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Abstract.

We first recall results from univariate Padé approximation theory (UPA). The re-
cursive e-algorithm and the continued fraction representation obtained from the ¢d-
algorithm are given for the normal case as well as for a non-normal table composed
of square blocks. Convergence of UPA for meromorphic functions and continuity of
the univariate Padé operator are discussed.

The same approximation problem is considered in the multivariate case. General
order multivariate Padé approximants (MPA) are defined and a recursive computa-
tion scheme and a continued fraction representation are given, both for the normal
case and for the case of a table of MPA with degenerate solutions. A de Montessus
de Ballore convergence theorem is presented and the continuity of the multivariate
Padé operator is considered.

1. Notations and definitions for UPA.

Consider a formal power series
f(z) =co+arz +caz’ +... 1)

with ¢y # 0. In the sequel of the text we shall write 8p for the exact degree of a
polynomial p and wp for the order of a power series p (i.e. the degree of the first
nonzero term). The Padé approximation problem of order (n,m) for f consists in

finding polynomials
n
p(z) = Za.-zi

=0

q(z) = Zbizi

=0

and

such that in the power series (fg — p)(z) the coefficients of z for i =0,...,n +m
disappear, in other words

dp<n
9 <m
Wwfg-p)2n+m+1 2)
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Condition (2) is equivalent with the following two linear systems of equations

Cobo = a9

c1bo + by = a3

(3a)

cabo+ 11+ ...+ Caembm = a,
cn+1b0 +eabi ...+ cn.—m-Q-Ibm =0
(3b)

cn+mbo + cn+m_1b1 + ...+ Cnbm =0

with ¢; = 0 for i < 0. In general a solution for the coeflicients @; is known after
substitution of a solution for the b; in the left hand side of (3a). So the crucial point
is to solve the homogeneous system (3b) of m equations in the m + 1 unknowns b;.
This system has at least one nontrivial solution because one of the unknowns can be
chosen freely. Moreover all nontrivial solutions of (3) supply the same irreducible
form. If p(z) and g(z) satisfy (3) we shall denote by rp m(z) = (Pn,m/gn,m)(z) the
irreducible form of p/q normalized such that ¢, m(0) = 1. This rational function
Tn,m(z) is called the Padé approximant of order (n,m) for f. By calculating the
irreducible form, a polynomial may be cancelled in numerator and denominator
of p/q. We shall therefore denote the exact degrees of pp,m and ¢nm in rqm
respectively by n’ and m'. Although p, m and ¢, m are computed from polynomials
p and ¢ that satisfy (2), it is not necessarily so that p,m and gn,m satisfy (2)
themselves. A simple example will illustrate this. Consider f(z) = 1+ z? and take
n =1=m. A solutionis givenby by = 0 = qg and b; =1 = a;. Sop(z) = = = ¢(z).
Consequently pnm = 1 = ¢n,m With w(fgn,m — Pa,m) = 2 < n+m + 1 and the
corresponding equations (2) do not hold. :

The Padé approximants r,, ,, for f can be ordered in a table for different values of
n and m:

To,o Toa To2 To,3

10 T11 T12 T3

T20 T21 T22 ™23

This table is called the Padé table of f. The first column consists of the partial
sums of f. The first row contains the reciprocals of the partial sums of 1/f. We call
a Padé approximant normal if it occurs only once in the Padé table. A criterion for
the normality of an approximant is given in the next theorem.
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THEOREM 1:

The Padé approximant tn,m = (Pn,m/qn,m) for f is normal if and only if the fol-
lowing three conditions are satisfied simultaneously:

(a)n'=n

(b)) M =m

(C) w(fqn,m - Pn,m) =n+m+1

Normality of a Padé approximant can also be guaranteed by the nonvanishing of
certain determinants. We introduce the notation
Cn Cn—-1 e Cnw—m
Cn+1 Cn cee Cpem4l
D n,n+m =

Cn4+m Cn4m-1 - Cn
The following result can be proved [PERR p. 243].

THEOREM 2:
The Padé approximant tn,m = (Pn,m/dqn,m) for f is normal if and only if

Dn,n+m—l 76 0
Dn+1,n+m # 0
Dn,n+m 76 0
Dypyingmsr #0

2. Methods to compute normal Padé approximants.

In this section we suppose that every Padé approximant in the Padé table does at
least itself satisfy condition (2). This is the case if for instance min(n—n',m-m') =
0 for all n and m. A survey of algorithms for computing Padé approximants is given
in [WUYT] and [BULT]. We discuss a limited number of them, mainly with the
aim to generalize them to the multivariate case in the following sections.

