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A RECURSIVE COMPUTATION SCHEME FOR
MULTIVARIATE RATIONAL INTERPOLANTS*

A. CUYTY

Abstract. We derive here a recursive computation scheme for the rational interpolation method intro-
duced in [7]. Explicit formulas for these multivariate rational interpolants are repeated in § 2 while the
recursive algorithm is described in § 3. A number of interesting special cases such as the univariate rational
interpolation problem and the multivariate Padé approximants introduced in {6] and [10] are dealt with in
§ 4. For some of these rational approximants other recursive schemes were described previously. Finally § 5
contains the numerical results: the multivariate rational interpolants described here are compared with
multivariate polynomial interpolants, interpolating branched continued fractions introduced by Cuyt and
Verdonk [8], interpolating branched continued fractions introduced by Siemaszko [12] and several multivari-
ate Padé approximants [6], [3], [10]. Besides the fact that our multivariate rational interpolants allow a
large degree of freedom in the choice for the numerator and denominator in order to fit the function to be
approximated as well as possible, they also produce very accurate numerical results.
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1. Motivation. When we are dealing with interpolation problems, we must specify
whether we are interested in an explicit formula for the interpolant or only in its value
at some points different from the interpolation points. The former gives rise to a
“coeflicient problem,” while the latter is a “value problem.” For univariate rational
interpolation the coefficient problem is translated into two linear systems of equations,
one specifying the numerator coefficients and another which is homogeneous and
determines the denominator coefficients. On the other hand, the values of the rational
interpolant can be computed recursively by means of a generalization of the e-algorithm
which is a special case of the E-algorithm.

For multivariate rational interpolation the coefficient problem was solved in [7];
as in the univariate case, the unknown coefficients can be obtained from two linear
systems of equations, one of which is homogeneous. We shall present here a recursive
computation scheme for the calculation of the function values of these rational
interpolants; the reasoning is again based on the E-algorithm.

2. Determinant formulas. Let us restrict everything to the case of two variables
for the sake of simplicity. Furthermore we assume that none of the interpolation points
in {(x;, ¥;)}(ijyen? coincide and that the finite interpolation set I ={(i, j)|f; is given at
(x;, ¥;)} is structured so that it satisfies the inclusion property. This means that if a
point belongs to the data set, then the rectangular subset of points emanating from
the origin with the given point as its furthermost corner also lies in the data set. In
[7] it was illustrated that more general problems can be treated and that the formulas
we give here in (3) remain valid. We could also deal with those more complicated
situations here, but they only complicate the notation.

Let us first summarize the theory that solves the coefficient problem, because its
solution will be the starting point for the construction of the recursive formulas.
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Consider the following set of basis functions for the real valued polynomials in
two variables

Bis )= T (=50 T =30

Clearly Bj(x, y) is a bivariate polynomial of degree i+j. Given the f;, we can write
the interpolating series in a purely formal manner as

)= ¥ foioiBi(x,y)
(i,j)eN?
where the fy;o; are the bivariate divided differences
Joioi =fx0,* +, x:][yo,* + +, 1]
which are given by

USSR . ILPE ) L yi—-fix Cxedle Lyl

or

x’...axi ) '_fx’.."xi] s "ty V-
F{EONRRRINS S VRRRRY NEAC SRAE. T BZEERAE Lt 63 EISARFE 2 )
Yi—Yo
with
fIx1ly1=f;-
In order to construct rational interpolants for the given set I ={(i,j)|f; is given at

(x:, )}, we choose two finite index sets N, a subset of I, and D, a subset of N?, and
put as in [7]

p(x’ y)= Z aijBl'j(xa }’),

(,j)eN

q(x’ y)=( Z bl'jBij(x, Y),

i,jle D

(1) (fq-p)x,y)= ¥ ¢By(x,y).

