) dj1~--jm = § § 021-~-£mbj1—21,~--7jm—13m = Ay, = 0,
£1=0 £ =0

(jl;-~-;jm)€E;
where by, ...r,,, =0 for (k1,...,ky) ¢ N and ag,...r,,, =0 for (k1,..., k) ¢ M.

Condition (1.2) takes care of the Padé approximation property, provided Q(0) # 0,
namely

m

P ) _
(F - @)(g) = Z ejl.“jml’{l PR 'T"Z;Ln’ ejljm G (C.
(41se-dm)EN™\E

The linear system (1.3) can be split into two parts: some of the equations serve
to compute the numerator and denominator coefficients a;,...;,, and b;,...; ., while
the remaining equations are automatically satisfied by F'QQ — P for the computed P
and @ . We refer to the former set of indices (j1, ..., jm) as C and to the latter one
as E'\ C. For the class of pseudo-multivariate functions introduced in Definition
1.2 below, very few equations of (1.3) are actually used for the computation of the
coefficients. However, in general this is not the case.

One may find a discussion of Definition 1.1 in [6] and more properties of general
order multivariate Padé approximants in [3, 4, 5].

Definition 1.2. A multivariate function F(z) := F (z1,22,...,Zm) is said to be
pseudo-multivariate if the coefficients of its formal power series
o0
Fl@)= Y Cojual oy

J1s--dm=0
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satisfy
Cjr+jm :g(j1++JM)a jlv"'ajm:()v]-a"'v
where g (k) is a function of k.

A pseudo-multivariate function F(z) with
g (k)
g(k+1)

converges in the polydisc centered at the origin with radius R. We recall (see [9]
for more information) some background on divided differences.

=R < o0,

k—o0

Definition 1.3. The divided difference f[x1,xa,...,x,] of a function f(z) at dis-

tinct z1, a9, ..., T, is defined recursively by
flz:] = f(zi), 1<i<n,
flx;) — flz; ..
f[xiaxj} = Ma ].S’L,]STL,
Ij — X
f[x s s } o f[xilvxiza"'vxipfzvxip]_f[ajimxizv---7xip,27xip,1]
119 Mgy -y by - )
P ﬂiz’p — LIZip71
1 SilaiZ,"'aip S n;
It is independent of the order of the involved xz;. If some of the z; coincide, say
Ti=Xip1 =+ = Xiqp for 1 <i,74+ k <n, then
: L
fleo Tiva, - igg] = lim fleo Tiva, - i) = 7 (24) -
Tig1sesTitk—> T4 k!

Using this expression the recursive scheme for the computation of the divided dif-
ferences can be continued for a mixture of distinct and coinciding z;.

Note that for distinct x;, the divided difference f[z1, 2, ..., zy] can be expressed
as a linear combination of the f(z;),i=1,2,...,n, namely,

(1.4) flog, 22, 20] = Z f(xi?

wy, (:)’

where
(1.5) w@)= [ (@i—=y)
1<j<n,j#i

is the derivative of
n

wa() = [J(z — =)
j=1
at x = z;. In addition, the divided difference of the function
(1.6) fn(z) = mm+n717
at x1, T2, ..., Ty, is a homogeneous function of degree n in the m variables x1, xa, . . .,
T (see [8] for more details),
(1.7) falz1, 22, o xm] = Z xilxzfxf{;

t1+i2+Fim=n
We now discuss how to represent a pseudo-multivariate function as a finite sum
of univariate functions. To this end the representation (1.4) is used symbolically,
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meaning that the evaluation f(x;) at different z; is to be regarded as the use of
f(z) for distinct variables ;. Coincidence of some x; with z; is to be interpreted
as a restriction to the subset of the multidimensional space where x; = x; for some

i£4,4,7=12,...,m.

2. EXPLICIT CONSTRUCTIONS

In Theorem 2.1 we show how to use divided differences to obtain a finite sum
representation (see [10] for more on this method) of a pseudo-multivariate function
F(z). Afterwards we use this result to obtain explicit formulas for Padé approxi-
mants of pseudo-multivariate functions in Theorem 2.2.

