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Abstract.

In the first 4 sections we discuss topics from univariate rational Hermite interpo-
lation (URI). These topics include the structure of the table of URI, a recursive
computation scheme and a continued fraction representation both in the normal
case and the non-normal case and a convergence theorem for rational Hermite in-
terpolants of meromorphic functions.

In the next 4 sections these items are generalized to the multivariate case. We first
introduce multivariate rational Hermite interpolants (MRI) for data sets satisfying
the inclusion property or rectangle rule and give a recursive computation scheme
and a non-branched continued fraction representation, both for the non-degenerate
and the degenerate case. For general data sets only results for ordinary rational
interpolation in the case of non-degeneracy were obtained in [CUYTd].

1. Notations and definitions for URI.

Consider a function f defined in a sequence of distinct points (y;);en of the complex
plane and let the derivatives f(9(y;) of the function f be givenfor £=0,...,s;—1.
We denote the exact degree of a polynomial p by 8p and its order by wp. The
rational Hermite interpolation problem of order (n,m) for f consists in finding
polynomials

n

pe) = Y ais’

i=0
and m
q(z) = Zb,-zi
i=0
such that for a particular j
J
n+m+1= Z 8;
1=0
and

®
f"’(yf)=(§) (i) i=0,...,j £=0,...,8—1 1)
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In this interpolation problem s; interpolation points coincide with y;, so s; inter-
polation conditions must be fulfilled in y;. Therefore this type of interpolation
problem is also often referred to as the osculatory rational interpolation problem
[WARN]. In case s; = 1 for all ¢ > 0 then the problem is identical to the ordinary
rational interpolation problem. In case all the interpolation conditions must be
satisfied in one single point y, then the osculatory rational interpolation problem
is identical to the Padé approximation problem. Instead of solving problem (1) we
consider the linear system of equations

(fa-p)Oy:)=0 i=0,...,;j £=0,...,8—1 (2)

Condition (2) is a homogeneous system of n+m+1 linear equations in the n+m+2
unknown coefficients a; and b; of p and ¢q. Hence the system (2) always has at least
one nontrivial solution. For different solutions of (2) the following equivalence can
be proved. If the polynomials p;, ¢; and p;, g2 both satisfy (2) then pi1g2 = p2gn.
Not all solutions of (2) also satisfy (1): it is very well possible that the polynomials
p and g satisfying (2) are such that p/q is reducible. Nevertheless all solutions of
(2) have the same irreducible form. For p and ¢ satisfying (2) we shall denote by
Tn,m(Z) = (Pn,m/qn,m)(z) the irreducible form of p/q where gn m(z) is normalized
such that ¢n m(y0) = 1, and we shall call r, ,(z) the rational Hermite interpolant
of order (n,m) for f. Although the terminology “interpolant” is used it may be
that r, ,,(z) does not satisfy the interpolation conditions (1) anymore [WUYT].
A simple example will illustrate this. Let yp =0, y; =1, y2 = 2 and f(y) = 0,
f(y1) = 3, f(y2) = 3. Take n = m = 1. A solution of this rational interpolation
problem is p(z) = 3z and ¢(z) = 2. Thus p;;(¢) = 3 and q1,1(2) = 1. Clearly
(p1,1/91,1)(0) # f(yo)-

The problem of “unattainable” interpolation points is typical for the case of ra-
tional interpolation. Having computed the rational interpolant p/q from linear
interpolation conditions, in other words conditions expressed for fq — p instead of
for f — (p/q), it may occur that an interpolation point is also a common zero of p
and ¢ and hence that the rational function p/q is undefined in that interpolation
point. Consequently the nonlinear interpolation condition cannot be satisfied in
that interpolation point anymore, not even by the irreducible form of p/q. The
interpolation point has become unattainable. As a conclusion we can say that the
rational interpolation problem (1) has a solution if and only if p, m(z) and ¢, m(z)
satisfy themselves the system of equations (2).

The rational Hermite interpolation problem can be reformulated as a Newton-Padé
approximation problem. We introduce the following notations:

Te=1yYo £=0,...,50 -1
Ta(i)+e = Yi £=0,...,8—1 dii)=s0+s1+...+31(z>1)
c;i;j=0 t>
cij = flzi, ..., zj] 1<j
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with possible coalescence of points in the divided difference f[zi,...,z;]. If we put

J
Bj(z) = [[(z — 2¢-1)

t=1
with Bg(x) = 1 then formally

00

f(z) =) coiBi(=)

i=0

This series is called the Newton series for f. Problem (2) is then equivalent [CLAEa]
with the computation of polynomials

p(z) =) aiBi(z)

=0
and m
g(z) =) biBi(z)
=0
such that
(fa-p)x)= >, diBi(=) (3)
i>n+m+1

which is called the Newton-Padé approximation problem of order (n,m) for f. To
determine solutions p and ¢ of (3) the divided differences

di = (fa—P)zos.- oz i=0,...,n+m

must be calculated and put equal to zero. The following generalization of the
Leibniz rule for differentiating a product of functions, is a useful tool to accomplish
this [WARN]:

(FDlzos- 2] = 3 flooy. .., 2elalze, -y 2
=0

Using this rule we can now write down the linear systems of equations that must
be satisfied by the coefficients a; and b; in p and g¢:

coobo = ag

co1bo + c1nby = o

Conbo + C1ab1 + ... + Cnbm = an
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Contrbo+ ...+ Cmnt1bm =0
4
Contmbo + ... + Cmngmbm =0

Since the problems (2) and (3) are equivalent, the rational function ry ,, can as well
be called the Newton-Padé approximant of order (n,m) to f. We shall see that
many properties and algorithms valid for Padé approximants can be generalized for
Newton-Padé approximants or rational Hermite interpolants [WARN]. The rational
Hermite interpolants of order (n,m) for f can be ordered in a table:

To,0 To,1 To,2
1,0 T11 T1,.2
T2,0 T2,

3o T3

In the first column one finds the polynomial interpolants for f and in the first row
the inverses of the polynomial interpolants for (1/f). If we define n' = 8p, ,» and
m' = 8¢y, m then it can be shown that at least n' +m'+¢+1 points zq,..., Zn 4 m/4t
with ¢ > 0 exist in {zo,...,Zn4m} such that r, ,,(2;) = f(zi). Again we call an
entry of the table normal if it occurs only once in that table. A necessary condition
for the normality of the rational interpolant r, ,,(z) is formulated in the following
theorem (WUYT].

THEOREM 1:

If the rational Hermite interpolant r,m = Pn,m/qnm is normal and if (fqn,m —
Pam)(zi) =0fori=0,...,n' +m', then

(a) n'=nandm'=m

(b) (fanm — Pam)(zi) #£Ofori=n+m+1l,n+m+2.

Conclusion (b) in theorem 1 does not imply that (fgn,m —Pn,m)(zi) # 0fori > n+
m+1. That the conditions (a) and (b) are not sufficient to guarantee the normality
of rp m(z) is illustrated in the following example. Let z; =i for ¢ = 0,1,2,... and
f(zo) =0, f(zl) =1, f(22) =3, f(23) =4, f(zi) =1ifori=4,5,6,.... Forn =0
and m = 1 we find r, u(z) = z with (a) and (b) of theorem 1 satisfied. But r, ,,
is not normal because r, m = ri¢ for k > 3 and £ > 2. However, it is possible to
formulate a sufficient condition for the normality of 7, m [WUYT].
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THEOREM 2:
Krnm = Pam/qnm withn =n', m =m' and (fgn,m — Pn,m)(zi) = 0 for at most
n+ m + 1 points from the sequence (2;);e, then ry, ,, is normal.

