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ABSTRACT

A rough analysis of the growth of the Lebesgue constant in the case of barycentric rational interpo-
lation at equidistant interpolation points was made in [Bos et al. 11] and [Bos et al. 12], leading to the
conclusion thatit only grows logarithmically. Here we give a fine analysis, obtaining the precise growth
formula

%(In(n+1)+ln2+y)+o(1)

for the Lebesgue constant under consideration, with y being the Euler constant. The similarity
between barycentric rational interpolation at equidistant points and polynomial interpolation at
Chebyshev nodes (or the like) is remarkable. After revisiting the polynomial interpolation case in Sec-
tion 1and introducing the barycentric rational interpolation case in Section 2, tight lower and upper
bound estimates are given in Section 3. These fine results could only be formulated after performing
very high-order numerical experiments in exact arithmetic. In Section 4, we indicate that the result can
be extended to the rational interpolants introduced by Floater and Hormann in [Floater and Hormann
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07]. Finally, the proof of the new tight bounds is detailed in Section 5.

1. Sharp bounds for Lebesgue constants in
polynomial interpolation

Let the function f belong to C([ — 1, 1]). When approx-
imating f by an element from a finite-dimensional V,, =
span{¢o, ..., ¢, with¢p; € C([ — 1, 1]) for 0 < i < n, we
know that there exists at least one element p} € V,, that is
closest to f. When using the || ||o norm, this element is
the unique closest one if the ¢y, ..., ¢, are a Chebyshev
system. Since the computation of this element is more
complicated than that of the interpolant

D aiixy) = f(x)),

i=0

j=0,....n,
—l=<x;<1,

there is an interest in interpolation points x; that make the
interpolation error

max

fe0 = aigi0)|| = max |f() =D i)

i=0 00 i=0

as small as possible. In other words, there is an inter-
est in using interpolating polynomials that are near-best
approximants.

When ¢;(x) = x’ and fis sufficiently differentiable, then
for the interpolant

pu(x) = )i,
i=0

satisfying p,(x;) = f(xj),0 < j < n, the error ||[f — p,|| is
bounded by [Young and Gregory 72, p. 267]

ey
||f_pn||oo Sxer?—alxl]( (n+ 1)

n

X max | ||x—xj|.
xe[—1,1] +
j=0

(1-1)

It is well-known that ||(x — xg) - - * (x — x,,)|| is minimal
on [ — 1, 1] if the x; are the zeroes of the (1 + 1)-th degree
Chebyshev polynomial T, (x) = cos((n + 1) arccos x).

The operator that associates with f its interpolant p,, is
linear and given by

P, :C([=1,1]) > Vi i f(x) = pa(x) = Y fx)i(x)

i=0
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where the basic Lagrange polynomials £;(x),

=[]

AL
j=0,i#j "

X—Xj

’
_xj

satisfy £;(x;) = 8;;. So another bound for the interpolation
error is given by

I1f = Palloo = (L4 1IP, ||)||f—PT,||oo,

Pl = i
[1Ba]| = me H]D @l

Here A, = Ay(x0, ..., X;) = ||Py]| is called the Lebesgue
constant, and L,(x) = L,(xq, ..., X535 X) = |€o(x)] + ...
+ |€,(x)| is called the Lebesgue function. Both A, and
L,(x) clearly depend on the location of the interpolation
points x;. An explicit formula for the x; that minimize the
Lebesgue constant is not known, and if no further con-
straints are imposed on the interpolation points, then the
solution is not even unique. But it is proved in [Vértesi 86,
Szabados and Vértesi 90, pp. 110-121] that the minimal
growth of the Lebesgue constant, in terms of the number
of interpolation points n + 1, is given by

A

2 4 2

— <ln(n+ )+y+In (—)) ~ —In(n+1)

T b1 b4
+0.52125. ..

with y the Euler constant.

