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OLD AND NEW MULTIDIMENSIONAL CONVERGENCE ACCELERATORS
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Department of Mathematics and Computer Science, University of Antwerp, Universiteitsplein 1,
B-2610 Wilrijk, Belgium

In the past some multidimensional convergence accelerators have been studied by Levin [13], by Albertsen,
Jacobsen and Serensen [1] and by the author [5]. We show here that all these muitidimensional convergence
accelerators are particular cases of a whole class of multidimensional convergence accelerators. The common
underlying principle is that they can be considered as multivariate Padé approximants for a multivariate
function that is different for different algorithms. Since we work in a very general framework, we are able to
introduce a number of new multidimensional convergence accelerators and generalize them by using multi-

variate rational Hermite interpolants instead of multivariate Padé approximants.

1. Convergence acceleration of a table with single entry

The idea of using the epsilon-algorithm to accelerate the convergence of a sequence, which can
be considered as a table with single entry, is quite well-known. Given the sequence { a;},cn With

A =1lim, , .a,, we choose n and m in N and construct the ratio of determinants

a, a,_ Ay _m

van+1 va, van+1—m

van+m Van+m—1 Van ( )

1

1 1

van+l va, van+l-—m

Va,,,, Va,4m-1 --- va,

withva,=a,—a,_, and a,= 0 for i <0. The ratio (1) is the Padé approximant of order (n, m)
evaluated at x = 1 for the univariate function

f(x)= Y wva,x".
i=0

We are particularly interested in approximations at x = 1 since

f(1)=4.
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This ratio of determinants can easily be computed using the epsilon-algorithm. With
s(_"1)=0, egk)=ak, k=0,1,...,
1

(€))] (G —
1
£;(1+1) _ 8;(1) ®

Epv1 = &k

k=0,1,..., I=0,1,...,

formula (1) is given by 5", The e-values are usually arranged in a table as follows

)
e®
e £
861) |€(20)
) e
(2) 1
2

The epsilon-algorithm is called a convergence accelerator because it can be shown, in some
cases, that the convergence of the columns or diagonals in the e-table is faster than that of the
given sequence { a;},cn [2, pp. 83-83].

The previous reasoning was generalized by Brezinski. Given sequences {g,(i)};en> kK=
1,2,..., and {a,;},cn With 4 =lim; , ca, where approximately

ai=A+algl(i)+ +amgm(i)7 120’
it is easy to see that an approximate value for A4 is given by

an) e gln—m)
gmin) gm(n-—m) )
1 1 @
gi(n) ... gln—m)
gmin) gm(n.—m)

In [3] it is shown that formula (2) can be computed recursively in an analogous way as formula
(1), now using the E-algorithm. With

Eé/)=a,, [=0,1,...,n,
g((){}(=gk(l), k=1,2,....,m, [=0,1,...,n,

0y, (+1) _ (+1) ()
ED . — E¢ gk,k+)l E, )gk,k+l /=0 1 k=01
k+1 (+1) ’ — Yy Ly TV Ly

oD
8. k+1 7 Bk, k+1

) (d+1) _ (+D
0 gk,)jgk,k+1 8k,j gk,)k+l
8k+1,; = +1
> ) _ oD
8k k+1 " Bk.k+1

. j=k+2,k+3,..., k=0,1,...,
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formula (2) is given by E\"~". The values E{?, and g{), ; are stored as in the tables (B.1) and
(B.2) of Appendix B. Convergence acceleration results are given in [3]. In [10] a computationally

more advantageous organization of the E-algorithm is given in order to compute formula (2).
With

E(§13= a/g (1), Eé[1)=1/g1(1), I=0,1,...,n,
)k=g()/gl() k=2,....m, [=0,1,...,n,
RO =1, k=0,1,...,

B - B0,

) — ’ — - -
B = ., 1=0,1,..., k=1,2,..., p=0,1,
k—1,k+1 k—1,k+1

U+ _ (D)
B = h k—1,j hk—l.j
kT 41 )
hk—l,k+1 - hk—l,k+1

. j=k+2,k+3,..., k=1,2,...,
formula (2) is given by E('y™ /E{'T™. The values E(, E{} and h{"; are stored as in the tables
(B.3) and (B.4) of Appendix B. So far for the one-dimensional case.