(i, j)eNA\T
The rational interpolant ( p/q)(x, y) will th;n be denoted by
[N/D];.
Let us introduce a numbering r(i, j) of the points in N® based on the enumeration
(0,0),(1,0),(0, 1), (2,0),(1, 1), (0,2), (3,0), (2,1),(1,2),(0,3), - - -

first diagonal second diagonal third diagonal
so that
r(i,j)=(1+1)(12+1+1)+j_i.

If we denote

#N=n+1,
then we can write

n
N=U N,
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with
J=N_1c Noc Njc-:-cN,,©N,=N,
#N,=1+1,
NANi ={(i, i)},  1=0,1,---,n,
r(i, ji))>r(i, jo), 1>

In other words, for each [=0, - - -, n we add to N,_, the point (i, j;) which is the next
in line in N NN? according to the enumeration given above. Denote

#D=m+1,
and proceed in the same way. Hence
D= G D,
1=0
with
D_,=J, D\D,._,={(d,e)}, 1=0,---,m
Since (1) can be rewritten as
(f q)Oi,Oj = Poioj = Qij, (i, j)e N,
(f* @)oi0; =0, (i,j)e I\N,

we will assume that the interpolation set I is such that exactly m of the homogeneous
equations (2) are linearly independent. It is obvious that this condition guarantees the
existence of a nontrivial solution of (2) given by the following determinant expressions,
because the number of unknowns in the homogeneous system is now one more than
its rank. We group the respective m elements in I\ N that supply the linearly indepen-
dent equations in the set H and number them also following the enumeration given
above,

2

H=U H,cI\N,
I=1
with
Hy=0, H\H_,={(h,k)}, 1=1,---,m.
The polynomials p(x, y) and q(x, y) satisfying (1) are then given by [7]

Z(l‘,j)eNf;’oi,onBl'i(x’Y) Z(i,j)eNf;imi,eijij(x9y)

(3a) p(x,y)= Jaohyeok e Jahy.enic
> . ! ,
dO'lm, Eokm ttt dmhm, em km .
/. /.

Buo(%¥) *** B (%)

(3b) q(x y) = 'fdohl’eokl e f;imhl,emkl
) . .
dohmeok, " APy €k

S f.

where

ﬂi,«hj,e,kj=f[xd,»a Tt xh,][}’e,»a gl
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with
f;il.h],e‘kj =0 if di > hj or ¢; > kj.

3. Recursive algorithm. The formulas (3) can be rewritten as follows. Multiply
the (I+1)th row in p(x, y) and q(x, y) by By (x,y) (I=1,--, m), and then divide
the (I+1)th column by By, (x,y) (I=0,- -, m). This results in

Z(i,j)eNf;ioi,eodeoi,eoj(x’ y) - Z(i,j)eNfdmi,eijdmi,emj(xa y)
p(x, y) = Jaohs.eoBaomeots (%5 ¥) 0 Saumens Btumeneien |
SiohmeoknBaohmeokn (% V) =0 Sk Bahmenion(Xs ¥)
1 . 1
q(x y) - f;’ohl,eokadohl,eok|(x’ y) e f;imhhemledmhhemkl(x’ y)
$ ] . .
Sitohmeokin Blohmeokn (% ¥) ** faherton Baymernton (%5 ¥)

where for k=i and I=j

Bif(xa J’)

Bu(xy) (x=x0) - (x=x_)(y—y) - (¥y—y-1),

Bki,lj(xa y) =

and for k>ior I>j

fki,lk =0.

We can now easily construct (m+1) series of which the successive partial sums can
be found in the columns of p(x, y). Take

tO(O) =fdoio,eojoBdoio,eojo(x, }’),
Ato(1—1) = to(I) — to(I-1) =ﬂioi,,eoj,Bd0i,,eoj,(X, y), I=1,---,n
Then

to(n)= ¥ faieojBasieos(% ¥)-

(ij)eN
The next terms are given by
Ato(n +1- 1) = to(n + l) - tO(" +1- 1) =f;ioh,,e0k,Bdoh,,eok,(x’ .V), I= 1, o, m.