Several node sets {xg, ..., x,} come close to realizing
this minimal growth, among which the Chebyshev zeroes
[Rivlin 74, Ehlich and Zeller 66, Giinttner 80] and the
Fekete points [Siindermann 83]. A simple node set known
in closed form that approximates the optimal node set
very well is the so-called extended Chebyshev node set
given by

Qj+h)m
cos ( 2(n+1) )

- b
cos <2(n+1)>

The division by cos (r/(2n + 2)) guarantees that xo = —1
and x,, = 1. The growth of the Lebesgue constant for the
extended Chebyshev nodes is bounded by [Giinttner 80,
Hesthaven 98]

Xj=— j=0,....,n (1-2)

2
Ay(xp, ..., x,) < —log(n+1)+40.5829..., n=>4,
b4

which is only slightly larger than the minimal growth. At
the same time, it is known that the Lebesgue constant A,
for equidistant interpolation points grows exponentially
[Schonhage 61, Turetskii 40].

2. Lebesgue constants for rational interpolation
with preassigned poles

When moving to rational functions instead of poly-
nomials, the approximation and interpolation problems

become nonlinear unless one considers the case of an a
priori fixed denominator or a priori fixed poles, as we do
in this article.
Solet g, (x) =
interpolate

" (1 — x/&) with & ¢ [—1, 1] and

Pn(xj) = f(X)qm(xj), (2-3)

with p,(x) € span{l, x"}. The rational interpolant
Pn/qm now belongs to V,, = span{1/gm,(x), ..., x"/qu(x)}.
In the sequel, we restrict ourselves to polynomials g,,(x)
having real coeflicients, in other words having poles that
are real or appear in complex conjugate pairs.

With x; € [ — 1, 1] and & ¢ [~1, 1] and since p,
now interpolates fg,,, the rational interpolation error is

bounded from above by

< max (I(fqm)(”“)(x)l)
o xel-1.1] (n+ 1)!

lx — x;]
X  ma 2-4
xe[— 11]1_[ |qm(x)| (2-4)

j=0,...,n

-2

The factor (x — xg) - (X — x,,)/gm(x) has minimal uni-
form norm if the x; are the Chebyshev-Markov nodes
[Lukashov 04]. These are also the zeroes of the orthogonal
rational function 7,1 (x) with numerator of degree n +
1, denominator equal to g,,(x) and satisfying [Van Deun
10]

pr(x)  dx
/ [y ) JT—x

If the poles & are real or appear in complex conjugate
pairs, then the zeroes of 7,41 (x) are indeed real, simple,
and belong to the open interval ( — 1, 1) [Van Deun 10].
In the sequel, we assume that m = n.

The operator that associates with f its rational inter-
polant p,/q, satisfying (2-3) is still linear and given by

k=0,...,n.

Pn(x)
qn(x)

n IE
_ Zf( )q (xz )(x).

Ry :C([—1,1])) = Vi f(x) —

In the same way as in Section 1, we obtain that the error in
rational interpolation with preassigned poles is bounded
from above by

Hf_‘;ﬁ 5(1+|IRnII)Hf—& :
"1 (i) €5 ()]
er = —

1R, xﬁ’,‘uzl,:o 130 (0)]

where p* is the best polynomial approximant of degree
n to fq,. Here M, == M,(x0, ..., X3 15 ..o, En) = ||Rul|
is the Lebesgue constant of rational interpolation in the



points xo, ..., x, with preassigned poles at &5, ..., &,. The

function
M, (x) := M, (x, ..

n

_ Z |qn (x:)€; ()]
[gn(x)]

Enx)

S Xy &1L

i=0
is called the Lebesgue function of rational interpolation
with predetermined poles.

In [Cuyt et al. 11], the behavior of M,, is investigated in
case the x; are the extended Chebyshev-Markov nodes for
some predetermined g,(x). The notion extended is again
to be understood in the way as in (1-2). It is important
to note that 7, (x) is the rational function with monic
numerator of degree n + 1 and denominator ¢,,(x) having
minimal || - || on [ — 1, 1]. So 7,41 (x) minimizes the
bound (2-4) in the same way as T, + ;(x) minimizes (1-
1).