2.1. Determinant formulas.
One can solve the system of equations (3b) explicitly and thus get a determinant
representation for the Padé approximant. The following determinant formula for
gn,m () can very easily be proved by solving (3b) using Cramer’s rule after choosing
bo = Dpnym—1. For f(z) =Y 2, ciz’ we write
k .
Fi(z) = Z ¢z

=0

with Fi(z) =0for k < 0.
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THEOREM 3:
If the Padé approximant of order (n,m) for f is given by rq m(z) = (Pn,m/qn,m)(z)
and if Dy pym—1 # 0, then

Fo(z) zFa_y(z) ... z™Fa_n(z)
1 Cns1 Cn . Cn—m+1
Pam(z) = Do ntmt
Cntm  Cntm—1 -« Cn
and
1 z . z™
1 Cn+l Cn cer Cnem+1
qn,m(x) = Dn,n+m—1
Cn+m Cn4m—1 .- Cn

These determinant expressions are of course only useful for small values of n and m
because the calculation of a determinant involves a lot of additions, multiplications
and possible round-off. They merely exhibit closed form formulas for the solution.

2.2. The e-algorithm.

Using these determinant representations for the Padé approximant, it can be proved
that the elements in a normal Padé table satisfy the relationship [WYNN]

(rn,m-{-l - rn,m)_l + (rn,m - 7'rl—l,m)—1 = (rn+l,m - rn,m)_l + (rn,m - rn,m—l)_l
4)
where we have defined
Tp,—1 = OO

T_1m =0

The identity (4) is a star identity which relates

racim(z)=N
rn,m—l(z) =W rn,m(z) =C rn,m+1(z) =E

rnt1,m(z) =S
and is often written as
(N-C)y'+(S-O)'=(E-0)'+wW-0)"1

If we introduce the following new notation for our Padé approximants

Tn,m(Z) = e'f":n_M)
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we obtain a table of e-values where the subscript indicates a column and the super-
script indicates a diagonal:

e
RORENORINES
FORENORINO

RORRFORINC

The eg") are the partial sums F,(z) of the Taylor series f(z). Remark the fact that
only even column-indices occur. The table can be completed with odd-numbered
columns in the following way. We define elements

(n-m-1) _ (n—m) 1
52?n+"1' = &m-1 + (n—m)  _(n—m—1)
€2m —€m

n=0,1,... m=0,1,... (5a)

From the star-identity (4) and with the aid of (5a) we can conclude by induction
that also for the even-numbered columns [WYNN]

- - 1
e;':n ™ = eg?n—"z‘-'—l) + (em+1) o) (5%)
€2m-1  ~ fm-1
The relations (5a) and (5b) are a means to calculate all the elements in the Padé
table. This algorithm is very handy when one needs the value of a Padé approxi-
mant for a given x and one does not want to compute the coeficients of the Padé
approximant explicitly. Computational difficulties can occur when the Padé table
is not normal. Reformulations of the e-algorithm in this case can be found in the
next section.

2.8. The qd-algorithm.

Let us now consider the following sequence of elements on a descending staircase
in the Padé table

Tk = {Tk,0,Tk+1,0sTh+1,1,Tk+2,1,+ - -} k>0

and the following continued fraction

d k+1 d d
do+diz + ...+ dyat + =2 J+[ "*1”l+l "*13’il+... (6)
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THEOREM 4:

If every three consecutive elements in T}, are different, then a continued fraction of
the form (6) exists with d4; # 0 for i > 1 and such that the n** convergent equals
the (n + 1)** element of Ty.

In this way we are able to construct corresponding continued fractions for functions
f analytic in the origin: if the n** convergent of (6) equals the (n + 1)** element
of Ty then (6) is the corresponding continued fraction to the power series (2). By
continued fractions of the form (6) one can only compute Padé approximants below
the main diagonal in the Padé table. For the right upper half of the table one
can use the reciprocal covariance property of Padé approximants. We now turn
to the problem of the calculation of the coefficients di4; in (6) starting from the
coeflicients ¢; of f. Consider the continued fraction gi(z), which is of the form (6),
and which is given by

crprzFH! L _g{kH, L _e(kt, L _q§k+1)zL _e§k+1)zL

1 [ 1 v T[T v 1

co+...+ck zk+[
()

If the coefficients g, are computed in order to satisfy theorem 4 then
the convergents of gx equal the successive elements of T;. If we calculate the even
part of gi(z) we get

(k41) 17q (+D)

. crprzhtl | q(k+1) (k+1) 2 | —q§"+‘)e§"“)z2
cot... ek "+ + +
|1 uﬂ) |1 U+U+efﬂhzl1_{éHU+¢yﬂnz
If we calculate the odd part of g;_;(z) we get
qu( ) k41 | (k) (k) 22 I (k) (") 22

co+...+cx ¥+ + e I 3 *
[1 (P + ez Il (()+82))z rl (q()+ea)):c

The even part of gi(z) and the odd part of gx_i(x) are two continued fractions
which have the same convergents rio,7k+1,1,"k+2,2,... and which also have the
same form. Hence the partial numerators and denominators must be equal, and we
obtain for k > 1 and £ > 1 [RUT]]

egk) =0
(k) _ Ck+1
Ck
ef” = et + g — gg” (82)
(k+1)
(k) (k+1) € (8b)

=4,
Te41 = egk)
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The numbers qgk) and egk) are usually arranged in a table, where the superscript