Note that Aty(I—1)=0 as long as i;<d, or j; < e,.
In this way we obtain the first column of p(x, y). We can proceed in the same
way for the other columns. Define for r=1,---, m

tr(O) =f;1rio,erfoBdrio,erjo(x’ y)’
Atr(l - 1) = tr(l) - t,(l - 1) =ﬁ1,.~,,e,,~,Bd,.~,,e,j,(x, y), I= 1,:--,n,
At,(n+1-D=t,(n+D)—t,(n+1-1)=f1 ek Baner(%y), I1=1,-,m

Hence

t(n)= Y fiiciBaiei(%y)

(i,j)e N
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and the (r+1)th column of p(x, y) is obtained. Again At,(I—-1)=0for iy <d, or j;<e,.
Consequently

to(n) e tm(n)
(42) pryy=| AU Aw
Ato(n-lim—l) Atm(n-;-m—l)
1 e 1
(4b) gluy)=| AR Al
Ato(n-lim-—l) Atm(n-;-m—l)

This quotient of determinants can easily be computed using the E-algorithm [1]:
E =ty(1), I=0,---,n+m,

l
gh=t(D—t,_4(), r=1,---,m, 1=0,---,n+m,
1 I
E(r—) (+l)__E(r1_+1) )

1 18r-1,r 1 81, -
(Sa) E(r)= (1+1) ) . "’ l=0a19”',n’ r—1923..‘,ma

gr—l,r_gr—l,r

U] (I+1) _ L 0+1) ()
(5b) g£2 - gr—l,sg:;ll,; g;]—)l,sgr—l,r, s=r+ 1’ r+2, cen,
gr—l,r—gr—l,r

The values E¢” and g(,’g are stored as in Table 1 and Table 2.

Then
— n)
[N/D];=Ey.
TABLE 1
EY
0
E?®
E{ -
E(ll) ES,”
E®
0
EQ
E®M
E§n+m—l)
E(()n+m)
TABLE 2
0) | 0 |
g8l | 883 Lol e L e
()
| g1 2 Lo
1
g8 1 gt Lo L1 &6
| 1 () | 0)
| g(l,% : : ggft)' g(r—)l,r | : gsn)—l,m
gl | g8y Leee 1 g : [ :
a s | | X . | | :
[ foo g [-iatm
| | | : | |
| | | | |
! g gy Lo
| | ! ’
8o ™ ) gbs™ T < Loogem
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Since the solution g(x, y) of (2) is unique, the value E{? itself does not depend upon
the numbering of the points within the sets N, D and H. But this numbering affects
the interpolation conditions satisfied by the intermediate E-values.

THEOREM. Forl=0,--- , nandr=0,---, m

W _
B =N DN Ui b byl

r p‘o(int:
Proof. The proof is obvious since we know from [1] that

to(1) e t,()

At(1) e A ()
EO At(l+r—-1) --- At(I+r-1)
T 1 ce 1 ’

Ato(1) e At (D)

Agl+r=1) -+ An(I+r-1)
and from [7] that
[NV D INU G i skdy ok}
LipenSaieiBi(%y) 0 TiiihenSaieiBi(x, y)

. ) e . .
f;ioltﬂ,eonﬂ fdr'l+herll+l

Buae(%,y) -+ Ba.(xy)

s s LI S 4 N s
-f;i()'l+he0.ll+l f;irllﬂ,er]lﬂ

If n— 1> r then the interpolation set does not contain points of H but only the points

{(iO’jO)a T (ilajl)9 (il+lajl+l), Y (ir,jr)}° O

If N is enlarged with elements of H or if D is enlarged, then new points of N
should be added to H. The first (m+1) columns of the E-table remain unchanged and
only subsequent columns or diagonals must be computed.

If N or D are completely changed, then it may be necessary to restart the algorithm.

If N and D contain the origin and satisfy the inclusion property themselves, then
the structure of the g-table simplifies since

+ +e+
1(1) =0, ,=0’m,(dr e,)(;lr e+1)

We can tell from Table 3 that we get a band structure instead of a triangular table.

+e —1.