In [Berrut and Mittelmann 97], the poles & are deter-
mined in order to minimize M, in the case of equidistant
interpolation points x;. So there the location of the poles
is adapted to the given equidistant interpolation points,
while in [Cuyt et al. 11] the location of the interpola-
tion points is optimized for given poles. It depends on
the numerical application of course, whether it is more
important to have equidistant data available than to make
use of predetermined poles that dictate the shape and the
behavior of the interpolant.

Here, we want to give sharp bounds on the growth of
the Lebesgue constant M, in the case of n + 1 equidistant
interpolation points x; and n poles fixed either by [Berrut
88]

a0 =Y (1" [] &x=x (2-5)
i=0 =0, j#i
as in Section 3 or by [Floater and Hormann 07]
sP@) =Y (=Dioy [] x—xp.
i=0 j=0, j#i
min(i,n—d)
d
P> (i - j)’
j=max(i—d,0)
n>2d, d=1,2,... (2-6)

as in Section 4. It is well-known that neither the polyno-
mial g,(x) [Berrut 88] nor the polynomial s,(fl) (x) [Floater
and Hormann 07] have zeroes on the real line. Hence, in
both cases & ¢ [—1, 1].

A first analysis of M, for equidistant interpolation
points and poles preassigned by (2-5) or (2-6) is given in
[Bos et al. 11] and [Bos et al. 12], respectively. We denote
the former Lebesgue constant by

MO = M, (x0, ..., %3 qu(&) = 0)
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Figure 1. Bounds for M) as in [Bos et al. 11] with M deno-
ted by (.

and the latter by

M = M, (xo, ..., x5 sy (8) = 0),  d=>1.

In both cases, we denote the Lebesgue function by M,,(x),
as it is clear from the context in which case we are.

3. Precise growth formula for Berrut'’s rational
interpolant

For q,(x) in ||R,|| given by (2-5), the expression for the
Lebesgue function M, (x) can be simplified to

Z:‘:o 1/|x — xil
Yo (=D (x— x|

M, (x) = (3-7)

In [Bos et al. 11], crude lower and upper bounds are
given for MO,

In(n+1) < Mflo) <2+ 1In(n).

4
n
We illustrate these in Figure 1, where M'”, for subsequent
values of n, is indicated with the symbol o.
As proved in Section 5, the growth rate of M{” is given
more precisely by

2(In(n+1)+In2+y)

<M(O)
n—l—niH - "
2+ D) +In24y +51)
~ - . (3-8)
T

This is the exact asymptotic growth of the Lebesgue con-
stant M". The new bounds are illustrated in Figure 2.
The tight formulation (3-8) was only possible after car-
rying out numerical experiments in exact arithmetic up
to n = O(10'%)! The proof follows in Section 5. The
advantage of exact arithmetic here (besides the absence
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4

Figure 2. Sharpened bounds for M” with M denoted by CJ.

of rounding errors) is that, in computer algebra soft-
ware, there is a nice compact expression for the evalu-
ation of M,(x) halfway between two neighboring inter-
polation points in terms of the digamma function W(x).
This expression allows us to evaluate it for very high val-
ues of n. When making such a detailed analysis, the true
problem to obtain an accurate bound becomes clear. The
maximum value of the Lebesgue function M, (x) does not
occur near a fixed location independent of n, like the mid-
point or the endpoints of the interval: for #n even, the pos-
itive argument of the maximum is a function of log;on.
More precisely, it changes with n mod 4 and moves up
with log;o[n/4] when # is even! To illustrate this, we dis-
play the value of M,,(x) near the many local maxima (also
see Figure 5).

For n = 4 x 10'% (situation as in Figure 5 top left) and
x=(20i +9)/n,i=0, ..., 9, the values can be found in
Table 1: a global maximum occurs (not even at, but) near
x = 149/n (we also show the values of M,,(x) at x = 145/n
and x = 153/n for comparison). For n = 4 x 101000 +
2 (situation as in Figure 5 bottom left) and x = (200i +
67)/n,i=0, ..., 7, the values can be found in Table 2: a
global maximum occurs very near x = 1467/n (compare
with the value of M,,(x) at x = 1463/n and x = 1471/n).