2. Convergence acceleration of a table with multiple entry

Suppose we are given a table {a, }(,I )N with multiple entry and with 4=
lim, i, »o0d; ... - The convergence acceletators we shall propose are different from the ones
suggested by Haccart in [12]. She extracts a one-dimensional subsequence from the multidimen-
sional table and applies one-dimensional convergence accelerators. We preserve the multidimen-

sional nature of the problem as is done in [1,13]. In [5] formula (1) is generalized for this case as
follows. Define

oo
f(x,.0,x,) = | 3 pVa,.l_._,.x{‘...x;f (3a)
with

Vi, T4 T 2 Ay =),

+ Z Qi iy =Dy = Dig oy, 0 +(_1)pa(i1—1)...(ip—l)' (3b)

Clearly
fa,....1) = 4.

For this multivariate function multivariate Padé approximants can be calculated and evaluated
at the point (xy,..., x,) =(1,...,1) via the epsilon-algorithm [5]. Let us restrict ourselves to the
bivariate case for the sake of notatlonal simplicity and deal with a table {a,;}, ;,cn Of double
entry. The bivariate Padé approximant of order (n, m) to which the epsilon-algorithm applies, is
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then given by

n n—-—m

> ~va, 3 va;;
i+j=0 i+j=0

Z ZVa,-j E 2Va,»j

itj=n+1 i+j=n+1-m

Z vVa;; ... Z Va;;

i+j=n+m i+j=n
, (4)
1 1
Y ~va; .. )y Va,;
i+j=n+1 i+j=n+1-m

Z ZVa,.j Z ZVa,-j

i+j=n+m i+j=n

where I}, ;_, ;va,; can be simplified to X,,;,_,a,; — X,,;_x_1a;;. For convergence acceleration
results we refer to [S].

Just as the one-dimensional formula (1) can be generalized to the multidimensional case by
using (3), the one-dimensional expression (2) can be translated to the multidimensional case.
Then its recursive computation scheme will again be based on the E-algorithm. We shall now
show that a number of multidimensional convergence accelerators suggested in the past appear
to be particular cases of this generalization and also that some new multidimensional conver-
gence accelerators can be introduced. The common underlying principle is that they can be
considered as multivariate Padé approximants either for a multivariate function f(x,..., x,)
different from the one used in (3a) or with different multivariate numerator and denominator
than in (4). For a description of the definition of multivariate Padé approximant that is used
here, we refer to [8]. The framework developed there is a very general one and covers many
previously introduced definitions for multivariate Padé approximants. The reader that is not
familiar with [8] can first consult Appendix A.

As a first special case, consider a convergence accelerator analogous to the ones developed by
Levin in [13] and by Albertsen, Jacobsen and Serensen in [1], given by

a[n_d()ﬂjn_e() ain_dm’jn_em

voain+l_d()~jn+l_e() vmain+l’dm’jn+l_em
Vo4i,,,~do.jrsm—eo Vorli,sp=ds s m=em
, (5)
1 ... 1
voain+l_d0~jn+l_e() vmai"+1—d”,,j,,+,—em

vOai Vma

nam= A0 Jnsm— €0 Lntm=DosJnsm™ €
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where
n

Via - aihAl_dAvjh—lffA’ aiu_dk-jn‘eA = Z vkai/,—dA~jh_9A'

h=0

. . =q. ;
in—di.jn—ey ip=di.jn—ey

Remember that (iy, jy), (i3, /1), (i1> J2),--. is an enumeration of N2, That this expression can be
computed by means of the E-algorithm can easily be seen from the fact that it is a multivariate
Padé aproximant as given in [8] for the function

o0
flx, y)= Z Vai,,j,,xihyjh» (6)
h=0
whereva, . =a, —a;, . anda;,;=0ifi<0or j<O0. In the table of E-values expression (5)

can be found as E{" or as E ‘”’/E (). When Levin and Albertsen, Jacobsen and Serensen
developed their convergence accelerator, they did not know that recursive computation was
possible and they computed (5) by solving systems of linear equations. The starting values for the
E-algorithm are given by

!
() Ly sy Jn —_ —
E . Z vai,,j,,x y Z vai;,jh ai,
(ins JEN, (x)=q1n k=0
H — iy—d, i,—e,
8o0.r= Z vrai,,—d,,j,,—e,x ! yl
Gy JIEN, (x.»)=(1.1)
{
= Z v’aih‘drvjh*er = Qi—d,. e,
=0
and for its simplified form by
() — (/) = () -
EO.O - ai/j//ai/_dlsj/_el’ l/a’/ dy.jj—ep h0~"1 - ai/—dr’j/‘fr'

In the table of E-values expression (5) can be found as E{" or as E\}/E\". If one examines [8]
carefully, it is clear that a whole bunch of convergence accelerators, based on the use of
multivariate general order Padé approximants, can be constructed. An even more general
formula than (5) is the one that results if we use multivariate rational interpolants instead of
multivariate Padé approximants. We refer the reader to the following section.