(k) indicates a diagonal and the subscript £ indicates a column. This table is called
the gd-table:

o
gV
632) egl)
2
¢ gi"
o o o
3 2
¢ ¢
@ W

The formulas (8) can also be memorized as follows: egk) is calculated such that in
the following rhombus the sum of the two elements on the upper diagonal equals
the sum of the two elements on the lower diagonal

k
qs>
+
o(k+1) e

k
qg +1)

and qg_':_)l is computed such that in the next rhombus the product of the two elements
on the upper diagonal equals the product of the two elements on the lower diagonal

e

k+1 k
qg ) ‘1£+)1

egkﬂ)

Since the gd-algorithm computes the coefficients in (7), it can be used to compute
the Padé approximants below the main diagonal in the Padé table. To calculate
the Padé approximants in the right upper half of the table, the gd-algorithm itself
can also be extended above the diagonal and the following results can be proved
[HENR pp. 615-617]:
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U q
e((,l) egﬂ) e(—l)
R
2 1 0
e((, ! eg ! ( g ! (0)
2 1
qg ) 9, ) q3
e(()3) egz) egl)
1
& o
(4) (3) (2) .

Let (1/f)(z) = wo + w1z + w2z? + ... and put

—w
4o -
Wo
RO
wy
and for k > 1
(=k) _
Gy =0
=B _ Wkt
Ckt1 Wk+1

If the elements in the extended gd-table are all calculated by the use of (8) using
the above starting values, then the continued fraction hi(z) given by

(—F)
1 [, ‘”k+lzk+1|1 - l —q I L 43 ®,
+

wo +... +wgzk | 1 'l 1 I 1

supplies the Padé approximants on the staircase

Uk = {70,ksT0, k41571, k415 1,642 T2, k425 - - -}

It is obvious that difficulties can arise if the division in (8b) cannot be performed by
the fact that egk) = 0. This is the case if the Padé table is not normal since consec-
utive elements in T} or Ui can then be equal. Reformulations of the ¢gd-algorithm
in this case are given in section 3. Other algorithms exist for the computation of

Padé approximants in a row, column, diagonal, sawtooth or ascending staircase in
the Padé table. We do not mention them here, but we refer to [BULTD], [LONG],
[PIND] and [MCCA].
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3. Block structure of the Padé table.

It is often the case that certain Padé approximants r, ,, in the Padé table coincide.
Then the table is not normal. In general the following result can be proved.

THEOREM 5:

Let the Padé approximant of order (n,m) for f be given by o m = Pnm/qn,m. Let
n' = 8pn,m and m' = 8¢p m. Then

(@) w(fgnm —Pnm)=n"+m' +t+1 witht>0

(b) for k and € satisfying n' <k <n'+tandm' <L<m'+1:rge(z) =rpm(z)
(c)n<n'+tandm <m'+1t

The previous property is called the block structure of the Padé table: the table
consists of square blocks of size t+1 containing equal Padé approximants. Theorem
5cin fact says that the same Padé approximant does not reappear outside the block.
In a non-normal Padé table the algorithms presented in the previous section do not
hold anymore. However, singular rules to deal with the square blocks, have been
developed.

3.1. The e-algorithm.
The star-identity (4) can be extended to the non-normal case as follows [CORD).
THEOREM 6:

Let the Padé table for f contain a block of size t + 1 with corners rom, Tnm+t,
Tntt,m and royemye. Then fork =1,2,...,t+1:

(rn—1,m—1+k — rn,m)_l + (Ppttd1,mbt+1-k — 1'»,m)—l =
(Pn—1+k,m—1 — 7‘n,m)_1 + (Prtt+1-k,m+t41 — 7‘n,m)_1

{(n-1,m-1+k)
A
VRN
(n,m) , \
A
// \\
\\ N
- _ \
(n=1+k,m=1) *{ \
N \
N \
N N
AN N (netsI-k,met+1)
N
N »
\ 7
\ s

N s nttmet)
/

(n+t+ ] m+t+1-k)
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Starting from this generalized star-identity instead of from (4), it is possible to set
up an algorithm generalizing the e-algorithm, which makes it possible to compute
the elements in a non-normal Padé table recursively.

3.2. The qd-algorithm.

Since several elements on a staircase in a non-normal Padé table might be equal,
the usual representation (7) does not hold anymore. It is however possible to give
other types of staircases, jumping over square blocks, whose elements can again be
represented as the convergents of a continued fraction [CLAE]. Suppose there is a
block of size t + 1 having as corner elements rn,m, Tnm+ts Pntt,m a0d Fope mis.