Theorem 2.1. Let

(2.1) Fl@)=Ygm) S altadalp
n=0

JitjetFIim=n

be a pseudo-multivariate function, and let
h(z) =Y g(k)z"
k=0

If x; # xj foralli,5=1,2,...,m, we have

m m—1

F(z) =Y (),

i—1 wm(xi)

where w), (x;) is defined by (1.5). If x; = x; for some i,j = 1,2,...,m, and if
T1,...,T, are the distinct variables among the x4, ..., Ty, occurring with multiplic-
ities s1, ..., Sy, respectively, then we have

r o s;—1 (si—j—1) ) () )
%% (x;) Y9 (x;)
F(.’L‘) = L 3 . )
;]:o (si—7—1)! 4!
where

xm—l

p— » Z
[hcjcr i (@ —2))""

Proof. Let x; # x; for 4,5 =1,2,...,m, and let

(2.2) Wi (x) :

(2.3) G(x):=)Y gn)z™ " =3 "g(n) fa(x),
n=0 n=0

where f,, (z) is defined by (1.6). Then by (1.4) and (1.7), and the linearity of the
divided difference,

G[$1,$27--.7x7n] = Zg(n)fn[xhx%---axm]
n=0

(24) ~ e Y ek
n=0

Jitje++im=n
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Also, from (2.3),

= o2m! Z g(n)x™
n=0
= 2™ h(x).

By using (2.1), (2.4), and (1.4), we have

_ J1,.J2 j
F(z1,20,...,2y) = g g(n g xytwy e xlm
n=0

j1+j2+~--+jm:n

= G[l‘l,IQ,...,xm]
_ f: G(:)
— wp, (i)
m -1
xz '
B wy, () Al
=1

where w/,(z;) is defined by (1.5). Now let x1,...,z, be the distinct variables

among all z1, ..., z,,, occurring with multiplicities s, ..., s,, respectively, and with
s1 4+ -+ s- = m. Because of the symmetry property of F (z1,22,...,Zm), We
can assume that 1 = z,41 = -+ = Tpys,—1, T2 = Tpys, = *** = Trpsytsy-2,
S Ty = Tgypots, 142 =+ = Ty Then for W; (z;) defined by (2.2),
F(x1,20,...,Tm)
S1 S2 Sy
—N— — —
=F(T1, .., 1, T2,y T2y ey Ty e e ey L)
m —
. . D)
= lim lim
TrglseesTrgs) —1>T1 Tsitootop_142sHTm = Tr i=1 HlSjSmJ;ﬁi(xi - x]')
m—1
_ : . i h(z1)
= lim lim
T4y Trtsy) —17T1 Tsy4oids,_1+25Tm>Tr H2<j<77l(xl - x])
s1—1 M 1 m—l
Lpig h (xr—i-i) h (3:2)
+ E +
ngjgm,j;ér—i-i(xTJri — ;) H1§j§m,j¢2(9ﬁ2 - ;)
so—1 m—1
+ $T+51,1+ih (x7‘+81—1+i)
H1§j§7n,j7£r+sl—l+i(‘(L.TJrSl*lJri - xj)
m—1
™ th (z,)
+ 4 T
ngjgm,j;ﬁr(xr - ;)
sp—1 m—1 .
N T sty 14il (Tsyboobs, i t14)

= ngjgm,j;ésl+-~-+sr_1+l+i($51+"'+5r_1+1+i 7))

_ lim Wi (1) b (21)

TrglseesTrds) —1>T1 H1<j<5171($1 —«Tr-',-j)
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-1
3 Wi (@r44) h (2r44)
+
P (Trti — 1) H1gj§5171,j¢i(xr+i — Trj)
W h
N lim 2 (2) b (22)
TrtsyoesPrtsy+sy—27702 HlSjSSZ—l(xQ - xr+5171+j)
-1
n S Witsi—14i (Trgsi—14i) b (Trgs,—144)
i1 (Trtsy—14i — @2) H1§j§s271,j¢i(x7‘+5171+i — Trisi—1+j)
W, h
R lim (zr) b (2r)
Tsptotsp_1 4200 Tm =Ty H1<j<sr_1(93r Toytets,_1+145)
Spr—1

4 W gods, 14141 ($51+»--+s,,.71+1+i) h ($51+--»+sr71+1+z‘) >

=1 ($S1+---+sr_1+1+i - xr) HlSjSST—Lj;&i($51+"'+Sr—1+1+i - x51+"'+57‘—1+1+j)
Now if we let
H;(x):=W;(x)h(z), i=1,2,...,r
then putting it into the equation above, and using the fact that
1

i — (r—=1)
orao i, Hlrn @z o] = w0
and formula (1.4), we have
F(x1,29,...,Zm) = lim Hy[x1, @rg1y ooy Trgosy—1]
Lypg1yeyTrtsy —17T1
+ lim H2 [x27 Lygsyyee- 7$7‘+51+5272]
TrtsysesTrtsy+sg—2"7T2
4.
+ lim Hr[xr; Lytsi4-tsp_14+2 -+ 7xm]
:ESl+...+ST_1+2,...,17”—>I7‘
_ 1 J2 A (z1) + 1 2= (22)
(81 - 1)' 1 (52 - 1)' 2
1
. — A
+ + (Sr — 1)| r (aj )
- isi WY () B9 ()
= o TR
== i 1 J!
This proves Theorem 2.1. O