TABLE 3
0
0
0
g(r—)l,r
0 .
g? gl
—1 N
gV :
S

"
g™
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4. Special cases. This multivariate theory, in which a rational interpolant can be
obtained either explicitly by means of the formulas (3) or by its values via the algorithm
(5), includes a number of interesting special cases.

(a) Univariate rational interpolants of degree n in the numerator and m in the
denominator can be obtained by choosing

D={(d,0)|0=d=m},
N={(i,0)|0=i=n},
HcI\N={(h,0)|n+1=h=n+m+s with s =0}

where the integer s is the number of linearly dependent interpolation conditions in
I\N. The E-algorithm then simplifies to an e-like algorithm. For more information
we refer the reader to [2] and [7].

(b) Consequently univariate Padé approximants can also be computed by letting
all the interpolation points coincide. In this case the E-algorithm reduces to the
g-algorithm.

(c) Multivariate general order Padé approximants, introduced in [10], can now
also be computed recursively by letting the multivariate interpolation points coincide
with the origin. The basis functions and divided differences become

Bki,lj(xa y)= xi—kyj—la

a.:—k+j-zf
ax' gy’ | (0,0)

fki,lj =

The fact that a recursive computation scheme now exists for this type of approximants
may result in a number of new applications, such as convergence acceleration or their
use for the solution of systems of simultaneous nonlinear equations.

(d) The multivariate Padé approximants of order (n, m) introduced in [6], which
prove to satisfy a large number of the classical univariate properties and which can
already be calculated recursively by means of the e-algorithm if the At,(n+1—1) are
homogeneous forms of degree n+1!—r, can now be computed in a different way by
choosing At, as described in the previous section. To this end we take

D={(d, e)|nm=d+e=nm+m},
N={(i,j)|nm=i+j=nm+n},
Hc{(h k)|nm=h+k=nm+n+m+s with s =0}

where the integer s is related to the block-size of this multivariate Padé table. For
more details see [6]. Explicit determinant formulas for these index sets, involving
near-Toeplitz matrices, are given in [4].

5. Numerical results. Suppose we have to solve the following numerical problem.
A bivariate function f(x, y) is only known by its function values in a number of distinct
points (x;, y;) and we need an approximation for the value of f in some other points
(u;, v;). This problem can be solved by calculating the function value of an interpolatory
function (polynomial or rational) with or without solving the coefficient problem. The
bivariate Beta function B(x, y) will serve as a concrete example here. It is defined by

_Tr ()

Blxy)= T(x+y)
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where I' is the Gamma function. Singularities occur at x=—k and y=-k (k=
0,1,2,---) and zeros at y=—x—-k (k=0,1,2, ). By means of the recurrence
formulas

F(x+1)=xI'(x), T(y+1)=yl(y)
for the Gamma function, we can write
1= D=1 )
xy )

We shall now compute several types of approximants R(x, y) for f(x, y) and compare
the exact value B(u;, v;) with the expression

1+ (u; —1)(v;— 1) R(w;, v;)

B(x, y)

u;v;

We shall use the following interpolation methods:
(a) Polynomial interpolation

R(53)= T % flxo, 5l 51805 )
satisfying
(f—=R)(x,y)= z ¢;By(x, y).

{G.)li=>ny or j>ny}

(b) Symmetric branched continued fractions of the form [8]

n

_ "o.x X = Xgk—1 | & Y = V-1 |
R(x’ y) - <p[x0][y0]+k§1 I go[xo, ttt, xk][y0]+ k§l l ¢[xo][)’o, ) yk]
+ 5 (X =X-)(y=y1-1)

X = Xg—1 |
e[xo, -+, xi][yo,* * ]

Y~ Yk—1 J

) xl][yO) Tt ’yk]

I=1

“P[Xo, o, x]yo, e ,y1]+22';1+1|

+y
2k_l+l I‘P[an °c
where

e[ x0][yo] = f(xo, ¥0),
Xk = Xgk—1
@lxo0,* * *, Ximay X l[yol = @[ X0, * * +  Xk—2, Xi—11[Vol’