Consider for k =1,...,t the perturbed staircase
*
Tn—m—t+k—1 = {rn—m—H-k—l,O, Tn—m—t4+k,01-- s Tnm+t—k
Tn,m4+t+1,Tn+l,m+t+1,Tn42,m4t+1y - - - s Tndk+1,m4t—1 Tntk+l,m+ty . - }

(n,m) }

(n+t,m+t)

and its corresponding continued fraction

In—m—t+k-1(z) = co+...+c, + + Z +
=1

(t+1) (t+1) (t+1)
~Yk ! ”k k+2 l Z “ Uk, k+i+2® J,
t+1 t+1) t+1
1-of k+)1“"' ""’5:2 k |1+”£ k+):+2z
oo B ‘a+1) _ (_-’+1')
Z (' % z|+l i z') s=n-m—t+k—1
i=m+t+2 1 1

This staircase passes above the block of equal elements in the Padé table and goes
down column m +t + 1 to recapture the old staircase. It is this vertical movement
down column m + ¢ + 1 that introduces the v-values (v from “vertical”). Similar
continued fractions can be constructed whose convergents are the elements on a
special staircase passing below the block of equal elements and moving horizontally
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along row n + t + 1 while introducing h-values. In general, when the Padé table
consists of several blocks of different size each with equal elements, it remains pos-
sible using the same technique to construct continued fractions whose convergents
are the elements of certain staircases in the Padé table. Let us now try to identify

the new values v( + ) for the continued fraction above.

THEOREM 7:

Let the Padé table for f contain a block of size t + 1 with corners ro m, Tnm+t,
Tntt,m and ro4t myt. Then the following relations hold:

(a)

(t+1) _ _(n—m—t) (n—m—1t)
V11 T Cm4t Am+4t+1

(t+1) _ (n—m—t)
Y12 T g4

(t+1) _ (n—m-9)
= Cmtt+1

(t+1) (n—m-—t)
Vi4a T Qmipe42

(b) fork>1andi=23,...,2k+1:

(t+1) _ e(n—m—t+k—1) (t+1)

Ve1 T Cmtt—k+1 Vk-1,1
(t+1) (t+1)

= Vg_1,i1
(t+1) (n—m—t+k-1)

Vi 2k+2 = Im+t+2

( ) t+1 ( t+1

n—m—t n—m—i+1) — p(n-m+t+1 —m+i

Imtt+1 Cmti-1 e ) H gle—m+)
i=1 i=1

n—m-—t n—m-—t n—-m l 4 n_m+ <+
q$n+t+1 ) eSn+t+l ) cs‘n ¢ 1) l (lfn+1 ! 1)

(e) fork=1,2,...,t

k
(n—m—t) H e(u—m—t+i-—l) + e(n—m+t+2) (n-m—t+:—1)

Tm+t+1 mtt—itl m4t+1 Im+t+2
i=1
k k N
(n—m+t+1) (n—m+t—i+2 (n—m+t+1) (n—m+t—:+2
H Im ) +4q Cm+ti
=1 i=1

)

t+1 t+1
(n m+t+2) (n—m—t+i— 1) (n—m+t+]) (n—m+t-t+2)
Comtt+1 Imn+4t4+2 m+1 Cmti

i=1 i=1
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Using these rules it is possible to compute qf,’:_;,m't), eﬁ,':_:,m 9 and qf,':;:_",_;'“_n

fori=1,2,...,t+1.
4. Convergence and continuity.

It is clear that the poles of the Padé approximants in a sequence of elements from
the Padé table will play an important role when studying the convergence of that se-
quence. A lot of information on the convergence of Padé approximants can be found
in (BAKE]. We restrict ourselves to the convergence problem of Padé approximants
for meromorphic functions f [MONT].

THEOREM 8:
Let f be analytic in B(0,R) = {2z € € : |z| < R} except in the poles z,...,z of
£ with

O0<|n|L...<|z| <R

Let the pole at z; have multiplicity y; and let the total multiplicity be m = EL] Hi.

Then
k 2\ M
lim, . ooqn,m(2) = H (1 - Z)

i=1
and the column (r, m)nenw of the Padé table converges uniformly to f on every
closed and bounded subset of B(0,r) \ {z1,..., 2k}

For the proof we refer to Saff’s short and elegant proof which can for instance be
found in [BAKE, pp. 252-254].

When we compute 7y ,, in finite precision arithmetic the computed result is not
exactly the (n,m) Padé approximant, but it differs slightly from it by rounding
errors and data perturbations. Since we can consider the computed result as the
exact (n,m) Padé approximant of a slightly perturbed input power series, it is
important to study the effect of such small perturbations on the operator Pn,m
that associates with f its (n,m) Padé approximant. Since n and m are fixed here,
we can adopt the notations

P:=Pum
Pfi=ram
To measure the small perturbations we introduce a pseudo-norm for formal power
series:
¢ = max |¢
” ”n+m OSiSn+ml zl
with ¢ = (co,...,Cntm), and the supremum norm for continuous functions on an
interval [a, b]:
llgll = sup |q()]
a<e<b
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The Padé approximants rpm(2z) = (Pa,m/gn,m)(z) were normalized such that
dn,m(0) = 1. This implies the existence of an interval [a, b] around the origin where
n,m(z) is strictly positive. For given f(z) = Y o/ ciz' we call a neighbourhood
Us of f, the set of power series g(z) = Y io,diz’ such that the pseudo-norm
|le — d||n4+m < 6. Under weaker conditions than normality it is possible to obtain a
necessary and sufficient condition for the continuity of P [WERN].