Theorem 2.2. Let

2) = gk) Y altaleay
k=0

Jitjettim=k
be a pseudo-multivariate function. For u,v € N, let

Pu,v . Z?:O ajzj
(2.5) (2) == U 3 .50

Qu,v Zj:() ﬁjz
be the (u,v) Padé approximant of the function

(2.6) h(z):= Zg (k) 2F
k=0

Bo=1
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and for £ = max{u,v — 1}, let

(2.7) N :={{1,72,--,Jm) : 0 < J1,d2, -, Jm < v},
(2.8) M = {(j1, 2,5 9m) 1 0 < J1,Jay ooy Jim <4,

it g+ + g <min{ml,u+ (m—1)v}},
(2.9) E = {(1,J2,-5dm) 1 0< g1+ g2+ +jm <u+v}

be index sets in N™. Then if x; # x; for alli,j = 1,2,...,m, the (M,N) general
order multivariate Padé approxzimant to F(z) on the index set E is

P(z)

where
(210) Q(&) = QU,v (xl) QU,v (x2) e Qu,v (l'm) )

m x'tn_l
(2~11) P(ﬁ) = Z w,Z (1) Puw (372) H Qu,v (ﬂTk)

i=1 M\t 1<k<m, k#i
If i = =; for some 1,7 = 1,2,...,m, and if x1,...,%, are the distinct vari-
ables among the x1,...,T,, occurring with multiplicities s, ..., s, respectively,

then P () becomes

T

, i — 1) ,
i=1 1<k<r,k#i
where W; (x) is defined by (2.2).
Proof. From (2.10), we have that

m
Q) =[] quw (@x) = > bjgaalalealn, by, €C,
k=1 (J1:d25sdm)EN

where N is defined by (2.7). Now we prove that P(z) in ( 2.11) is a polynomial on
the index set M. For m > 2,

P(g) = Pu,w (xk) H Qu,v (mj)

1<j<m,j#k
x?_lpu,v ('rk) H
1 [hicjcmjzr(@r — ;) 1<j<m.jk
1 G 1
= > D g ()

H1§i<j§m('ri - ch) 1

X H (.’L‘l — $j) H qu,v (xj)

1<i<j<m,i,j#k 1<js<m,j#k

Qu,v ()
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Let

P(z) =) (=12l pu, (o)
k=1

X I (@i-=) I (@)
1<i<j<mui ik 1<j<m,jk

Then, if z; = x4,

P*(z) = xT_lpu,v (71) H (4 _xj) H Qu,v (xj)

2<i<j<m 2<i<m

—y puy () | [ (e —2y) I @i-=)

3<j<m 3<i<j<m

XGu,v (331) H Qu,v (37])

3<j<m
= 0,

and we have that (z1 — z3) divides P*(z). As P(z) is symmetric in its variables,
then for 1 <i,5 <m, if x; = x; for some i # j,

P*(z) = 0.

So [Ti<icj<m(®i — ;) divides P*(z) and therefore P(z) is a polynomial of zy, k =
1,...,m. Now observe that the total degree of [[, ;< (z; — ;) is m (m —1) /2
and the total degree of P*(z) is at most

(m—1)(m—2)
2

m(m —1)

(m—1)+u+ 5

+(m—-1v= +u+(m—1)v,

so the total degree of P(x) is at most u+ (m — 1) v. Also observe that the degree of
P*(z) in 1 is max{(m — 1)+u, (m — 2)+v} and the degree of z1 in [[; ;<. (zi —
xj) is m — 1, so the degree of P(z) in z; is max{u,v — 1}. As P(z) is symmetric
in its variables, the degree of P(z) in each %, k =1,...,m, is max{u,v — 1}. This
proves that

— B AR P o
P(z) := E @jy o @I gy, € C
(j1,-<-7jm)€M

Now we prove that [M/N]g(z) = P(z)/Q(z). If x; # z; forall 4,5 =1,2,...,m,
we have from Theorem 2.1 that,

-1

R
F(z)—;w, @)

m

where h is defined by (2.6) and w], is defined by ( 1.5). Then
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QF - P) (@) = |[[awn(e)]> =
=1 =