2. Methods to compute normal rational Hermite interpolants.

2.1. Determinant formulas.

First of all we give a determinant representation [CLAE] similar to that for the case
of Padé approximation. Let us define

J
Fij(®)=) cuBz) i<j
=i
with F; j(z) = 0 if i > j.

THEOREM 3:
If the rank of the system of equations (4) is maximal, then (up to a normalization)

Tn,m = Pa,m /q..,,.. is given by

Foa(z) Fia(z) ... Fua(z)
€o,n+1 Cl,ntl ---  Cmn+l
Pn m(x) —= | €o,n+2 C1,n+2 e Cm,n+2 ’
Co,n+m Clntm -+ Cmn+m
and
Bo(z) Bi(z) ... Bp(z)
co,n+l cl,n+1 e Cm’n+l
qn,m(z) =|Cn+2 Cint2 .- Cm,n42
cO,n+m cl,n+m e cm,n_,_m

One can see that in case all the interpolation points coincide with one single point,
these determinant formulas reduce to the ones given in [CUYT] since the divided
differences reduce to Taylor coeflicients.

In the sequel of this section we suppose that every rational interpolant r, ,(z) itself
satisfies the interpolation conditions (1). This is for instance satisfied if min(n —
n',m —m') = 0. In discussing algorithms for the calculation of rational Hermite
interpolants we restrict ourselves to those computation schemes that reduce to
well-known algorithms for the calculation of Padé approximants in case all the
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interpolation points coincide. Exactly those algorithms will be generalized to the
multivariate case in the following sections. We do not discuss the construction of
Thiele interpolating continued fractions using inverse or reciprocal differences, nor
methods that construct rational Hermite interpolants on paths in the table different
from descending staircases.

2.2, The generalized e-algorithm.
It was proved in [CLAEd] that

(‘c - zn+m)—l(rn-—l,m - rn,m)-—l + (3 - xn+m+1)—l(rn+l,m - "u,m)_l =
(Z - z"n-{-m)—l(rn,m—l - rn,m)_l + (.‘L‘ - zn-{-m-f-l)_l(rn,m+1 - 7'1|,m)_1

Using this result it is possible to set up the following generalized e- algorithm
[CLAEd], in the same way as the e-algorithm for Padé approximants was con-
structed from the star identity:

=0 n=01,...
™ V=0 m=o01,...

2m
e(”) =rn0(z) n=01,...
£ (n+1) 1
=€ +
€m+1 m-1 (z — zm+n+1)(€("+l) (n))
n=-[2]-1,-[%)... m=0,1,...
Finally
€hm ") = Tam(2)

2.3. A generalization of the qd-algorithm.

Consider descending staircases in the table of rational Hermite interpolants
Ti = {0, Tk+1,00 Tk+1,1,Tk+2,15-- -} k>0

and continued fractions of the form

ck41{z —20)...(z — :l,-k)J+

k
a(z) =co +Zc,~(z —zo)(z —21)...(x —z;_1)+l

1
“‘I£k+l)(z — Tk41) I k+l)(z — ZTgt2) l
lT+ q§k+l)(:co — Tkt1) I 1+ egkﬂ)(zo .'ck+2)
k (k+1
—qg +l)(3’ — Tk+3) l —Cz + )(3 — Tk+4) ]

e (8)
l 1+ ¢ (20 — 543) rl + e (29 — z414)
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THEOREM 4:
If every three consecutive elements in T}, are different, then a continued fraction of

the form (5) exists with cx+1 # 0, q,(k'H) #0, ele) #0, 1+q§k+1)(2o—zk+2,‘_]) #
0,1+ eSH'l)(zo — Zr42i) # 0 for i > 1 and such that the n** convergent equals the
(n + 1)** element of Ty.

To calculate the coefficients qfk“) and egk“) in (5) one can use the following
recurrence relations. Compute the even part of the continued fraction gi(z) and
the odd part of the continued fraction gx_;(z). These contractions have the same
convergents T o, k41,1, Tk+2,2, - - - and they also have the same form. In this way
one can check [CLAEc] that for k > 1

cgk) =0

q(k) - f["o,- X ,$k+1]
! f[zly---yxk-}-l]

andfor£>1and k> 1

(%) EHI) - qgk) + eg’f‘{l) [1 + qgk“)(l'o - -""k+2t—l)]
e =

E
1+ qf )(1‘0 — Ti20-1)

k k k
egt T gk [1 + ef) (20 — 3k+2t)]

() _ 7
egk) [1 + ‘Ing)("?o - z‘k+u—1)] + egk“)(eg” - q}“l))(xo — Zki2041)

91 =

These coeflicients are usually ordered as in the next table

es”
qw

e‘()2) egl)
2

RO) @ Q)
@ No

RO) o O]

where the superscript denotes a diagonal in the table and the subscript a column.
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3. Structure of the table of rational Hermite interpolants.

We already mentioned in section 1 that at least n'+m’+t+1 points 2q,..., Zp'$m/+t
with ¢ > 0 exist among {zo,...,Zn4+m} such that r, ,(2;) = f(2i). On the basis of
this conclusion a property comparable with the block structure of the Padé table
can be formulated. It is based on the following property.

THEOREM 5:
If the rank of the linear system (4) is m — t then (up to a normalization) a unique
solution P and G of (4) exists with

dp<n-—t
JG<m-—t

where at least one of the upper bounds is attained. Every other solution p(x) and
a(z) of (4) can be written in the form

p(z) = p(z)s(2)
9(z) = q(z)s(2)

where 9s < t.

Before describing the shape of the sets in the table of rational Hermite interpolants
that contain equal elements, it is important to emphasize that the structure of the
table can only be studied if the ordering of the interpolation points {z;};ev remains
fixed once it is chosen. Since the polynomials § and g constructed in the previous
theorem have the property that their degrees cannot be lowered simultaneously
anymore unless some interpolation conditions are lost, we shall call them a minimal
solution. This does not imply that $/g is irreducible. However we still have p, 7 =

Pdn,m-

THEOREM 6:

Let p(z) and §(z) be the minimal solution of the Newton-Padé approximation

problem of order (n,m) for f and let the rank of the linear system (4) be m — 1.

(a) If 3p = n — t — t; then all the minimal solutions lying in the triangle with
corner elements (n —t —t;,m ~1t),(n—t—t;,m+t+1,) and (n +t,m —t)
are equal to p(z) and g(z).

(b) If 3¢ = m — t — t, then all the minimal solutions lying in the triangle with
corner elements (n —t,m —t —t3), (n —t,m+1t) and (n+t+t;,m —t — t3)
are equal to p(z) and q(z).

(c) If

(fi—p)(=z) = Z d;Bi(z)

i>2n+m-—-2t+t3+1
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with dptm—2t+t5+1 7 O then all the rational Hermite interpolants lying in the
triangle with corner elements (n—t,m—t), (n+t-+t3,m—t) and (n—t,m+t+13)
are equal to p(z) and §(z).

(d) If8p = n— 35,00 = m — s, and (fq - ﬁ)(:t) = zi2n+m+1+ss dlBt(x) with
dptm+ss+1 # O then all the rational interpolants lying in the square with
corners (n — 81, m — 83) and (n + 83 + 83, m + 81 + 33) have the same irreducible
form 7n m(2).