Yk = Y1
e[ xo][yo, * * * s Yi—2s V] — @[ X01[ Yo, * * * » Y2, )’k—x]’

e[xo, -+, x o, -, »m]= (xl—xl—-l)(yl_yl—l)/A(l)‘P’

elxo, "+, xillyol =

‘P[xo][}’o, e 9yk] =

with
Aa)(" =@[xo, ", X2, X[ Vo, * * s Vicas Y] —@lX0, -, X2, Xyl W0, =+ * 5 Yie2, Y1)
—(P[xOs t oty Xi-2, xl][yOs S )’1—1]

+olxo, X2y Xim1)[Yo, * * 5 Yi-25 Yi-1]
and for k> 1
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¢[xo‘, DY xk][)’o, T ayl]
- X — Xk—1
olXo, s Xz, Xk dVo, =+ s M) —@lx0, * * * ) Xim2y Xam1 1Yo, * * ,J’I]’

(p[an e 9xl][y0a e ’yk]

- Vi = Vi—1
¢[x0, Y xI][yO’ C s V-2, yk]_¢[x0’ Y xl][}’o, * s V-2, yk—l]’
satisfying

(f— R)(x’ J’) = ) z C,'jB,'j(x, y).
NA{(i, ))|o=i=n0=j=n;}
NG, Dlo=si= n,0§j§nbj

(c) Branched continued fractions of the form [12]

g Y=Ye1 |
k=1l'//[xo][.)’o, SR |

R(x, y)=¢[x0][yo] +

X=X

+
Z'xl . n, Y~ Vk—1 |
Wl xo, s Xl][)’o]"'zk:lhp[xo cooxdyve, o, vl

with
Y[ xol[yo]l = f(x0, ¥o),

Yie ™ Yi—1

WlxollVo, * * *  Yiezs Y] = WIxol[¥o, * * * s Y2y Vi)’
X1~ Xy

Wlxo, X1z, X[yl = WXo,  * * , X1z, Xi—11[¥0]’

‘/’[xo][yo, e ’yk]=

lll['xo, Y xl][yO] =

and for I=1
Wlxo, * + -, xiyo, -+ 5wl
— Vi~ V-1
l[/[x05 t axl][yO, *t oty YVi-2, J’k]“‘P[xo, e axl][yo’ s V-2, yk—l]’
satisfying

(f—=R)(x,y)= x ¢;By(x, y).

NA\{(i,j)losi=n0=j=n}
(d) Multivariate Padé approximants calculated by means of the e-algorithm [6]
R(x,y)= el ™,

with
eR=0, k=01,
1 9 [
e = — f' x'y’, k=0,---,n+m,
i+j=0 i!j! ax' 3y’ (0,0)
8(271—1)=0’ l=0, 1,:--,
1 1+2 1+2
(kY _ (k+v), = = =—l—1|,-|— *
£141= €] +£§k+1)_£§k)’ 1=0,1,- -, k= l, 2 J’ I_ 2 _|+1’

satisfying the conditions described in (d) of the previous section.
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(e) Chisholm’s Padé approximants [3]

YioZj=o aijxfyjj

Yizo Z;=0 byx'y’

where a; and b; are computed so that in the Taylor series development

U-R)s 9= T e,

i,j)eN

R(x,y)=

we have
=0, (,))e{(i)]|0=i+j=2n},
Cnti-jjt Cant1-j=0, j=1+:+,2n
(f) Levin’s general order Padé approximants [10]
_LGpeN Xy’
R(x )= Yijen byx'y’’
which were mentioned in (c¢) of the previous section and which satisfy

U-Rx))= T ey

i,j)eNAT

Our choice for the sets N, D and I is:

N={Gj)lo=i+j= n.}U{(l———"';rIJ, l——"‘;lb},

D={(G,)|0=i+j=n,},
I={(i,j)|0=i=n;,0=j=n,}.
(g) General order rational interpolants

R(x y) =Z(i,j)eN asz,'j(x, y)
" Lgen biBy(x, )’

as given by (3) here and with the next choice for the index sets N, D and I:

N={(i,j)|0§i+j§n,}U{(lfL2+—lJ, [ﬂ%lj)}

D={(;,)|0=i+j=ny},
I={(i,j)|0si=n;,0=j=n,}.