Table 1. Values of M, (x), n = 4 x 10'%°, 209 digits.

M, (189/n) 148.2784002 (189 digits) 1347141070
M, (169/n) 148.2784002 (189 digits) 1371588542
M, (153/n) 148.2784002 (189 digits) 1379687364
M, (149/n) 148.2784002 (189 digits) 1380120520
M, (145/n) 148.2784002 (189 digits) 1379917056
M, (129/n) 148.2784002 (189 digits) 1372737004
M, (109/n) 148.2784002 (189 digits) 1349437993
M, (89/n) 148.2784002 (189 digits) 1310223488
M, (69/n) 148.2784002 (189 digits) 1255093489
M, (49/n) 148.2784002 (189 digits) 1184047995
M, (29/n) 148.2784002 (189 digits) 1097087007
M (9/n) 148.2784002 (189 digits) 0994210525

Table 2. Values of M, (x), n = 4 x 10'°° 42,2012 digits.

M, (1471/n) 1467.562478 (1987 digits) 700047035547169
M, (1467/n) 1467.562478 (1987 digits) 700047058426038
M, (1463/n) 1467.562478 (1987 digits) 700047017642930
M, (1267/n) 1467.562478 (1987 digits) 699967033348511
M, (1067/n) 1467.562478 (1987 digits) 699727853327892
M, (867/n) 1467.562478 (1987 digits) 699329518364181
M, (667/n) 1467.562478 (1987 digits) 698772028457378
M, (467/n) 1467.562478 (1987 digits) 698055383607483
M, (267/n) 1467.562478 (1987 digits) 697179583814496
M (67/n) 1467.562478 (1987 digits) 696144629078418

4. Growth formulas for Floater and Hormann's
rational interpolant

For g,(x) in ||R,|| given by (2-6), the expression for the
Lebesgue function M, (x) simplifies to

Z?:o oi/]x — xil
1> (—=Dioy/ (x — x))

M, (x) = . (4-9)

witho;,i=0, ..., n given by

i qd .
Zj:o(j)’ i<d,

o;=1{ 24, d<i<n-—d,
Opis i>n—d.

For n odd and d = 1, the maximum of the Lebesgue func-
tion occurs near the origin, not precisely at the origin. We
illustrate this in Figure 3: with n = 11, d = 1 the Lebesgue
function M, (x) achieves its maximum at about +2/11. A
more precise statement is that for » mod 4 = 1 the max-
imum is at x* = 0 and for » mod 4 = 3 the maximum
occurs near £2/n. With 7 even the maximum occurs near
1/n.

The same sharp lower and upper bound estimates from
(3-8) apply to M" with d = 1 in (2-6). An illustration is
given in Figure 4, where M\" is indicated by .

2.2

- -0.5 0 05 1

Figure 3. M, (x).
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Figure 4. Sharpened bounds for M with M denoted by ©.

When d > 1, then an improved (but not yet fine) upper
bound is given by:

2 1
M® <2 —= <1n(n +D+In2+y+ —) ,
— 24n

n+2

d>1. (4-10)

The results mentioned in this section for d > 1 can be
proved in a similar way as we prove (3-8) in Section 5.

5. Proof of sharp growth estimates for m®

Let the interpolation points x; be equidistant, x; = —1 +
2j/n, j =0, ..., nand let the poles &, ..., &, lie outside
[ — 1, 1]. The Lebesgue function M, (x) given by (3-7)
takes the (minimum) value 1 at the interpolation points
Xj,j =0, ..., n and has n local maxima in between each
pair of consecutive interpolation points. It is clear that the
Lebesgue function M, (x) is symmetric with respect to the
origin: M,,( — x) = M, (x). The graph of M,,(x) essentially
takes four different shapes, depending on the value of #,
and the proof of the growth rate distinguishes these four
different cases. In Figure 5, we show M, (x) for n = 4k, 4k
+ 1, 4k + 2, 4k + 3 with k = 1. Because of the symmetry
of M,,(x), whenever a maximum is attained at x*, so it is at
—x*. We focus on the positive argument of the maximum.