(e) Ifal_) =n-—3$8, 3@ = m-—38z2, (fq_ﬁ)(z) = 2i2n+m+l diBi(z) and Tn—s,,m—s; (3:)
also satisfies the interpolation conditions in the points Tp4m+414+8; for j =
1,...,8and 0 < By < ... < f,, then if B; < 2j + 3, + 82 we have for £ = f; +
1,...,2j+81+ss: rn+s;+j,m—32+t—j(x) = Tn—s;,m—s; (.‘l:) = rn-31+l—j,m+al+j(x)-

This theorem explains that the square block described in theorem 6c¢ is only a
starting point and that it can have a sort of tail concentrated along its main diagonal

as illustrated in the next picture.

-~ diagonal n+rm+1

B, =0<2ss v 5
=1 ¢drs + s,
RS <§33< 65 *s,

S BRIty

~
“

%‘\ S!<'i2k+(51“52

For the proof we refer to [CLAEf]. For a detailed study of the structure of the
rational Hermite interpolation table we refer to [CLAEDb]. Singular rules for the
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generalized e- and gd-algorithm applicable in non-normal tables are under investi-
gation.

4. Convergence of rational Hermite interpolants.

We shall now mention some results for the convergence of columns in the table
of rational Hermite interpolants. Broadly speaking, the convergence of an arbi-
trary series of interpolation does not depend on the entire sequence of interpolation
points z; (as defined in the Newton-Padé approximation problem) but merely on
its asymptotic character, as can be seen in the next theorem.

THEOREM T:
Let the sequence of interpolation points {z¢,z1,22,...} be asymptotic to the se-
quence

{wo, w1,...,wj,wo,wy,...,wj, wo, w1,...,wj,...}

in the sense that
limg—cok(j41)+i = Wi

for i = 0,...,j. If the function f(z) is analytic throughout the interior of the
lemniscate

B(wo,...,wj,r)={z€C : |[(z —wo)(z —wy)...(2 —wj)| =r}

then the r, o converge to f on the interior of B(wo,...,wj,r). The convergence is
uniform on every closed and bounded subset interior to B(wo,...,w;j,r).

For the proof we refer to [WALS p. 61] and [DAVI pp. 90-91]. Let us now turn
to the case of a meromorphic function f with poles 24,..., 2, (counted with their
multiplicity). Let the table of minimal solutions for the Newton-Padé approxi-
mation problem be normal. According to theorem 1 we then have 93, ,, = m.

Let z,(") for i = 1,...,m be the zeros of gom for n = 0,1,2,... and let p; =
[(zi — wo)(zi —w1)...(zi—wj)| with0 < p; S pp <...<pm < ar<rfora
positive constant a.

THEOREM 8:
If the sequence of interpolation points {z¢,z1, 2, ...} is asymptotic to the sequence
{wo,w1,...,wj,wo, w1,...,wj,...}, if f is meromorphic in the interior of the lem-
niscate B(wy,...,wj,r) with poles z1,...,zn counted with their multiplicity and
if the table of minimal solutions for the Newton-Padé approximation problem is
normal, then

m
lim, o ooln,m(2) = H (:0—_1::) and lim,_oTnm(2z) = f(2)
i=1 :
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uniformly in every closed and bounded subset in the interior of B(w, ..., wj,r) not
containing the points zy,...,zpn.

The proof is given in [CLAED].
5. Multivariate rational Hermite interpolation problems.

For the sake of simplicity we restrict ourselves in the sequel of the text to the case of
two variables. The generalization to the case of more than two variables will appear
to be straightforward and only notationally more difficult. Let us first describe
the conditions which have to be fulfilled by the multivariate data set before the
interpolants can be constructed. Since we allow coalescence of interpolation points,
we shall also point out how to deal with such a situation.

Consider for instance the following picture in IN? of the data set (zi,y;), where a
circle indicates that in addition to f;; = f(zi,y;) also 8f/9z is given and a square
indicates that also 8f/9z, 8f/0y and 8% f/8y? are provided.

1
This situation can be considered as the limit situation of a data set with non-
coalescent interpolation points where we let z3 — =z, 24 — 21, y3 — ¥ and

Ya 2 W1

2 D)
4
3
1 e o o o
0 & . -
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If we want to interpolate these (z;,y;, fi;) by means of the techniques described

below, then the data f;; and the numbering of the z; and y; have to be such that

(a) zo is that z-coordinate for which the number of y-coordinates at which data
are given is maximal, x, is the one of the leftover points for which the same is
true, and so on

(b) yo is that y-coordinate for which the number of z-coordinates at which data
are given is maximal, y; is the one of the leftover points for which the same is
true, and so on

(c) the data set has the inclusion property, meaning that when a point belongs to
the data set then the rectangular subset of points emanating from the origin
with the given point as its furthermost corner also lies in the data set.

Note that (a) and (b) do not necessarily imply (c). We shall comment on the impor-

tance of condition (c) further on. For the picture above (c) is clearly not satisfied.

So we try to renumber the interpolation points such that these three conditions are

fulfilled. Let us introduce a new numbering (z;,y}) with z{ = zo,z] = 22,23 =

21,73 = 24,74 = z3 and Yo = Y1,9] = Yo, Y2 = ¥2,¥3 = Y4,Ys = y3. We then get

the following picture in IN? of the data set.

44

3¢

2'¢ o

'd o o
O‘L—._._._.__

The interpolation problems that can be reduced to this situation are of course
not the most general ones but they already represent quite a number of situations
that can be dealt with. In the sections 5-7 we assume that the given data set is
structured such that the conditions (a—c) are fulfilled.

Let the complex function values f;; be given in the complex points (z;,y;) with
(i,7) € I C IN?, where I satisfies the inclusion property or rectangle rule, meaning
that when (4, j) belongs to I then (k,£) belongs to I for k < i and £ < j. We know
from the pictures above that a data set with coalescent interpolation points can be
replaced by an intermediate data set where only function values are given. When
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certain interpolation points coincide, we must bear in mind that due to the renum-
bering these coalescent z- and y-coordinates are not necessarily consecutive. With
the given interpolation points we define the following polynomial basis functions:

Bij(z,y) H(fc—lk 1 H(.'I Ye-1)

{=1

These basis functions are bivariate polynomials of degree ¢ + j. With

Co,"oj = f[:to, ey 17,‘][3/(), e ,y]]

where coalescence of points in the divided difference is admitted [CUYT], we can
now write in a purely formal manner [BERE]

fy)= Y coiojBij(z,y) (6)

(i,j)eN?

Hence we have constructed with the data a bivariate Newton interpolating series and
we can start approximating it using bivariate rational functions. For the bivariate
divided differences a Leibniz type product rule remains valid and will prove to be
useful in the sequel:

(fQ)['to? Z.] Yo, . 7yJ] = Z Ef[”o, ,3u][y0,---,yu19[zu,- "azi][yu" . ’y]]

p=0 »r=0

The definition of multivariate Newton-Padé approximant which we shall give is a
very general one. It includes the univariate definition and a lot of the definitions
for multivariate Padé approximants as a special case. With any finite subset D
of IN? we associate a polynomial of which the coefficients and the basisfunctions
are indexed by the indices in D. Given the double Newton series, we choose three
subsets N, D and I of IN? and construct an [N/D]; Newton-Padé approximant to
f(=,y) as follows:

p(z,y) = D aijBij(z,y) (7a)

(i,;)EN
o(z,9)= Y bijBij(=,y) (7b)
(i))ED
(fa-p)=.9)= 3  dijBij(z,y) (7¢)
(i,H)EN\I

In analogy with the univariate case, we select N, D and I such that
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D has m + 1 elements, numbered (dy, €p), - - -, (dm,€m)
NclI
I satisfies the rectangle rule