THEOREM 9:
The Padé operator P is continuous in f, if and only if min(n — n',m —m') = 0
where n' and m' are respectively the exact degrees of numerator and denominator

of Pf.

5. Multivariate Padé approximants.

We have seen in the previous sections that univariate Padé approximants can be
obtained in several equivalent ways: one can solve the system of defining equations
explicitly and thus obtain a determinant expression, one can set up a recursive
scheme such as the e-algorithm or one can construct a continued fraction whose
convergents lie on a descending staircase in the Padé table. In the past few years
all these approaches have been generalized to the multivariate case [CHIS, HUGH,
KARL, LEVI, LUTTb, MURP, SIEM] but mostly the equivalence between the dif-
ferent techniques was lost. However, for the following definition a lot of properties
of the univariate Padé approximant remain valid, also the recursive computation
and the continued fraction representation. We shall describe here a general frame-
work that includes all types of definitions based on the use of a linear system of
defining equations for the numerator and denominator coeflicients of the multivari-
ate Padé approximant. Definitions of this type can be found in [CHIS, CUYTd,
HUGH, KARL, LEVI, LUTTa, LUTTDb]. Other generalizations based on symbolic
manipulation [CHAF] or using branched continued fractions instead of ordinary
continued fractions [CUYTh] are not treated here. We restrict ourselves to the case
of two variables because the generalization to functions of more variables is only
notationally more difficult.

Given a Taylor series expansion

flry)= Y cjz'y’
(1,j)EN?
with L
11 8tf |
Cig = ———/—/
U1 8zioys OY
we shall compute an approximant (p/q)(z,y) to f(z,y) where p(z,y) and ¢(z,y)
are determined by an accuracy-through-order principle. The polynomials p(z,y)
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and ¢(z,y) are of the form

pz,y)= ) ajz'y

GEN
gzy)= Y biz'y
(i,j)eD

where N and D are finite subsets of IN?. The sets N and D indicate the degree of
the polynomials p(z,y) and ¢(z,y). Let us denote

dp=N #N=n+1

8¢=D #D=m+1

It is now possible to let p(z,y) and ¢(z,y) satisfy the following condition for the
power series (fq — p)(z,y), namely

(fa-p)=y)= D, diyz'y ©)

(,J)EN\E

if, in analogy with the univariate case, the index set E is such that

NCE (10a)
#(E\N)=m=+#D-1 (100)
E satisfies the inclusion property (10¢)

where (10c) means that when a point belongs to the index set E, then the rect-
angular subset of points emanating from the origin with the given point as its
furthermost corner, also lies in E. Condition (10a) enables us to split the system

of equations
d,’j =0 (1,]) €EFE

in an inhomogeneous part defining the numerator coefficients
i 7
Z Zc;wbi—u,j-—u = Qi ("]) EN
p=0rv=0
and a homogeneous part defining the denominator coefficients

i)
3> cuvbicpi—v =0 (i,j) € E\N (11)

p=0r=0
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By convention bz, = 0 if (k,£) ¢ D. Condition (10b) guarantees the existence of a
nontrivial denominator ¢(z,y) because the homogeneous system has one equation
less than the number of unknowns and so one unknown coefficient can be cho-
sen freely. Condition (10c) finally takes care of the Padé approximation property,
namely

W00 #0=(F-Dn) = 3 ez

G,j)EN*\E

For more information we refer to [CUYTc, CUYTd]. We denote this multivariate
Padé approximant by [N/D]g and we can arrange successive Padé approximants
in a table after fixing an enumeration of the points in the degree sets N and D and
the equation set E. After numbering the points in IN?, for instance as (0,0), (1,0),
(0,1), (2,0), (1,1), (0,2), (3,0), ..., we can carry this enumeration over to the index
sets N, D and E which are finite subsets of IN?, to get:

N = {(iOajO)s"W(imjn)} (12(!)
D = {(do, o), .-, (dm, em)} (12b)
E=Nu {(in+l,jn+l )’ sy (in+m1jn+m)} (120)

With (12) we can set up descending chains of index sets, defining bivariate polyno-
mials of lower degree and bivariate Padé approximation problems of lower order:

N=Nn 2...D Nk = {(iO,jO)v"'a(ikvjk)} D... DJVO = {(i0710)}
k=0,....n (13a)

D=DmD...0D¢={(do,e0),---,(de;ee)} D ... D Do = {(do, €0)}
£=0,...,m (13b)

E=Enptm D...D Erge={(i0,J0)---»(ktts Jk4+2)} D ... D Eo = {(30,J0)}
k+£=0,....n4+m  (13¢)