As we prove further down and as is illustrated
in Figure 5, the position of x* = argmaxg<y<; M, (x)
changes with # mod 4 and is (except for n = 4k + 3)
located near (not precisely at!) a midpoint of two inter-
polation points (note that 2/n is the distance between two
consecutive interpolation points).

Forsmalln >3 (forn=1,x*=0and forn =2, x* =
1/,), the statement can be made rather precise:

nm0d4=0:x*%%, n <24,
nm0d4=1:x*%%, (5-11)
nmod4:2:x*%%,n5718, -
nmod4=3:x*=0.
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And more generally, for k = [n/4] > 1:

nmod 4 =0: x* €]xak, Xoktlog,, k+2[= 10,
2([log,, k1+2) [
n

9

2
nmod4=1: x"~ —,
n

nmod 4 =2: x* €]Xpi1, X2kt log,, K+1[= 10,

2[log,, k1 [
n

nmod4=3: x"=0. (5-12)

To determine the location of x* where a maximum is
attained, we further make use of some simple rules.

Rules
N A N N+A
— <= —<—>, N,DAB>0, (5-13a)
D B D D+B
N+C N
D<N= i <—, N,D,C>0, (5-13b)
D+C~ D
N+ A N+B
D<NB<D= 12  XT5
D+ A D—B
N,D,A,B >0, (5-13c¢)
N+ A N+B
D<NB<A= 4 XF8
D+A ~D+B
N,D,A,B > 0. (5-13d)

To prove (3-8), once the location of x* is known, we
also need a lemma [Giinttner 88] and bounds on the par-
tial sums of the Leibniz series.

Lemma
- 1 1 Y
— < =1 1 In2+ =
sz—i—l <2 a(n+1) +1n +2
k=0
I (5-14)
48(n+ 1)%
Series

n

T 1 (=DF  x# 1
4 <3 <k§zk+1 <3 g

Now let’s start the proof of (3-8). In order to simplify
the computations, we make a change of variable, from x
€[—1,1]toy € [0,1] by y := (x 4+ 1)/2. This way we are
dealing only with positive values in the subsequent sums.
The interpolation points x; are then mapped to equidis-
tant points y; at a distance 1/n of each other. Because there
is no risk of ambiguity, when consistently using y-values
with evaluations expressed in the transformed variable
and x-values with evaluations expressed in the original
variable, the same notation M, is used for the Lebesgue
function in the variable x and the function after the trans-
formation of x to y.
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Figure 5. Graphs of M, (x), M(x), M (x), M,(x) from left to right and top to bottom.

We now investigate the value of the Lebesgue function
M,(y) at the midpoints y; = (yi_1 +y:1)/2,i=1,...,n
which are very close to the arguments of the local maxima
of the Lebesgue function (the values displayed in Table 1
are for instance M, (Jak4¢) for £ = 10i + 5,i =0, ..., 9).
It is easy to verify that

MGy =200
Dn(yi)
where
i—1 n—i
. 1 1
Ny (yi) = - ——,  (5-15
o) Zz;+1+22]+1 (5-152)
j=0 j=0
i—1 i n—i :
N (—1)/ (—1)/
D,(9;) = . (5-15b
) ZZj+1+ZZj+1 ( )
j=0 j=0

We write n = 4k 4+ (n mod 4). For n mod 4 = 1 and
n mod 4 = 2, we have

N,(G1) < Nu(32) < ... < Nu(Daks1)

and
i=0,....,k—1,
i=0,...,k—1.