-1

k=1

wr, (k)

Puw (Tk) H Qu,w (7;)

1<j<m,j#k

m—1
k

= > TT o () | (@ (@0) B () = Py (1))
k=1

(@) \ <y
Recall that py,, (2) /quw (2) defined by (2.5) is the (u, v) Padé approximant to h (z) ,
ie.
h(2) quo (2) —puw (2) = > 72, 7 €C.
j2u+v+1
Then

1

B 2 — m I»]g]/,
QF -P@ =3 s

H Qu,v (T5) Z ’iji'

1<j<m.j#k j>utotl

Similar to the proof that P(z) is a polynomial on index set M, we can derive that

H Qu,v (mz)

1<i<m, itk

m—1
k

2 wry (Tk)

k=1

is a polynomial of total degree at most (m — 1) v. Therefore,

(QF — P)(z) = > oS altady

ji>utv+1,0<k<(m—1)v  jit+-+im=j+k

_ }: It pdm o

- d]l"‘]mxl T d]l‘“]m e€C,
(jlv-uvjm)ENm\E

where FE is defined by (2.9). This proves Theorem 2.2 for the case z; # x; for all
1,7 =1,2,...,m. Now since Q(0) = 1 and

P y . . "
(F - 6) (@) = Z djl"'jmlel o 'ZL“,Z;{L, djlmjm € (C,

(J15-20m ) ENT\E

lim s lim (F - 5) (z)

TpglyesTrgs) —1—>T1 syt tsp_14213Tm =Ty

S Y@ al e et
J1Im )

we have

(J1,-20m)ENT\E

On the other hand,

. . P(2)
lim . lim
LypglyeyTrtsy —17T1 Tsyt-tsp_14+2HTm—Tr Q (g)
1
= lim e lim

)

Lyt1yeyTrtsy —17T1 Tsy4-tsp_14+2HTm—>Tr Q (

18
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m m—
X Z w;(a:z pu,v (xz) H ‘Qu,v (xk)
=1 1<k<m, k#i
_ 1
Qi (1) qicto (22) -+ qilw (1)
X lim e lim
TrglyeesyTrgs; —1—7T1 Tsy4-tsp_14+2rTm—>Tr
m m—1

X Z 527 Pu,v (l’z) H Qu,v (mk)

i=1 m (i) 1<k<m,k#i
G (22) - - 4y (@)
Gao (21) Gico (22) -+ - quw (27)
(Wl (1) Punw (1) g5 " (1)

H1<j<sl—1(x1 Tyt )

X lim
TrglyeLrdsy —17T1

iy r+z xr-{—z)pu v ($r+z) qu v (1'7'+i)
r+i T U1 1<j<s1—1,5#£i\tr+ie = Lrdg
qu;u (ml) e qiﬂ) (‘/ETfl)
Guo (21) gico (22) + - quv (27)
W, (!Er)pu,v (xr) qifv_l (557‘)
1Tm T ngjgsrf1(33r — Ty dts,_1+145)

X lim
$51+”’+5r71+2""

Sr—1
n Z Wi tots, 141+ ($51+~-+sr_1+1+z‘)
Lsy+tsp_14+1+i — Tp

« Pup ($51+-~+s7«_1+1+z‘) QZ’,'JI ($s1+--<+sr_1+1+i) ])

H1§jg5,ﬂ71,j¢i <x81+~-+s7-71+1+i - 3051+»--+s,,.,1+1+j)

If we let
Hz*(x) ::Wi(x)pu,v( )QZIJI( )7 1=1,2,...,1,
then
P
lim lim (z)
Tpg1seee Trfsg —1—T1 Taytods, 4200 Tm— T (2)

o qi?v (.’1?2) U q;f:v (‘/ET)
Qoo (21) qicw (22) -+~ qulv (27)

. *
X lim Hi[T1, Trg1s -y Trgsy—1)
Trt1yeyTrtsy—17T1

@ty (21) - qulet (@r—1)
Quro (1) qiizo (22) -+ - qulo (T7)

. *
X lim H [Ty sy oots, 1425+ -y Tm
LTsyt-tsp_1+25Tm—Tr

1
il (1) gido (w2) -+ gl ()

qi?v (ZQ) T qirv (xf”) 1\ (s1—1)
o (B ) ()
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Sr—1

qi}'u (1‘1) o Quaw (337"—1)
(sp — 1)!
1

o (21) @il (2) - qulo ()

L L Si—
X Z . 1 H qviljv (irk) (szu,vq;jiv 1)( 2 (;vz) .