Erprh640 = {(ik+1,jk+1), ceey (ik+t,jk+l)} E \ N =Ent1,n4m

We assume that the enumeration was such that each set Eyy¢ C E, 4, satisfies
the inclusion property in its turn. It was shown in [LEVIa] that a determinant
representation for

p(z,y)= Y ayz'y’ 0<k<n
('-,J-)GNE
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and
a(z,y)= Y byz'y 0<L<m
(i,7)€D,
satisfying
(fae—p)=y)= ),  dyz'y’
(#,7)EN*\Ex 44
is given by
E Ci—d, J—eozxy] c.- E Ci—dy,j—e; z'y’
(i,7)EN: (1,7)EN,
C4 - ; - PI C; —_ y -
Pk(z, y) = ik 41 —do,Jk41—€0 th1—de,Jet1—€L (14(1)
Cigye—do,jrte—eo ve Cixpe—dejrye—er
zdoyeo et zheyee
Ciryr—do,jet1—e0 o+ Cirgi—dejagr—er
9e(z,y) = : . (140)
Cirye—dojrst—eo  ***  Cirgr—de,jugr—er

where ¢;; = 0if i < 0 or j < 0. A solution of the original problem (10) is then
given by (pn/gm)(z,y) because N, = N, D, = D and E,4+,, = E. This formula is
very analogous to the univariate formula given in section 3.

6. Computation of nondegenerate MPA.

From now on we assume that the homogeneous system of equations (11) has max-
imal rank. Then the Padé approximant [N/D]g is called nondegenerate.

6.1. The E-algorithm.
Let us rewrite the determinant formulas (14) as

to(k) .. (k)
(o) — A t:,(k) s A t:l(k) (150
Atk +€—1) ... Ate(k+e—1)
1 .. 1
w(on) = A t:o(k) .. A t:l(k) (155)
Atolk+£-1) ... Atd(k+e—1)




with the series ?y,...,1 defined by:

to—do —eo

to(O) = Cig—do,jo—eo® yjo
Dto(s—1) =to(s) —to(s = 1) = Ci,—do ju—eo2* " TY* T s =1,
Aty(s—-1)=0 is <dgorj,<eg

and forr=1,...,¢

i de o
tr(O) = cio-dryjo—erzm ryloTer

Ote(s—1) =to(8)—tr(s—1) = ciy—a, j,—e, 2" Ty s=1,

At (s-1)=0 i, <d,orj,<e,
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..., k+£ (16a)

ooy k+2 (16b)

This quotient of determinants can be computed using the E-algorithm given in

[BREZb}:
E(()k) = ty(k) k=0,...,n+m
g(gfl) = ty(k) — te-1(k) L=1,..,m k=0,..,n+m
(k) (k+1) (k+1) (k)
E® _ El—-lgl—l,l - E,; 95_1,1 k=01 (=12
L x+1) (%) =0,1,...,n =12,...m

Ge—1,6 —9e-1,

(k) (k+1) (k+1) (k)
(k) _ Je=1,9¢-1,6 —9e—1,r91-1,
Lr (k+1) (k)
-1, —9e-1,

The values Egk) and gg,kr) are stored as in the tables below.

E®
E{®
E((,l) ..
EY EQ
Eéz) . .
. 0
Elm
EY
E§n+m—l)

E(()n-i—m)

r=4+1,0+2,.
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wr—w
(1+4)

wy—us

(0)

()

w'p
Em

§m

‘0p

Fis ¥}
(1+s—w+u)

4
(1 |E+=Wm

15

:V

1
Sum

Tt+5

‘05

[4
Aowm

“'
swu
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Finally with k = n and £ = m, this is with Ny = N, Dy = D and Ej4¢ = E we get
(Pn/dm)(z,y) = E' while intermediate values in the computation scheme are also
multivariate Padé approximants since

E(k) — pe(z,y)
9(z,y)

and thus
(0,00 £0=f-EF = Y ejziy
(4,7)EIN?\Ep 4,

6.2. The qdg-algorithm.

In the same way as for UPA, these intermediate values can be used to build a table
of multivariate Padé approximants:

[NO/D()]Eo [NO/DI]EI [NO/D2]E:
[N1/Dole, [N1/Dile, [N1/Dq]E,

[N2/Do]g, [N2/Diles [N2/Dq]E,

Let us consider descending staircases
[NU/DO]E‘
[N-!-H /DO]E.+1 [N8+l /DI]E.+2

[Ns+2/D1lg,,s [Nst2/D2lE,,,

in this table of MPA. It was proved in [CUYTn] that continued fractions of the
form

[Na+l/D0]E'.+1 “[Ns/DOIE'. + ’+1) l (’+l)

1 [ 1+q
(.s+1) l (a+1)

I1+q(a+l)+l 1te (a+1)+

[N,/DolE, +| (s+1) (s+1) t

|1+e

1)
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can be constructed of which the successive convergents are the multivariate Padé
approximants on this descending staircase. Here

[N./Dole, = ) ciz'y’
(i,j)EN,

[Net1/DolE, 4 = z cijz'y’
(3,J)EN. 1

and the partial numerators and denominators are obtained from an algorithm which
is very gd-like: for £ > 2

+2) (342 (s+2-1) (s+1) (s+0)
(s41) _ esa—l )qg—l ) gts—z,tq - gtf—2,t-—l o1, (18a)
¢ - (s+1) (s+2-1) G+ _(s+t+1)