#(I\N) = m.
We will denote 8p = N and 8q = D. Clearly condition (7c) is equivalent with
dij = (fg—p)lxo, ..., zllvo,...,y1 =0 (i, j) €l (8)
Because N C I, the system of equations (8) can be divided into a non-homogeneous
and a homogeneous part:
(fQ)[xO,--~,$i][y0,---,yj]=p[20y---,zi][y0’~--,yj]=a|'j (i7J)EN (ga)
(fQ)[an'--,Ii][yOa"-’yj] =0 (‘71) EI\N (gb)

Let’s take a look at the conditions (9b). Suppose that I is such that the m homoge-
neous equations in (9b) are linearly independent and let us number the m elements
in I\N indexing these equations by (in+1,n+1)s--s(intmsJntm). By means of
the Leibniz rule the homogeneous system (9b) of m equations in m + 1 unknowns
looks like

0
: =1: (10)
bdm s€m 0

Cdoint1,€0in41 Tt Cdpingi,emingl bdo,co

cdo'-n+m,eojn+m e cdmin-f-myemjﬂ-l-m

As we suppose the rank of the coefficient matrix to be maximal, a solution ¢(z,y)
is given by
Bdoeo(zvy) Bdmem(z’y)

Cdoin41,€0in+1 Cdpmint1,emint1

a(z,y) = : : (11a)

ch"n{-myeO]’ni-m e cdmin+myemjn+m

By the conditions (9a) we find as determinant representation for p(z,y)

2 CdoieoiBij(£,¥) ... XL CdpieniBij(2,y)
(i,j)EN (i,j)eN
p(z, y) — cdoi"+1 ,eojn+1 e cdmin-{-l ;cmjn+l (llb)
cdoin+m,eoju+m b cdm in+myemjn+m

If for all k, £ > 0 we have g(z,ye) # 0 then with e;; = (1/¢)[zo,. .., zi][vo,...,y;]
and I satisfying the inclusion property

(f - g)(z,y) = E(fq—p)] = 2 &Py

(L) EINZ\I
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If I does not satisfy the inclusion property then

(fg=p)=9)= D diBij(z,y)

(i,))EIN?\I

does not imply
p -~
(F=2Nz9) = D diBis(z,y)
1 G)ENT
since in that case f — p/q also contains the terms that result from multiplying a
“hole” in I by (1/q)(z,y) [CUYTo]. From the determinant representations (11a)

and (11b) we can easily obtain the determinant representation given in section 2
for univariate Newton-Padé approximants as a special case.

6. Methods for the computation of nondegenerate MRI.

In this section we continue to assume that the m equations in the homogeneous
system (10) are linearly independent. Then the multivariate rational Hermite in-
terpolation problem is called nondegenerate.

6.1. The E-algorithm.

Let us now introduce a numbering r(i,j) of the points in IN?, for instance the
enumeration

(0,0), (1,0),(0,1), (2,0),(1,1),(0,2),(3,0),(2,1),(1,2),(0,3),...
first d;agonal second Eiagoual third £agona.l

and retain this order in N, D and I. If we denote #N = n + 1 then we can write

N=|JM

k=0
with
0=N_CNCN,C...CN,_1CN,=N
#Ne=k+1
N\ Neo1 = {(ix,5)} k=0,1,...,n
ik, Jk) > (35, Js) k>s

In other words, for each k = 0,...,n we add to N;_; the point (ix,7x) which is
the next in line in N N IN? according to the enumeration given above. Denote
#D = m + 1 and proceed in the same way. Hence

D= O Dy
=0
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with
D_1=0  D¢\Dyy={(de)} £=0,....m

We have assumed that the interpolation set I is such that the m homogeneous
equations are linearly independent and hence we write for I\ N

m
I\N = Litintm = U Ing1,n4e
=1
with
Intin =0 Inginse\ Indrnie-1 = {(fnves nre)} £=1,...,m

To obtain a recursive algorithm, the determinant formulas (11) for the polynomials
p(z,y) and ¢(z,y) are rewritten as follows. Multiply the (£+1)* row in p(z,y) and
a(z,y) by Bi, ju,.(z,y) (£ =1,...,m), and then divide the (£ + 1)t* column by

By,e,(2z,y) (€ =0,...,m). This respectively results for numerator and denominator
in
DL CdoireojBuoiseoi (2, Y) - 2. CdpisemiBimisemi(Z,Y)
(i,J)EN (i,j)EN
c'iﬂi"+‘l ;eojn+1Bd0in+l yeojn+1 (I’ y) A cdmin-l-l :emjn+l Bdmin+lremjn+3(x’ y)
cdo'.n+m130jn+de0in+myern+m(z’ y) b cdmin+my¢mjn+mBdmin-d-m’emjn-{-m (33, y)
and
1 e 1
cdoin-f-l)50jn+le0in+lyern+1(:c’y) oo cdmin+1,emJ'n+1Bdml'n+1.emJ'n+1(zv y)
cdoin+my30jn+m Bdoin+my90jn+m (Z, y) M cdmin+m1¢mjn+mBdmin+mv¢mjn+m (I,y)

where for k <iand £<j

Bij(za y)

Bre(z,y) =(z—zx)...(x—2i1)(y—we)---(y —¥j-1)

Biiej(z,y) =

and for k > i or £ > j, criej = 0. We can now easily construct (m + 1) series of
which the successive partial sums can be found in the columns of p(z,y). Take

to(n): Z cdoiyeodeoiyeoj(x’y)
(i,J)EN



85

and
Atg(n+L€—-1)=ty(n+£€)—te(n+€-1)
= cdoin+z.Cojn+leoin+1,eojn+1(z1 y) L=1,...,m
for the first column of p(z,y). Define forr =1,...,m
t(n) = Z Cd,ive,jBd ise, j(2,Y)
(i,7)EN
and
At,(n+£€-1)=t(n+€) -t (n+£-1)
= Cdyingreringe Baringt,eringe (22 Y) £=1,....m

for the (r +1)** column of p(z,y). Consequently

to(n) . tm(n)
ooop) = A t:()(n) ... A t,:n(n) (120
Ato(n+m=1) ... Atm(n+m—1)
1 ... 1
o) = A?M) o Aﬁdw -
Aton+m=1) ... Atm(n+m—1)

This quotient of determinants can easily be computed using the E-algorithm [BREZb]:

EP =ty(k) k=0,....n+m
(B) = ty(k) —ty_y(k) £=1,....m k=0,....n+m

Yo =
EKR) (kD) p(k+1) (K)
E® = ,_191(—::1) & Jeo1t k=o01,...,n  £=1,2,...,m(13a)
t-1,6 —9e-1.
(k) (k+1) (k+1) (k)
9e—-1,s9¢e-14 —9t—-1,s9¢-
gg,’:) = e [(ki’;) l(k)m S s=t+ 1,042, (13b)

9e-1, —YGe-1

The values E;k) and gg:) are stored as in [BREZb]. We obtain [N/D]; = ().