—_ 1)1
i=1 (si )! 1<k<rk#i

(1) ) )

So if z1,...,x, are the distinct variables among all x,...,z,,, occurring with
multiplicities sq, ..., s,, respectively, then

Q () = dqaty (21) 422y (22) - @7y (20)
which is (2.10), and

.
1 .
P(z)=Y — T @k () (Wipuwgsis ) (20),

—1)!
i=1 (si )! 1<k<rk#i
which is the limiting case of P(z) in (2.11). This proves Theorem 2.2. O

Remark. Tt is easy to see that P (z)/Q (z) is irreducible, as py . (2) /quw () is
irreducible.

3. PROPERTIES OF PSEUDO-MULTIVARIATE PADE APPROXIMANTS

The univariate Padé approximant satisfies a consistency property, meaning that
when the given function h is itself rational, then it is reconstructed by py v/qu,v
when u and v are chosen large enough. This consistency property holds mainly
because of the unicity of the irreducible form of py/qu». For a general order
multivariate Padé approximant this is not necessarily the case, because of the pos-
sible nonunicity of the irreducible form of the approximant. However, similar to
the properties proved in our earlier paper [6], the general order multivariate Padé
approximants constructed in Theorem 2.2 in this paper have many nice properties.
We prove the consistency and normality properties of these approximants, the lat-
ter meaning that if the univariate (u, v) Padé approximant p,, ,/qu.» to the function
h appears only once in the Padé table, then so does its general multivariate coun-
terpart constructed here. At the end of this section, we also present a truncation
error upperbound. The properties proved in [6] constitute the special bivariate case
of the properties in this section.

Theorem 3.1. Let u,v, M, N, E be defined as in Theorem 2.2. If the pseudo-

multivariate function F(z) is a rational function, i.e. if F(z) has the irreducible
form

F(z) == R(@) _ 2(1s,mim)eM Tirim 1 T2

O S@ G e wen S T

With 75,5, 8j1--jm € C and S(0) # 0, then the (M, N) general order multivariate

Padé approzimant to F(x) on the index set E, constructed in Theorem 2.2, satisfies

P(z) .
Qlz) Fla)

ceopm
T

x‘jm,

for large enough u,v € N.
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Proof. As F is a pseudo-multivariate function, we have

oo
=S o) Y afakal
n=0

Ji+je+Fim=n

with
2)=> glk)z"
k=0

Then h(z) = F(z,0,...,0) = F(0,%,0,...,0)=---=F(0,---,0, z) and hence

R(z,0,...,0 R(0,...,0

h(z): (Z7 ) ) ):'.': (’ ) ’Z)

S(z,0,...,0) S(0,...,0,2)
From the consistency property of the univariate Padé aproximant, we have for
large enough w,v € N, p, (2) = R(2,0,...,0) =... = R(0,...,0, 2) and ¢, ,(2) =
S(z,0,...,0)=---=5(0,...,0, 2) after a suitable normalization of g, ,(z). So if
x; #x; foralli,5 =1,2,...,m, then from Theorem 2.1 and Theorem 2.2, we have

!
@
~
Ms
H

pu,v (:Ez) H Qu,v (l'k)

Q(&) Qu,v (371)"'qu xm : W;n i 1<k<m,kti

=1
= (z),
Now if z; = x; for some 4,5 = 1,2,...,m, we denote the distinct variables among
the x1,...,%, by x1, ..., x,, which occur with multiplicities s1, ..., s, respectively.

By Theorem 2.2, the (M, N) general order multivariate Padé approximant to F'(z)
on the index set E is the limiting case,

P(z) . { 1
= hm e hm
Q(ﬁ) Tyt lseesTrgs) —1—>T1 Taytorts, 1420 Tm =T | Gy (1-1) C Quw (xm)
m x’.”—l
X Z /Z ( u,v (xi) H Qu,v (xk) ) }
i=1 wrn (:) 1<k<m,k#i
m m—1
X, T
= lim e lim Z IZ m
Tpt1, s Trgsy —1>T1 Tsrtdsp 14200 Pm 2T T wm(xi) Qu,v (xz)
= lim e lim Z - h(z;)
Trdly@rts) 1221 Toptodsp 14250 Tm T 7 wr, ()
= lim Co lim F(z)
Trt1seLrdsy—17T1 Tsi4-tsp_14+21-Lm—=Tr
= F(z),
This completes the proof of Theorem 3.1. O

Theorem 3.2. Foru,v € N, let M, N, E, F(x) and h(z) be defined as in Theorem
2.1 and Theorem 2.2. If the (u,v) Padé approzimant puy. (2)/qu.e (2) to h(z) is
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normal, then the (M, N) Padé approximant P(z)/Q(z) to F(z) on the index set E
giwven in Theorem 2.2, is also normal.