€1 Ge—2,61 Je—1,6 — YGe-1

and for £ > 1
(41 g§a+l[) _ gga-{»l;-l) (+2)
+1 -1, ~1, +2
e/ T +1= ) (‘Iz’ + 1) (180)
-1,

If we arrange the values qg’“) and eg"“) in a table as follows

(1)

Uh
e
qu) q;l)
e52) egl)
2
qgs) qg )
ega) egz)
3
‘1§4) qg )
(4) : (3)

where subscripts indicate columns and superscripts indicate downward sloping di-
agonals, then (18a) links the elements in the rhombus

(s+1)
€1
(s+2) (s+1)
9

T e
s+2
€o1
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and (18b) links two elements on an upward sloping diagonal
e£’+l)
2
qgs-l- )

Starting values for the algorithm are given by

s+1
(s+1) _ Ato(s +1) gon
o Bug(s)  FD gl

In this way the univariate equivalence of the three main defining techniques for
Padé approximants is also established for the multivariate case: algebraic relations,
recurrence relations, continued fractions.

6.9. The multivariate e- and qd-algorithms.

In [CUYTd, CUYT{] we introduced multivariate Padé approximants of order (v, u)
using homogeneous polynomials. Numerator p and denominator ¢ are of the form

vu+v
pz,y)= Y a;z'y
i9=wvpu
V[A+[l PR
gz,y) = Y, bijz'y’
i+i=vp
and satisfy

oo
(fa—p)z,y) = Yo diyz'y

i+j=vutv+pu+l
These multivariate Padé approximants satisfy a large number of the classical uni-
variate properties but are as well a special case of the general order approximants
defined above. The advantage of the “homogeneous” approximants is that they
can be calculated recursively by means of the e-algorithm [CUYTg] and that they
can also be represented in continued fraction form using the classical ¢gd-algorithm
[CUYTi]. What concerns the e-algorithm the starting values are again given by the
partial sums of f(z,y), namely

n
e(()n) = Z c;jziyj

i+5=0
What concerns the multivariate gd-algorithm, the univariate gd-algorithm is first
rewritten in a form such that it can immediately be generalized. If r, m(z) is the
2m** convergent of the continued fraction

n-—m n-m+1 I

Z Cizi + Icn—-m-{—li + l —4

gn—m-l-l)x I N _egn—m-}-l)z I
1 [ 1

+...

=0
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then we can also say that ry, ,,(z) is the 2m** convergent of the continued fraction

n—-m ] n—m+1 _{n—m+1) _ p(n—m+1)
5 ot 4 et QO] B,

=0 1 I 1 I 1
with
Q¥ = crprztt!
b crzk

Egk) =0
D FHD 4 g — g

k+1
QP = QU+ EMY
+1 _‘—Egk) )

We have simply included the factor z in ng) and Efk). This last continued frac-
tion can easily be generalized for a bivariate function: replace the expression cxz*
by an expression that contains all the terms of degree k in the bivariate series
Yo j=0Cijz'y’. The starting values are then given by

S e
(k) _ i+i=k+1
TS
i+j=k
which are very analogous to the univariate starting formulas. Explicit determinant
formulas for these homogeneous approximants, involving near-Toeplitz matrices,
are given in [CUYTb)].

7. Structure of the table of MPA.

For the multivariate Padé approximants discussed in the last paragraph of the
previous section, the square block structure which is typical for univariate Padé
approximants is preserved. This result is based on the fact that for the homogeneous
Padé approximants different solutions to the same Padé approximation problem are
equivalent and hence result in a unique irreducible form. If this irreducible form is

given by r,, (2,Y) = (Pn,m/qn,m)(2,y) then we define
n' = aPn,m — Wqn,m
m' = aQn,m — Wlqn,m

where 8 and w denote homogeneous degrees. We can prove that n’ < n and
m' < m because clearly n' and m' are an extension of the univariate definitions
where wqn m = 0 because of the normalization.
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THEOREM 10:

If the homogeneous Padé approximant of order (n,m) for f(z,y) is given by rp p =

Pn,m/qn,m With n' and m' as defined above, then:

(a) w(fgnm — Pnym) = Wanm +n' +m' +t+1 witht >0

(b) for k and ¢ satisfying n’ <k <n'+tand m' <€ <m'+t wehave r ¢(z,y) =
Tn,m(Z,Y)

(c)n<n'+tandm <m' +1

As a conclusion we take a closer look at the meaning of the numbers wg, m, n'
and m'. In the solution p(z,y) and g(z,y) the degrees have been shifted over nm.
By taking the irreducible form of p/q part of that shift can disappear, but what
remains in Pp m, ¢n,m and fgnm — Pn,m is a shift over wgp m [CUYTE]. Now n' and
m' play the same role as in the univariate case: they measure the exact degree of
a polynomial by disregarding the shift over wqy . The singular computation rules
developed by Cordellier for the e-algorithm and Claessens and Wuytack for the
gd-algorithm for use in a non-normal table remain valid. The multivariate version
is written down in the same way as was done in section 6 for the regular e- and
gd-algorithm. An extension of the E- and gdg-algorithms with singular rules can
be found in {CUYTa].