Since the solution g¢(z,y) of (7c) is unique, the value ES™ itself does not depend
upon the numbering of the points within the sets N, D and H. But this numbering
affects the interpolation conditions satisfied by the intermediate E-values [CUYTn).
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THEOREM 10:
Fork=0,...,.nand £=0,...,m

k
EE ) — [Nk/Dt]N;,UIHI,Hl

6.2. The qdg-algorithm.

If we suppose that the homogeneous system of equations (10) has maximal rank we

can also write
n+m

I=UI,

=0
with
Ik=Nk k=0,...,n

Inge\Intt—1 = {(intt, jn+e)} t=1,...,m
T(Entty Inye) > (35, Js) n+l>s>2n+1

With the subsets Ni, D, and Ii4, rational interpolants [Ni/Dy|,,, can be con-
structed which satisfy only part of the interpolation conditions and which are of
lower “degree”. To this end we assume that the numbering r(is, j¢) of the points
in IN? is such that the inclusion property of the set I is carried over to the subsets
I,. With these functions we can fill up a table of rational interpolants :

[No/Dol1, [No/Dilr, [No/Dalr,
[NM1/Dolr, [N1/Dilr, [N1/Daiy

[N2/Do]1, [N2/Diliy [N2/Dq]s,

where [N/D]; = [Nn/Dmli,;,,. Our aim is to consider descending staircases of

multivariate rational interpolants
[N/ Do,
[N-'+1 /DO]Ia+l [N8+1/D1]I,+2 (14)
[Not2/D1l14s  [Net2/Dal14a
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and construct continued fractions of which the successive convergents equal the suc-
cessive interpolants on the staircase. We restrict ourselves to the case where every
three subsequent elements on the staircase are different. It was proved in [CUYTm]
that given such a descending staircase, it is possible to construct a continued frac-
tion of the form

[Ns+l /Do][ — [Ns/DO]I | __q(a+l) I _e(o-H)
Cs(2,y) = [N./Do]1,+ Sl Ch 1 1 ,
s [ 1 ll+ﬁ”” |1+4Hn
(s+1) | (s+1)
—4q2 —ey
T preySLUEE (15)
[1+a0 7 14D
with this property. Here
[NJ/DO]I. = E Cdo,‘,eodeo",eoj(z’y)
(i,J)EN,
[]Va+l/D(l]I,_,_l = Z cdoi,eodeoi,eoj(z,y)
(iyj)eN'+l

E"H) and eg"“) are computed using the following rules: for

and the coefficients ¢

£>2
+2 +2 (s+1£-1) (s+20) (s+20)
(s+1) _ 323-1 )953_1 ) 13—2,1—1 ~ 92,1 .9;—1,1 (16a)
& =TT e GHE=1) (+0 __(++EFD)
€1 —2,0—1 Je—1,6 — 921,
and for £> 1
g(a+lt) _ g£’+ll+l) (
+1 -1, -1, +2
eV +1= ) (q[' '+ 1) (168)
-1,

§a+1) and e£s+l)

If we arrange the values ¢ in a table as follows

"
e
I
egz) egl)
o
egs) ng)
4 3
£ P
: (4) : (3)
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where subscripts indicate columns and superscripts indicate downward sloping di-
agonals, then (16a) links the elements in the rhombus

(s+1)
t—1
2 +
gty gty
(s+2)
els—l

and (16b) links two elements on an upward sloping diagonal

ega+1)

+2

g¢*?
If starting values for qg"'H) were known, all the values could be computed. These

starting values are given by
s E +1
R i s S\ (s VI i (16¢)
L NN OB

7. Structure of a degenerate table of MRI.

If the rank of the defining system of equations (10) is not maximal, we should look
at [N/D] as being a set of rational functions of which the numerator and denom-
inator are given by (7a-b) and are satisfying (7c). A solution [N/D]; containing
numerators and denominators of different “degrees” is called “degenerate”. Let us
denote the coefficient matrix of (10) by C,,41,n4m- Note that the rowsin Cp i1 nim
are indexed by I 41, n4m-

In the univariate case and under certain conditions, the table of minimal solutions
of the rational interpolation problem consists of triangles, once the numbering of
the interpolation points is fixed [CLAEf]. The size of the triangles, as pointed out
in section 3, is related to the rank deficiency of the interpolation problem. We
shall now give a similar multivariate theorem and point out the differences with
the univariate version. From this discussion it will also become clear why different
solutions of the same rational interpolation problem are not necessarily equivalent
anymore and hence not providing a unique irreducible form.
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THEOREM 11:

Let p(z,y) and q(z,y) be defined by (7). Let the rank of Crny1,n4m in (10) be given

by m —t. Then for each pair (k,€) with0 < k <t,0< €<t k+£=1and the

rank of Cp_g41,n+m—t equal to m — € the following holds.

(a) For0 <i,0 < jandi+j <t [Nn/Dm_t]1,4m_. belongs to the solu-
tion set [Np_x4i/Dm—t4j)1nsm-c4i4;, Meaning that the (up to a multiplicative
constant factor) unique rational function [N,,_x/Dm_¢l1, +m—¢ also solves the
interpolation problems posed in [Nyu—k+i/Dm—t+;)1nym—ctiy; Where the solu-
tion set [Np_x+i/Dm—t+j]Insm-c4is; lies in the triangle of the table of rational
interpolants with corner elements [Nn—/Dm—) 1,4 m—s> [Na~k/Dm+k]1.4.. and
[Nnse/Dm_tl1n i

(b) If the solution [Ny—x/Dm_tl1,;m-. = (p/9)(2,y) is such that p = Np_g—s,
with s, > 0, then under the condition that the rank of Cp_g—s,+1,n+m—t—s, iS
m~—{, [Nn—k—-h /Dm—t]1n+m—l-ﬁl also solves [Nﬂ-k—81+i/Dm—l+j]Iu+m—t—.l+i+j
for0<:,0<jandi+j<t+s.

(c) If the solution [Ny_i/Dm_tl1,4m-. = (P/9)(z,y) is such that 89 = Dm_¢—s,
with s5 > 0, then under the condition that the rank of Cp_g+1,n+m—t—s, isM—
£—s,, [N"—k/Dm—l—az]fn+m-z—., also solves [Nn—k+i/Dm—l—az+j]In+m—z-.,+.'+;
for0<:,0<jandi+j<t+s;.

(d) If the solution [Ny _/Dm_tl1,4.—. = (P/9)(2,y) is such that

(fa—p)=,y) = > dijBij(z,y)

(iyj)eN2\1n+m+ta

with t3 > 0, then [Nn_x/Dm—t]1,,n_. als0 solves [Nn_i4i/Dm—t+4ilInim—csisi
where 0<i,0<jandi+j <t-+1;.

(e) If the solution [Ny_i/Dm_tl1,,,-, = (p/9)(2,y) is such that 8p = Np_x,
9q = D,,_¢ and

(fa-p)zv)= >,  di;Bij(z,y)
(H,J)EN \Ipn4m
with din+m+1jn+m+x # 0 then [Nn—k/Dm—t]I,.+m_, € [N,'/Dj]]l.ﬂ. if and only if
(i,5) belongs to the triangle with corner elements (n — k,m—£), (n+£,m — £)
and (n — k,m + k).
(f) Fori>0,j>0andi+j<t:

ﬂ [Nn+i/Dm+j]In+m+-'+i 75 0
(4,5)
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(n-t,m) (n-t,m+t)

/
(n,m-1) TR (n,m+t)
//
(n+t,m-t) P (n+t,m)

(g) Let 0 < k <t and the rank of Cy,_g41,n+m—t be equal tom —t + k:

t
(NNa-t/Dontiltncrimss # 9

=0

t

([(Nati/Dinikllnyismr # 0
=0

Let us now point out some differences between this theorem and its univariate
counterpart in [CLAESf]. First of all, it is important to note that both the univariate
and the multivariate theorem are proved under the same conditions. With the
rank of Cp41,n+m €qual to m — t, we are able in both cases to construct solutions
p1,q1 of [Nn_t/Dnl1,4,a_, and p2,qz of [Ny/Dpu_t]r,.,,._. that are also contained
in [Ny, /Dplr,,..- We have