Proof. If the (u,v) Padé approximant to h (z),
Y a2l

Dun () 2 S0 U2 gy
Qu,v Zj:() Bz

is normal for u,v € N, then

ay # 0, By 7é 0,
and
(hQU,v - pu,v) (Z) = Z ,szj’
j>utv+1
with
Yutvt1 7 0.

To prove the normality of the multivariate Padé approximant it suffices to prove it
for the case that if z; # z; for all 4,5 =1,2,...,m. The (M, N) Padé approximant
to F(z) on the set F is P(z)/Q(x), where

m
Q@) =Jaww @)= Y bjg.alal iy, b, €C,
k=1 (J1,d25edm)EN
and
amt
P(z) = Zm Puw (xz) H Qu,v (xk)
i=1  m\Tt 1<k<m,k#i
= Z ajl..ijmle'lxé2 xfn, aj,...j, € C,
(J1,d25edm)EM
with
bo.o = (Bo)" =1,
bvmv = (/Bv)m 7é 07
boow = o =byo0 = Bu (Bo)™ " #0,
and
Q00 =+ = A0.0u =y (Bo)™ " # 0.
Now
m m xm—l
(FQ - P) (@) = Qu,v (xk) d h (1‘2)
e to) 2 555
m ;L'm_l
- Z w/l (117) u,v (1'7,) H Qu.,v (l'k)
i=1 M 1<k<m, ki
= 2wl I @) | (@) g (@) = pus (@)
i=1 1<k<m ki
i ;I;m_l .
(3'1) = Z o‘)/z (ﬁ) H Qu,v (xk) Z ’Y]‘l‘g.
i=1 M\ 1<k<m,k#i j>utv+1
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So if

FQ—P x) = di leij_._l.jm7 di ... €C,
( J1m Tl 2 m J1Im
(J1,J2sdm)EE

then for j1 + -+ jm =u+v+1,

djyevj = (ﬂO)m_l Yutv+1 = Yutot1 7 0.

Now assume that for either v’ # u or v’ # v, ¢/ = max{u’,v' — 1} with

N =A{(1,J2s- > dm) : 0 < J1, 2y ooy Jim <0},

M ={(j1,42,- -, Jm) : 0 < j1,do, -y Jm <O, 1+ 2
+o At g < U+ (m— 1)}

E' ={(j1, 42y +Jm) : 0<j1+jo+ -+ jm <u +0'}

the general order multivariate Padé approximant [M’/N']g: for F(z) on the set E’
equals the same rational function P/Q. Since a, = ayg...0 # 0 and B, = byg...0 # 0,
this is only possible for v’ >« and v’ > v. Hence v/ +v' +1 > u+ v + 1. The fact
that v,4.41 7 0 reduces the occurrence of nonnormality to v’ +v' +1 < u+v+1.
Hence v’ +v' +1 = u+ v + 1. In combination with «/ > u and v" > v this leads
to ' = u and v’ = v. Since the latter is a contradiction with our assumption that
either u’' # u or v’ # v, normality must hold. O

Theorem 3.3. Let M, N, E, F(x) and h(z) be defined as in Theorem 2.1 and Theo-
rem 2.2. Let py v (2)/quv(2) be the (u,v) Padé approzimant to h(z) and P(z)/Q(z)
the (M, N) Padé approximant, constructed in Theorem 2.2 to F(x) on E. Let
the function h(z) be analytic in a disk B(0,p) centered at the origin with radius
p > maxi<i<m |zi|. Then, if & # a; foralli#j, 1,7 =1,2,...,m,

‘(F P) (Jf)‘ < SUPceB(0.,) |(Rqu) T (€)] & zptem

@/ (utv+1) i=1 Wi (4) qu,w (%) |
If x; = x; for some i # j, i,j = 1,2,...,m, we assume that x1,...,x, are the
distinct variables among the x1, ..., xXm, occurring with multiplicities s1, ..., Sy, Te-

spectively, then

(r-g)e

< SUP¢eB(0,p) |(hQu,v)(u+v+1)(§)| 4 1
wtor) = 1)

(Wi(xi)xler”Jrl > (si=1)