Dy ($2i41) > Du(Daig2),
Dy (D2i+1) > Du(D2iy3)s

Forn mod 4 = 0, the statements about N,, and D, at Y541
are dropped, and for n mod 4 = 3, similar statements at

$2k+2 are added. From the above, we can deduce that for
nmod4 =1and»n mod 4 = 2,

M, (D2it1) < My (Paig2), i=0,....,k—1,

My (D2iv1) < Myu(Daigs), i=0,....k—1,
with a similar adjustment for # mod 4 = 0 and n mod
4 = 3 as before. Now we treat the cases n odd and # even

separately.
When # is odd, we find that for » mod 4 = 1,

Mn(yAZi) =< Mn(}?Zk%

by combining (5-13a) for N = N,(J2), D = D,(2)
with

i=1,....,k—1 (5-16)

N, (P2) — Nu(92i) _ N (P26) — Nu(Daig2)
Dn(yAZk) - Dn(yA2i) - Dn(yAZk) - Dn(yAZiJrZ) '
i=1,...,k—2.

Analogously, for n mod 4 = 3, the statement (5-16)
holds for i = 1, ..., k with p in the right-hand side
replaced by P2

The situation is more complicated when n is even
though. But fortunately the following inequalities for the
near-maxima at yy, and the other local maxima near y,;,
help us out. Using (5-13a), we find

M1 Pak) < Magr3s Pakr2)-



From (5-13b), we obtain

My (D2i) < Mag1 (B21), i=1,...,k

And finally (5-13c¢) gives

M (P2i) < My (921, i=1,...,k

Remains to investigate M, (Jak+1) incase n mod 4 = 1
or n mod 4 = 2. Using (5-13c), we obtain

M1 Dors1) < Mg (Pak)
and at last from (5-13d)

Myt Dakr1) < Magrr Do)

Since we know that when #n mod 4 =3 a maximum
occurs exactly at M,, (§2x42), we can use this value to com-
pute an upper bound estimate for the Lebesgue constant
M. Likewise, a lower bound for M'” can be obtained
because My (yar) < Miz) <M for general n.

To conclude:

max max M,(x) & My4+3(0)
n  xe[—1,1]

and

min max M, (x) > My (1/n).
n xe[—1,1]

In other words, a sharp upper bound for My + 3(0) is
an accurate estimate for M,,(x*),n =4k + 1,0 <i < 3,and
a lower bound for My (1/n) is a lower bound for M,,(x*),
n=4k+1i,0<i<3.

To prove the actual bounds, we make use of the trans-
formed variable y again. For the upper bound we have:

Nugi3('/2)
M3 () = L2
Dug13(Y/2)
2k+1
N4k+3(1/2)=22 ; <In(8k+8) +y
= 2j+1
+ : <In@n+2)+y+ !
5 n(zn —_—,
242k +2) Y 2an
2k+1 i+2k+1
(—1)/*2 T 2
D, 1 =2 - | > .
s (/) =2 T |27 a2

j=0

From these inequalities, it follows that (stated in the vari-
able x now)

max max M,(x) >~
n  xe[-1,1] T — —=

1
X (ln(n+1)+ln2+]/+—>.
24n

For the lower bound, expressed in the transformed vari-
able y, we use the fact that the numerator of My(" ™ 1/,,)
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can be expressed using the digamma function W (y) where
for y > 0 it holds that In (y) — 1/y < W(y):

Ny ("Y/20)

Dy (" 24)"

2k+2 1 2k+1

1
Ny (") = ) it > 21 2 In@k+2)

j=0 j=0
+y =ln@n+2)+y,
2k+2

Dy (") <2

j=0

My ("2) =

—1)/
(=1) <71+2

2j+1|=2  n+3

from which (3-8) follows.

References

[Berrut 88] J. P. Berrut. “Rational Functions for Guaranteed
and Experimentally Well-Conditioned Global Interpola-
tion.” Comput. Math. Appl. 15 (1988), 1-16.

[Berrut and Mittelmann 97] J. P. Berrut and H. D. Mittelmann.
“Lebesgue Constant Minimizing Linear Rational Interpola-
tion of Continuous Functions Over the Interval.” Comput.
Math. Appl. 33:6 (1997), 77-86.