(P1g2 — P21 )(2,9) = [1(fq2 — p2) — 2(fr — p1)) (2, 9)
=azy) Y. dPBiyy)-an(zy) Y, dBi(y)

('.yj)ewz\ln-i—m (ivj)ewz\ln‘i'm

from which we can conclude that (p;g2 — q1p2)(2;, y;) = 0 for all (i, ) € I,4m With
I, +m satisfying the inclusion property. We also have

8(p1g2 ~ q1p2) = {(i,5) = (r,8) + (3, u) | (v, ) € N, (t,u) € Dm}
However, since we do not always have that

(p1g2 — @1p2) C Ingm
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we cannot conclude that (p1g2 — ¢1p2)(z,y)=0 and hence we cannot prove as in
[CLAES] that it is also possible to construct a solution ps, g3 of [N/Dulr1,,,, With
8p3 C N,_; 4nd 8q3 C D,,_,. In the univariate case however

N, ={(i,0)|0<i <n}
{(i4+35,0)|i€ Nn,j€ D} CLiym = {(k,0)|0< k< n+m}

and hence p;q2 = p2qi. Consequently in the univariate case the configuration
described in theorem 11 can be enlarged with the triangle with corner elements
[(Na—t/Donmtliypeser No—t/Dntltyymrs 304 [Nn—e/Dncitliy s, Tesulting

in the configuration described in section 3.

How is theorem 11 to be understood as a generalization of theorem 6? Clearly
minimal solutions aren’t uniquely determined anymore. In theorem 11 all solutions
of the (n — k,m — £) rational Hermite interpolation problem with k + £ = ¢ are
“minimal” in the sense that they use a minimal number of parameters and data to
solve the (n, m) rational interpolation problem. Now each of the minimal solutions
on the (n + m — t)** diagonal (with the restriction that the numerator and denom-
inator “degree” must be less than or equal to n and m respectively) give rise to a
triangular structure in the table. There’s a whole triangle of rational interpolation
problems that is solved by each minimal solution from the (n + m — t)** diagonal.

(n-t,m-t) (n-t,m) (n-t,m+t)
r~

""""" /
4

/
/

/ (n,m)

(n,m-t)

(n+t,m-t) /
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What’s more, in the multivariate case a rational Hermite interpolation problem
can have both a true irreducible minimal solution, a reducible minimal solution
and a minimal solution with unattainable points. Note that in the multivariate
case the solution must not be reducible in order to have unattainable interpolation
points. This is a situation which is essentially different from the univariate one. In
the univariate case theorem 6a and 6b never apply simultaneously [CLAEf] while
this can be true in the multivariate case. The solution of [N, /D,,] common to all
solution sets [Np+i/ Dyt ;1,4 meis; 3 described in theorem 11f could be called the
“optimal solution” in the sense that it satisfies as many conditions as possible. If
the rank of Cp4y nym+¢ is still not maximal even more conditions can be added. So
in the rational interpolation table a triangle emanating from [N, /D]y, ,,, can be
filled with the optimal solution, while triangles emanating from [Ny, _x /D —¢l1, 4 m—.
with k+ € =t can be filled with minimal solutions. The rest of the hexagon is filled
with the solutions constructed in the proof of theorem 11g,.

7.1. Singular rules for the E-algorithm.

Let us introduce some new ratios of determinants. Let Egi’") denote

to(k) ... do(u—1t) to(u+1) ... to(k+L+1)
bto(k)
E& = Stea(¥) - - 1m)
ey
Ste_s (k)
with
8tj(i) = tja (i) = t;()) >0 tj(i)=0 i<o0

These Ef;") strongly resemble the E-values of the previous section (the classical

values are obtained for ¢t = 0 and for u > k + € + t) and for fixed ¢ and u they can
be calculated recursively like the E-values [CUYTb] but now using help-entries
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Ste(k) ... Ste(u—1) Steu+1) ... St(k+h+1t)
§to(k)
o | Stha(k)
0 = 1 1 )
bto(k)
5t},~1(k)
THEOREM 12:

Let p(z,y) and q(z,y) be defined by (7) with I satisfying the inclusion property. Let
the rank of the coefficient matrix Cp 41 n+m In (10) be given by m —t. Let for each
pair (k,£) with0 <k <t,0<{<t k+£=t, the rank of Cp_g41,ntm—t €qual its
maximal rank m — £. Let the hexagonal block of degenerate solutions be isolated,
which means that for 0 < k < t the coefficient matrices Cn_t41,n4+m—t+k (tOp
row), Cpn_k41,n+m—t (leftmost antidiagonal), Cpig+1,n+m—t+k (leftmost column),
Crntt+1,n+m+k (bottom row), Cpptekt1,ntm+t (rightmost antidiagonal) and finally
Ch—t4k+1,n+m+k (rightmost column) all have maximal rank.

Then fori =1,...,t — 1 the following can be proved.

(a) Ef,::”"'ﬁm) is well-defined and solves [N,,_t+,</Dm+t]1"+m+'..

It also belongs to [Ny—_t+i+k/Dm+t—k|I,ymy: With k =0,...,t, meaning that
E("—H" ntm) solving [Nn_t4i/Dm4tlI,4my: can be sb.:fted downwards in the
bexagonal block in the direction of the antidiagonal because it also solves the
interpolation problems posed in [Np_t4i4k/Dm+t—k)Inpmei-

(n,m)

(b) ESn4T) is well-defined and solves [Npyt/Dom—ittilnpmpi-
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It also belongs to [Nptt—k/Dm—t+it+kl1

n4m4i
Ef,:';':iz‘,) solving [Npyt/Dm—t+ill,pmy: can be shifted upwards in the hexag-

onal block in the direction of the antidiagonal because it also solves the inter-
polation problems posed in [Nqtt—k/Dm—t+it+k|Inpmai-
(c) On the rightmost upward sloping diagonal we have for i = O0,...,t:

[Nott—i/ Dontillngmmye = ESPH™,

with k = 0,...,t, meaning that

Note that the theorem provides us with a solution in the rightmost column of the
isolated hexagonal block, column m + ¢, in the form of a ratio of determinants of
size m + 1, while the coeflicient matrix Cp_¢4i n4m+i is regular because the block
is isolated, implying that its unique solution (up to a multiplicative constant) can
also be represented as a ratio of determinants of size m + ¢ + 1. From this we can
conclude that E,(,:', ,—t+i’"+m) and E,(,:';,H') differ only in a common multiplicative
factor in numerator and denominator. When we run across such an isolated singular
hexagonal block we want to know the values on the edges of the block, because from
there on we can take up the nonsingular rules again and proceed with our recursive
scheme. Let’s walk around the block and try to identify the rational interpolants
on all the edges. Remember that [N¢/D¢]y,,, denotes the complete set of solutions

while E,(ct) or E,(:;") denote a particular value from that set.