8. Convergence and continuity.

The univariate theorem of de Montessus de Ballore deals with the case of simple
poles as well as with the case of multiple poles. The former means that we have
information on the denominator of the meromorphic function while the latter means
that we also have information on the derivatives of that denominator.

By the set N * D we denote the index set that results from the multiplication of
a polynomial indexed by N with a polynomial indexed by D, namely N x D =
{G+k,5+0I(i,5) € N,(k,¢) € D}.

a’



y

T

Since the set E satisfies the inclusion property we can inscribe isosceles triangles
in E, with top in (0,0) and base along the antidiagonal. Let 7 be the largest of
these inscribed triangles. On the other hand, because N * D is a finite subset
of IN?, we can circumscribe it with such triangles. Let T be the smallest of these
circumscribing triangles. In both cases we call r, and r1 the “range” of the triangles
7 and T respectively.

In what follows we discuss functions f(z,y) which are meromorphic in a polydisc
B(0; Ry, R;) = {(z,y) : |z| < R1,|y| < Rz}, meaning that there exists a polynomial

m

Ru(z,y) = Z raez’y® = Zrdieizdiye‘

(d,e)€DCIN? i=0

such that (fR,,)(z,y) is analytic in the polydisc above. The denominator polyno-
mial Ry, (z,y) can completely be determined by m zeros (z4,yr) € B(0; Ry, R;) of
Rm(z’ y)

Ry(zh,yr)=0 h=1,...,m (19a)

or by a combination of zeros of R,, and some of its partial derivatives. For instance
in the point (z4,ys) the partial derivatives

Hintin R,

I(zn,un)
can be given with I, a finite subset of IN? of cardinality (k) +1 and satisfying the

inclusion property. We can again enumerate the indices indicating the known and
vanishing partial derivatives as follows:

k) «(h k) h k) .(h
= {(18 )a]o ))a (3 f,(h),]f.(}.))} (Zg )aJo )) =(0,0)
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THEOREM 11:
Let f(z,y) be a function which is meromorphic in the polydisc B(0;R;,R;) =
{(z,y) : |z| < Ry, |y| < Rz}, meaning that there exists a polynomial

m
Rpy(z,y) = Z Tde"’dye = Z rdeeszdiyei
(d,e)€DCIN? i=0

such that (fRy,)(z,y) is analytic in the polydisc above. Further, we assume that
R.,,(0,0) # 0 so that necessarily (0,0) € D. Let there also be given k zeros (z,ys) €
B(0; Ry, R;) of R,,,(z,y) and k sets I, C IN? with inclusion property, satisfying

(me)(:c;,,y;.);céO h=1,....k (200)

antinR,,
—_— =0 ihyJ I h=1,...,k
33'“33/“ T ("h’]h) € I ’ ’

Y (uh)+1) =m  #Iy = u(h) +1

and producing the nonzero determinant

(200)

dy, e dm, e
zllyll e zl"‘yl”'

d

d! ¢! di—p(1), e1—p(1) dyp! em! m—u(1)_ em—u(l)
@ =@ Gimu(mi1 % o =) Gm—pi%1 Y

dy e dm, €
iyt R "y

! e..dl—ke“(k m! e..dm—k m—u(k

Z_L?‘Wd,fp'k z(_e‘-u%k'm"’k . )ykl S Zmiu'k z('e'_,,.—m'(‘)'”'k %k w )y: wE

(20¢)

Then the [N/D)g = (p/q)(z,y) Padé approximant with D fixed by Rn(z,y) and
N and E growing, converges to f(z,y) uniformly on compact subsets of

{(zvy) : Izl < Rl’ 'yl < R2’Rm(z7y) # 0}

and its denominator m
q(zv y) = Z bd;e;zdiyei
i=0

converges to R,,(z,y) under the following conditions for N and E: the range of the
largest inscribed triangle in E and the range of the smallest triangle circumscribing
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N % D should both tend to infinity as the sets N and E grow along the column
[N/D]g in the multivariate Padé table.

For homogeneous approximants also a continuity property was proved [CUYT]j]. A
more general result for general order approximants is under investigation. Let us
define the operator P, ,, that associates with f(z,y) its homogeneous (n,m) Padé
approximant. Since n and m are fixed here, we again adopt the notations

P :=Pnm
Pfi=rnm

If we write o
Ci(z,y) = Y cijz'y’
i+j=k
then Cy is a k-linear operator and we can introduce seminorms for the power series
f(z,y) as follows:

= C
1l = , gz NG|
where ||Ci|| = max;(;,)||=1 |Ck(2, y)|. Bivariate functions ¢ continuous on a poly-

interval I = I, x I, are normed by the Chebyshev norm

llall = sup |g(=,v)]
(z,y)€l

THEOREM 12:
If min(n — »',m — m') = 0 and gp m(z,y) # 0 for all (z,y) in a suitably chosen
poly-interval I, then the Padé operator P is continuous in f(z,y).
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