Qu,v(mi)

i=1

Proof. For the univariate function h(z) and its (u,v) Padé approximant p,, »/Gm.n
we know that

|Z‘u+v+l

3.2 hQU,v_pu,v z S sup hqu,v (uto+1) gz T 1\
(32 I @< s () ) 5

If z; # a;foralli,j =1,2,...,m, then from (3.1) and (3.2),
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m m—1
€T,
FQ=P @l =3 Zrs | TT e (0 | () s (@) = pus (20)
i=1  m\Tt 1<k<m, ki
m (,Cmil
<3|l T ) 1) s () = s (2
i=1 1M < <m ki
< zm: [T H dun (@) sup ‘(hq Yt g
TS e @)t 2 £1€[0,21) ’
So
<F - E) ()] < 2PecBOr) |(hgu0) ()] & i tem
Q)= (ut v+ 1) 2| @) (@) |
Now if z; = z; for some 4,5 = 1,2,...,m and if 21, ..., x, are the distinct variables
among the x1, ..., x,,, occurring with multiplicities s1, ..., s,, respectively, then by

Theorem 2.2 the (M, N) general order multivariate Padé approximant to F(x) on
the index set F' is the limiting case. So

lim - lim (F - 5) (z)

Tr4lseeyTrtsy—17T1 Tsyt-tsp_1+25 - Tm—=Tr Q
(u4v+1) ’
SUP¢ep(0,p) | (MGuw) (€)
- (u+v+1)!
m —1 1
) ) 1‘;” x?+'u+
X lim e lim E - .
Tr4lseTrgsy) —17T1 Tsy4dsn_1+25Tm>Tr i1 wm(;vz) Qu,v (iCZ)

By using the same strategy as that in the proofs of Theorem 2.1 and Theorem 2.2,
we find

m

) ) x;nfl I;HrUJrl
lim e lim E 7 =
TrglyesLpdsy —1>T1 Tsyt-tsp_14+2HTm—>Tr =1 wm(:ci) Qu,v (581)
r utot1y (si—1)
,_ (si - 1)' qu(xl)
=1
Therefore,

()

urv r u+v si—1
< SUP¢e B(0,p) |(hqu,v)( * +1)(£)| : ‘(Wz(xz)xz+ +1>( |

This completes the proof of Theorem 3.3. ]

i=1

4. EXAMPLES

Throughout this section, we let M, N and E be defined as in Theorem 2.2. We
first see some examples of finding the explicit Padé approximants for some pseudo-
multivariate functions of which the one variable projections have general explicit
formulas of Padé approximants.
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Example 4.1. A multivariate form of the exponential function is
s J1,.J2

l’ x2 .. -l‘j’!n
(:E) - : 1 m )
J15J252Jm 0 (jl ]2 +Jm)

It is a pseudo-multivariate function with
h(z) =exp(z) = Z R
k=0

From [2], we have that the (u,v) Padé approximant to h (z) is

DPu,wv _ 1F1 (*U; *U*’U;Z)

Quo 1P (vi—u— vy —2)]

and then, by Theorem 2.2, if z; # x; for all i,j = 1,2,...,m, the (M, N) general
order multivariate Padé approximant to E(xz) is P (z) /@ (z), where
m
Q) = [[1F(—vi—u—v;i—z))
j=1
m (_1)j1+"'+jm (_

(—u—wv); - (~u—v),

J1yesim=1 J J
and
m xm—l
Pl@)=3 ZosfiCu—u—ve) ] A u-u—va).
i=1 Mt 1<k<m, k#i

For pseudo-multivariate functions of which the one variable projection doesn’t
have an explicit formula for its Padé approximants, we can use software to compute
the (M, N) general order multivariate Padé approximant for given M, N. Below is
an example of a short procedure in Maple to compute the (M, N) general order
multivariate Padé approximant for trivariate pseudo-multivariate functions.

mpa(f,x,u,v) — f is the one variable projection of the pseudo-multivariate
function F', z is the variable of f and u, v are nonnegative integers. The procedure
computes the (M, N) general order multivariate Padé approximant to F(x,y, z) on
the set E, where M, N, and E are defined in Theorem 2.2.