First there’s the upward sloping diagonal with regular entries [Nn_e4i/Dm—ilI, 4 m_.
because Cp_;4it1,n+m—t has maximal rank for all i = 0,...,¢. Then we proved
in [ALLO] that for i = 0,...,¢ the value E"™ also solves the rational inter-
polation problems posed in [Ny_¢/Dm4il1, m-.4; and analogously for E,(,:'lt and
[Nn+i/Dm—t)Inpm_cyi- So this deals with the top row and leftmost column of our
isolated block. The values in the rightmost column and on the bottom line of the
hexagonal block were just respectively identified as Ef,: t_t+"”+m) and E”:'L';I::'t)
with i = 1,...,¢ — 1. The closing rightmost upward sloping diagonal is filled with
Egptm™,

Let us now discuss some particular solutions at the interior of the hexagon. It
is essential when identifying certain rational interpolants that we present solutions
which are well-defined, in other words which can be represented as definite E-values
with nonzero denominator determinants. In theorem 11a we mentioned how to fill
the left upper half of the hexagonal block with nonsingular E-values. Using theorem
12c the triangle emanating from (n,m) in the hexagon can be filled with the regular
values from the rightmost upward sloping diagonal, which are all equal and which
have the correct degrees N, and D,,. We just learned how the rest of the right
lower half of the hexagonal structure can be filled with regular E-values. From
theorem 12a and 12b we see that well-defined solutions for the rational Hermite
interpolation problems posed in this half of the hexagon come from copies of the
rightmost column or copies of the bottom line. Essentially this leaves us with

the problem of computing these new E-values Ef,:" t_t+i’"+m) and ES,:'_’_';"_;T,) . When
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trying to provide a coherent computation scheme we must be careful not to involve
intermediate singular values. Using the initialisation

A I e

el N S

—t,t

: . (19a)
—t+in+ ~t .
.qs:—i,r,'tn ™ = gﬁ:—-i,ti) 1= Oa--',t
( ,"+ ) —_— ( +t) y —
n?—t+'|",lr,t = n?-—t-H,r t=1,...,t
and the rules
(k,n+m) (k+1,n+m) E(k+1,n+m) (k,n+m)
Ekntm) _ Pt Ge-1,,t Ly 14 o1,
Lt - (k+1,n+m) (k,n+m)
-1,0, ~ Y1,
k=0,1,...,n £=1,2,....m
(k,n+m) (k+1,n4m) (k+1,n+m) (k,n+m)
(kyn+m) _Jh—1,6,t Jh-1,h,t “Iht  Ir-1,ht
Ih,t,t - (k+1,n4+m) (k,n+m)
h—1,h,t T Ih—-1,h,t
L=h+1,h+2,...
we can fill the following quasi-triangular table of values:
E’(:——‘t,-:l,n-{»m) Ef:,:tﬁ-l,n{-m)
E,(rzz:lt::-l,n+m) E'(':t—t+l,n+m)
(n—2,n+m) : .
EQTh : : (19%)
(n—1,n+m) (n—1,n+m)
Er:—t+1,t Em—t+2,t
EXS BTG . BN EnT

where the bottom row and rightmost column of (19b) respectively solve the inter-
polation problems in the bottom row and rightmost column of our hexagon. A
proof for these rules can be constructed as in [CUYTn] for the case t = 0. The
quasi-triangular table (19b) can on its turn only be filled completely if we do not
encounter indefinite values at the interior of (19b). But even if we are unfortunate
we should not despair. In [ALLO] we describe a more general iterative procedure
to deal with singularities. This section in fact only describes the first iteration step,
which may suffice if the hexagonal block is isolated and everything goes well. The
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initialisations in (19a) are easy to understand. The first is merely by notation:
from the determinant representations for ETH) and Ef:_—:':' ™+ sne can see
that these expressions are equal. The second initialisation follows from theorem
12b. The initialisations for the g-values are analogous. The first is by notation,
the other by theorem 12b. How do we now get the starting E- and g-values on
the bottom row of the hexagon? The bottom row of (19b) is computed from the
nondegenerate rules with input values E'("-H) and Ef:f:“). The newly described
extension together with its mxtlalxsa.tlons can then best be understood from the

picture below:

(n-t,m) (n-t,m+t)

.

§
-
N
_ AR % NN
(n,m-t) NN (hm+t)
(n+t,m-t) V (n+t,m)

7.2. Singular rules for the qdg-algorithm.

It is clear that in the degenerate case, with the conditions of theorem 11 fullfilled,
some of the continued fractions (15) are perturbed because the elements on the
staircase (14) may not all be different. For a rank deficiency of ¢ in Cpy1,nim it
concerns the continued fractions C,(z,y) for s = n—m—-2¢,... , n—m+2¢t—1. In this
presentation the rank-deficiency ¢ will be fixed because we focus our attention on
a particular singular interpolation problem, namely [N,,/Dpn]rs,,,, With an isolated
hexagonal block built around it. Hence we shall drop the index ¢ in the notation
of both E(t ) and f.lkuz From now on when we refer to a particular element
[N¢/Di]1,,, in the table, we only take the regular solutions in consideration. The
hexagonal block of “size” ¢ described above perturbs the partial numerators and
denominators inside and on the border of the following octagonal structure from
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the qd-table:

(n-—m—t) (n-—m-2t41)
qm+l "qm+l
e(n—m—t41) e(n-m=3t+1)
m m+t
(n—m-—-2t41)
Im4e41
(n-m+t)
m-—t41
(n=m4t+1) (n=m-=t)
cm—t qm+t+l
(n m—t41)
m+t
(n-—m+2l)
Cm—t
(n~m+2t) (n—md4t)
m=t41 qm+1
(n m+2l) c(n—nu’-!-b'l)
m—¢+l * m
(20)

In order to cope with the rank-deficient situation described in the theorem above,
we introduce staircases T that coincide with T, before entering the hexagonal block
and after leaving it. The degenerate elements of T, within the block are deleted and
replaced by a number of nondegenerate elements, mostly from around the block. In
general T is given by the following staircase. We distinguish between three cases.
Let us use the shorter notation [1.] instead of [N, /Dn]1,,,,- The first case is where
T, enters the hexagonal block through the square in the right upper corner of the
hexagon, in other words when s ranges fromn —m —2tton —m —t —1:

Ty ={ [3]

[+5]

(21)

m+t+1

m+tttst2 m+itst2
m+t+1 m-t42

e
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+—o

(n,m)

The second case is where T, enters the hexagonal block by crossing the upward
sloping diagonal, in other words when s ranges fromn—m —tton—m+¢ - 1.
The third case is where T, enters the hexagonal block through the square in the
left bottom corner of the hexagon, in other words when s ranges from n — m + ¢
to n — m + 2t — 1. Because of the similarities between the different cases only the
first case will be treated in detail here. If £ new elements are introduced by working
with T}, £+ 2 coeflicients in C,(z,y) are perturbed and new rules must be given for
the partial numerators and denominators in the new continued fraction C}(z,y)
associated with T}. Before proceeding to the continued fraction representation
C3(z,y), we introduce some new quantities. We define

(n—m) __ Er(1:l+1) - Er(:)
Umy1 = E,(#) —E,(#_l)

which links 3 consecutive elements in a column of the E-table, and
B - B,
Ex) - E,

which links 3 consecutive elements in a row of the E-table. We also define for
n—t+1<s+f<nm-t+1<l<mn+m—-t+1<s+2¢

hs:—-m-i-l) —

i(s+€,n+m) (s+&,n+m)

oty B _ B¢t
¢ T plettntm) _ p(s+t-1,n+m)
Els—l e —Elf-l e

forn—t+1<s+f€+1<nm-t+1<Ll<mn+m—-t+1<s+2+1

e;(a+l) _ E£a+l+l,n+m) _ E$a+l,n+m)

Eg stfntm) Eﬁ1—{]~l,n+m)
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forn—t+1<s+L<n—-1m—-t<{€<m,s+2-1>n—m—t

s+&+1,n4+m +€&,n+
v;(a) _ E; +1,n+m) E;s n+m)
+1 E§a+l,n+m) _ E§a+t—l,n+m)

andforn—t<s+L<nm-—-1t+2<€<m,s+20—-22>2n+m-—1

s+L,n+m) +¢,n+m)
h*(3+1) _ E§ ntm) Egil n+m
¢ Eg:w;t,rwm) _ Egi‘;"”"‘)

It is clear that for definitions linking 3 elements from the E-table, certain transition

rules apply when entering and leaving the hexagonal singular block. For q;("H),

e}t pr* and h;C*Y this transition is described in [ALLOb).