In order to use the same amount of data for each method, we are going to take

(a) n,=5and n,=35,
(b) n=5and n,,=5=n,, for i=0,---,5,
(¢c) n=5and n;=5fori=0,---,5,
(d) n=4and m=3,
(e) n=3,
(f) ny=5, n,=4and n;=5,
(g) ny=5, n,=4 and n;=5.
For (a), (b), (c) and (g) the interpolation points are chosen to be

X =090, x,=-0.85 x,=047, x;=-0.54, x,=0.18, xc=-0.23,
¥=0.70, y,=-0.77, y,=0.60, y;=-045 y,=0.21, ys=-0.35,

237
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which amounts to 36 data points (x;, y;). For (d), (e) and (f), respectively, 36, 34 and
36 Taylor coeflicients are given in order to compute the approximant, namely

ai+jf
0x" 8y’ | 0.0)
ai+_]:f‘
8x" 3y | (0.0

with (i, j) € {(i, j)|0= i+j =7} for (d),

with (i, j) € {(i, /)| 0= i+j= 6}

U{(1,6),(2,5), - -, (5,2), (6, 1)} for (e),

ai+j:f
axi ayJ (0,0)

with (i, j) € {(i, j)|0=i=5,0=j =5} for (f).

We take (u;, v;)e{(—0.75,-0.75), (-—0.50,-0.50), (-0.25,-0.25), (0.25,0.25),
(0.50, 0.50), (0.75,0.75)}.

The rational interpolants in (b) and (c) are computed using a backward evaluation
algorithm while the rational interpolants from (g) are computed using the algorithm
given in § 3 here. For the Padé approximants in (d) the well-known e-algorithm is
used while the Padé approximants from (e) and (f) are calculated using a similar
technique [5] as the one described in §3. Of course one can also compute the
approximants in (e) and (f) by means of older techniques used by the Canterbury-group
[9] and Levin themselves [11]. The numerical results can be found in Table 4 below.
All the computations were performed in floating point double precision arithmetic on
a VAX 11-780 with an input of 12 significant decimal digits.

TABLE 4

(=0.75, —0.75) (-0.50, -0.50) (-0.25, —0.25) (0.25,0.25) (0.50, 0.50) (0.75,0.75)

(a) 11. 0.06 —6.75 7.45 3.14151 1.69

(b) 9.95 —-0.001 -6.7770 7.416291 3.14159276  1.694426
(© 9.95 0.003 -6.775 7.416295 3.14159290  1.694426
(d) 8.8 -0.07 —-6.786 7.416307 3.14159269  1.69442617
(e) 7. -0.14 -6.787 7.416310 3.14159269  1.69442617
(f) 5.3 —-0.46 —6.84 7.4164 3.1415938 1.69442617
(8) 9.91 0.0002 —6.7776 7.416310 3.14159292  1.694426
B(x,y) 9.88839829 0. —6.77770467  7.41629871 3.14159265  1.694426166

For all types of approximants, except (c), the choice for R(x, y) was such that it
was a symmetric function. This was done because B(x, y) is symmetric. We notice that
unsymmetric approximants yield worse numerical results. The polynomial
approximants lose a number of significant digits because of the singularities of the
Beta function. The e-algorithm (d) and the other Padé approximants (e) and (f) get
all their information at the origin, far from the points (u;, v;). This is a disadvantage
in comparison with the interpolation methods. As a conclusion we can say that the
general order rational interpolants (g) for which a computational scheme was intro-
duced here, behave quite well.

Acknowledgment. I hereby want to express my sincere thanks to Prof. Dr. H.
Werner for the valuable discussions we had.
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