[Bos et al. 11] L. Bos, S. De Marchi, and K. Hormann. “On
the Lebesgue Constant of Berruts Rational Interpolant at
Equidistant Nodes.” J. Comput. Appl. Math. 236 (2011),
504-510.

[Bos et al. 12] L. Bos, S. De Marchi, K. Hormann, and G. Klein.
“On the Lebesgue Constant of Barycentric Rational Inter-
polation at Equidistant Nodes.” Numer. Math. 121 (2012),
461-471.

[Cuyt et al. 11] A. Cuyt, B. A. Ibrahimoglu, and I. Yaman.
“Good Interpolation Points: Learning from Chebysheyv,
Fekete, Haar and Lebesgue.” In International Confer-
ence on Numerical Analysis and Applied Mathematics,
AIP Conference Proceedings, vol. 1389, edited by T.
Simos, G. Psihoyios, and C. Tsitouras, pp. 1917-1922,
2011.

[Ehlich and Zeller 66] H. Ehlich and K. Zeller. “Auswertung
der Normen von Interpolationsoperatoren.” Math. Ann. 164
(1966), 105-112.

[Floater and Hormann 07] M. S. Floater and K. Hormann.
“Barycentric Rational Interpolation with No Poles and High
Rates of Approximation.” Numer. Math. 107 (2007), 315-
331.

[Giinttner 80] R. Giinttner. “Evaluation of Lebesgue Constants.”
SIAM J. Numer. Anal. 17:4 (1980), 512-520.

[Giinttner 88] R. Giinttner. “On Asymptotics for the
Uniform Norms of the Lagrange Interpolation Poly-
nomials  Corresponding to Extended Chebyshev
Nodes.” SIAM J. Numer. Anal. 252 (1988), 461-
469.

[Hesthaven 98] J. S. Hesthaven. “From Electrostatics to
Almost Optimal Nodal Sets for Polynomial Interpolation
in a Simplex.” SIAM J. Numer. Anal. 35:2 (1998), 655-
676.

[Lukashov 04] A. L. Lukashov. “Inequalities for the Derivatives
of Rational Functions on Several Intervals.” Izv. Ross. Akad.
Nauk Ser. Mat. 68:3 (2004), 115-138.



354 B. A. IBRAHIMOGLU AND A. CUYT

[Rivlin 74] T. . Rivlin. “The Lebesgue Constants for Polynomial
Interpolation.” In Functional Analysis and Its Applications,
Lecture Notes in Mathematics, vol. 399, edited by H. Garnir,
K. Unni, and J. Williamson, pp. 422-437. Berlin: Springer,
1974.

[Schonhage 61] A. Schonhage. “Fehlerfortpflanzung bei Inter-
polation.” Numer. Math. 3 (1961), 62-71.

[Stindermann 83] B. Siindermann. “Lebesgue Constants in
Lagrangian Interpolation at the Fekete Points.” Mitt. Math.
Ges. Hamburg 11:2 (1983), 204-211.

[Szabados and Vértesi 90] J. Szabados and P. Vértesi. Interpola-
tion of Functions. Teaneck, NJ: World Scientific Publishing
Co. Inc., 1990.

[Turetskii 40] H. Turetskii. “The Bounding of Polynomials Pre-
scribed at Equally Distributed Points.” Proc. Pedag. Inst.
Vitebsk 3 (1940), 117-121 (in Russian).

[Van Deun 10] J. Van Deun. “Computing Near-Best Fixed Pole
Rational Interpolants.” . Comput. Appl. Math. 235:4 (2010),
1077-1084.

[Vértesi 86] P. Vértesi. “On the Optimal Lebesgue Constants
for Polynomial Interpolation.” Acta Math. Hungar. 47:1-2
(1986), 165-178.

[Young and Gregory 72] D. M. Young, R. T. Gregory. A
Survey of Numerical Mathematics, vol. 1. Reading, Mass.-
London-Don Mills, Ont.Addison-Wesley Publishing Co.,
1972.