THEOREM 13:

The continued fraction representation C}(z,y) associated with Ty as in (21) is given
by the following formula. The first and last line of the expression for C} coincide
with that for C, while the middle part deals with the discrepancy between T, and
T:

E(a+1) _ E(a) n—t—s—1 _q(a+1) _e(a+1)
Cilz,) = B + =B 1y i P
s 1 o ll +q§a+1) 1+e$a+l)
#(s+1 -m—2t m-n+2t+s+1 —m—2t+i—1
+ —qn(_’t_z J —€£:+t+l ) J+ nEte —v$:+t"-:-2 -
e [t & [Tesm
oo _q(a-}-l) _e(s+1)

+ t + 2

+1 +1
i=mtt42 | 14+ l 1+ €
To be able to use the continued fraction representation obtained in the previous
theorem, we must find a coherent computation scheme for its partial numerators

and denominators. Let us first introduce the following notations:

() (s+1)
G = et —Ieert
L (s)
9e,e41
and
(s,n+m) (s+1,n4+m)
glontm) _ Jeer:r  — e+

¢ - (")n+m)

Ge,041

The next theorem lists the singular rules in the order they have to be implemented.
This set of rules is complete and provides the partial numerators and denominators
for all continued fractions disturbed by the degeneracy, not only for (21).
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THEOREM 14:
We first concentrate on the values v{2,, v:(* hg’H) and h;(’-H).

410 Vet
(a)
(s+2-1) (s+8) (s
(s) _ gls-l,t — Y1, eﬁ +) (s+1)
Ver1 = (s+-1) DR
IR €t
(s+0)
Rl+D) o1, (o2
t T (s (sht+1) L1
1,6 — 9Je-1,t
(b)
*(s+1)
o 8) = Glottntm) € a(s+1)
41 -1 ()
¢
*(s+1) _ 1 *(s+2)
ht - G(s+l,n+m) -1 s+f<n
-1
* 1 -
hz(ﬁl) = (nte) eﬁ'f[" “2) s+l=n
-1
(c)
h*(n—m+t) _ 1 eln=m+t+1)
m+1 _G(n+t) m
m
h*(n—m+t—2) _Gs::ll,n+m) h;fi;mu)q;sn—mﬂ)
m+2 - G(n+t—l) e;s,._m)
m+1
1
*(n—m—t+2u+2 *(n—m—t+2u+4
Ry )=_Gmu_+i—)- A ) u=0,...,t-3
m+tt—u—1
vx(n—-m+t—2) _ 1 e(n—m+t+1)
m+2 _G(.,,.H) m
m
1
—m—t+2 *(n—m—t+2u+2
v:;fit—":.“ K ="‘(7?-T—W”nsit—"; ) u=t-2,...,1
Gm+i—u-—l
*(n—m-—t) _-GS:_-I.T!‘F"‘) v:rs_';t—m*f+2)q:’sn—m+l)
Umtt41 - G(n+1) e,(n_m)
m+t—1 m

We shall now concentrate on the octagonal gap in the qd-table due to the hexagonal
block in the table of rational Hermite interpolants.

(d) To fill the leftmost column of the octagonal singular block (20) in the qd-table
in a bottom-up way, we compute fork =1,...,t

e:t(n—m+t+k) - G(n+k—l)q(n~—m+t+k+l) e*(n—m+t+lc+l)

m-—t m—t—-1 4dm-—t m~t
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. —_ t - t
with e:,fzt mA2H) ef,':_,m” +),

To fill the leftmost upward sloping diagonal of (20), we compute fork =t,...,1

G(n-—t+k-1) (n—m—t+2k+1) *(n—m—t+2k+41)
*(n—m—t+2k) m—k-1 Dn—k Cm—k
m—k+1 - G(n-t+k,n+m) (n—m—t+2k)

m—k Cm—k

andfork=t-1,...,0

e:ryfr:;m—t+2k+l) +1= G(n—t+k) (q;fzim—¢+2k+z) + 1)

m—k—1
with t—1 t+1 t+1
e _ G ottt
PO
To fill the top row of (20) together with the row immediately above the block
since this uses “degenerate” values, we compute fork = 2,...,t +1
(n—t—1)
*(n—m—t—k+1) _ “Im+k—-1,m+k G(n—t—l) *(n—m—t—k+2)
Im+k = Ty Cmtk—2 Imtk-1
Imtk—1,m+k
with ¢; 7 = gom ) and for k =1,... ,t
(n—t)
(n—m—t—k) _ “Im+k—1,m+k
Cm+k T (n—t-1)
gm+k—l,m+k

Column m + t + 2 of g-values is the first to reappear in the continued fraction
representations C}(z,y). It can be computed from the g-values and e-values
with column index m +t+1 using the well-known non-singular rules. Column
m +t + 1 of e-values depends solely on column m + t + 1 of g-values, so we
focus on this last one. Fork=1,...,t -1

(nem—2t+k) _ Gs;n:lt+k—1,n+m) e;sn—m—t+k+l)q;$n—m—t+k+l)

Imtt+1 G=t+P e *(n—m—t+k)
m+t m

where a band of q*-values and e*-values is filled using rules constructed from
the classical ones:

(s+e-1,n+ =(s+2 s+2
(a+1) _ Gts—z ™ Cz(-al )‘1;(—1 )
R e

b=m—t+1,....m s=n+m—-1t—-2+3,...,.n+m—2(+1
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and
e;(a+1) +1= Ggfit’ner) (q;(ﬁ.z) " 1)
L=m—t+l,....,m s=nt+tm-t-2+2,...,n+m-2
Fork =1
gm0 GThmdm) g nmmtD) e(n—mD)
m+t+1 GS:_)H 1 GS:I:)_' es::—m)

(h) To close the octagonal gap in the gd-table we now calculate the remaining
elements. Fork=1t,...,1

(n—m—t+2k—1) _ 1 (n—m—t+2k)
Im+t—k+2 T oetn Emtt—k+1
m4-t—k+1

and inbetween
(n—m—t+2k-2) _ ntk-1) (n—m—t4+2k—1)
emitortz T 1=Cnl et (qr:+t—k+2 + 1)
On the bottom line we have fork =1,...,t

—m+2t—k+1 (n+t (n—m+2t—k+2)
65,'.'_& ) +1= Gr:—t-)l-k—l ( "?_3:; + 1)

Using theorem 14 the gap bordered in (20) involves the computation of the elements
listed in the octagon below.
q.(n—m—a) . q:n(:‘-m—zt-fl)

m+1
e:'Svh-m—hf-l)

(n—m-2t41)
Donge41
c:'Sn—‘m)
*(n—m4t)
Im—c41
er(n-m+ttt1) (n=m=t)
m—t I fe41
e(P-m—t+1)
e(n—m+t2t-1) met
m-t41
s(n-m42t)
Cm—t
[ (n—m4t)
( qm+l
n-m42¢ -
€t ). e(n-mtttl)
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