>with(numapprox) :

mpa:=proc(f,x,u,v)

local g,px,py,pPz,9%x,qy,qz,PP,QQ,PQ;

g:=pade(f,x, [u,v]);

px:=numer(g); gx:=denom(g);

py:=subs(x=y,px); qy:=subs(x=y,qx);

pz:=subs(x=z,px); qz:=subs(x=z,qx);

PP:=simplify ((x~2*px*qy*qz/((x-y)*(x-z))
+y~2xqx*py*qz/ ((y-x) *(y-2z))
+z72%qx*qy*pz/ ((z-x) *(z-y) ) ) ;

QQ:=simplify(gx*qy*qz) ;

PQ:=simplify(PP/QQ) ;

print (P(x,y,z)=numer (PQ));

print (Q(x,y,z)=denom(PQ)) ;

end proc:
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Example 4.2. A multivariate form of the logarithm series is

L(z .
(_) j17j2,...,jm>0u2‘1:+j2+--»+jm>1 St G2t m
It is a pseudo-multivariate function with
h(z) :;nﬂ =—In(l1-2).

Running mpa(1n(1-x),x,2,3) gives
P(z,y,2) = 729000z + 1364042y2% + 729000y + 13640422y~
+ 1364042y% 2% — 60112822y
+ 1812780xyz — 601128xy2> + 7290002 — 3284122y~ — 601128xy°~
— 46170022 — 461700y% — 1287900y 2 + 52326012z + 523260y 2>
— 1158303222 — 12879002y + 523260xy> + 52326022y — 115830222
— 4617002% — 128790022 + 523260222 + 523260272 — 1158302222,
and
Q(z,y, 2) = (90 — 102z + 2122 + 23) (90 — 102y + 21y% 4+ ) (90 — 1022 + 2122 4 23).

Then the (M, N) general order multivariate Padé approximant to the function

ley]ézjla
L(z,y,2) = > —

iroade >0 tdatisz1 )L T2 T3
on the index set E is P (z,y,2) /Q (x,y, ), with
N = {(j17j2):0§j17j27j3§3}7
M = {(jlaj?):0§j17j23j3§2a jl +]2 +33§6}7
E = {(1,j2):0<j1+j2 <5}

For some multivariate series, we may not have the one variable function h(z)
explicitly, only by its series representation. In this case, we again use mpa(f,
X, u, v) to compute the (u,v) Padé approximant to h(z) from the partial sum
of degree u + v and then use Theorem 2.2 to compute the (M, N) general order
multivariate Padé approximant to the multivariate series on the index set E for any
given positive integers u,v. We now apply this method to the Lauricella function.

Example 4.3. Our last example is the Lauricella function (see also [1, 7, 10])
F[()m) (a,bl, R s X DR ,Zm)

oo

_ Z (@) 4opgn (B1)g, o () ) e gdm

| T m

R T
J1,325eJm=0 (C)j1+...+Jm I Jm!

where (o), is the Pochammer symbol defined by

_Joala+1)---(a+n—-1), n>1,
(a)"'_{ 1, n=20.
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o
a), L _
Fgﬂ)(a71,... 1C$13-~-7$m): Z W‘rilx%ﬂ,
J1,J25eJm=0 Jittim

which is a pseudo-multivariate function with

h(z) = Z%zk.

k=0
We can use Theorem 2.2 and procedure mpa to compute the (M, N) general order

multivariate Padé approximant to F(m) (a,1,...,1;¢;21,...,2,) . For example, if
c=5,a=3, and m = 3, then

(o)
12 o
F(3) 3,1,1,1;5; 2,9, - - . i : __giyde s,
@ e JlJ;':z,:o(3+31+]2+33)(4+31+]2+J3) Y

which is a pseudo-multivariate function with

— 1
h(z) = 12;:0mzk

Let h,, (z) be the partial sum of degree n. Then mpa(hs 2,2,1,3) gives
P(x,y, 2) = 662872xy% 2z + 225302y 2% — 27866327y 2 + 2253022%y? + 78407x2y> 2>
— 278663xy? 2% — 3537802y — 353780y z — 59930332y + 41930378zy
— 353780x2y — 31712555y 2 + 41930378y 2 + 66287222y + 662872xy 2>
— 278663x%yz? — 353780yz% + 2253022222 — 353780x22 + 94105480
— 59930332z — 599303322 + 41930378x2 — 35378022z,
Q(z,y, z) = 5(266 — 3292 + 912% + 2°)(266 — 329y
+ 91y 4 4)(266 — 3292 + 9122 + 2°).
The (M,N) general order multivariate Padé approximant to the function
Fg)(?), 1,1,1;5;x,y, 2z) on the index set F is P(x,y, z)/Q(z,y, z) with
N {(J1,J2,73) : 0 < ji1, 2, jg < 3},
M = {(j1,J2,73) : 0 < ju, Jo2, J3 < 2, j1 +j2 + j3 < 6},
E = {(j1,42) : 0 < ji +ja + js < 4}
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