3. Some new multidimensional convergence accelerators

Let us first discuss new methods that result from the use of multivariate general order Padé
approximants. Consider a two-dimensional table {a,;}; ;yen: With lim, ; , .a,;=A and con-
struct the series (3) with f(1, 1) = A. If we choose a numbering in N? and construct a sequence-
of sets {I;},en With I = {(ig, jo), (i1, j1)s---,(i; J;)}, then for each /=0, 1,... a variety of
numerator and denominator index sets N, and D,, with n + m = [ exists. The general order Padé
approximants [N, /D,],(1, 1) for (3), as described in [8] and summarized in Appendix A, can be

computed by means of the E-algorithm and are found in E\” or in E{}/E\"). Its starting values
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are also given in Appendix A. A determinant expression for [N,/D,];(1, 1) is given by
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n n

Z ZVOalh Jn Z 2vma1h Jn

h=0 h=0

2v0ain+1-jn+l zvma, nttodnst

ZVOaI I zvmain+mvjn+m

(7)
1 ... 1
zvoal TN A U 2Vmain+1’jn+1
Nodi o em V@i pfnim

with

—a,; 1+ a

kaalh o aih_'d/wjh_ek - aih_dk_l’jh_ek h— A e — fp—dy—1, jp—e—1"

In order to illustrate this technique numerically we consider the following situation. Suppose
one wants to calculate the integral of a function u(x, y) on a bounded closed domain { of R2.
For the sake of simplicity we take £ = [0, 1] X [0, 1]. The table {a,;}; Hen: can for instance be
obtained by subdividing the interval [0, 1] in each direction respectively into 2' and 2/ intervals
of equal length A, =2"' and h,=27/. Using the midpoint rule one can then substitute
approximations

fh]fhzu(X, )’)dXd)’= hthu(%hla %hz)
0o Yo

to calculate

202/
2k—-1 2/-1
lj 21-+-j( Z Z ( j ’ 2j+1 ))'

k=11/=1 21

Let us take the diagonal enumeration of N? given by (0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2),....
As an example we take u(x, y)=1/(x+y) which produces slowly converging a,, because of
the singularity of the integrand in (0, 0). Let the values a,; be given for 0 < i +j < 9. With these
data the approximations (4), (5) and (7) can be computed respectively for n + m=0,...,9 and
n+m=0,...,54. Note that (4) adds a complete diagonal of data in one step and (5) and (7) add
the data along a diagonal one by one. The results displayed in Table 1 are the most accurate
among the possible approximations £5", ™ and E\" respectively for n+m=i and n+m+1

= 1(i + 1)(i + 2) where i < 9. We can compare them with the a,, ), |;,2;- The exact value of
the integral is

1,1 1
ff oy dxdy=2In2-1.38629436....

It is clear that (5) can be improved by (7). Similar conclusions can be found in the sequal of this
section.
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2| G+1)/2),1i/2)

A+ D/21-1i/2]
21i/2]

Formula (7)

Formula (5)

a,, =1.166667
a5y =1.209102
a,, =1.269048
a5, =1.292978
a5, =1.325744
a4, =1.338426
a4, =1355532

e =1.330295
e =1.361764
£ =1.396396
e =1.386057
e =1.386872
el =1.386481
e =1.386309

E=1.292352
E{® =1374224
EP =1.359011
E{? =1.373649
E{7 =1.385863
EZ9 =1.386177
E{2® =1.386366

E{ =1.183518
E{® =1.228489
E® =1.304007
E{™ =1.329994
E{D =1.360150
EEY =1374274
EZ9 =1.371675

a5, =1.362056 el =1.386298 E2 =1.386298 E$9 =1.385897

Secondly we shall discuss a technique that results from the use of multivariate general order
rational interpolants described in [8] and summarized in Appendix A. Consider a two-dimen-
siqnal t'ablez{ a,.‘j}(,.‘j)e,\,z with lim,; ;_, .a,;= A and let {(x;, ¥;)}, ;,cn be a convergent table of
points in R* with

,l_im (x,-, )’j) = (21, 22)-
i,j— o0

When using extrapolation techniques to accelerate the convergence of { a;,}; ;) cn2, We compute
a sequence {b;}, cn With

b= lim  s5/(x, y),

) (znm)

where s,(x, y) is determined by some interpolation conditions. The point (z;, z,) is called the
extrapolation point. In analogy with the univariate extrapolation technique ‘of Bulirsch-Stoer, we
choose for s,(x, y) the bivariate rational interpolants on the descending staircase

[No/ Dol s,
[M/Do]s,  [Ni/Dy]4,
[NZ/Dl]I_x [Nz/Dz]I4

These rational interpolants,

AC)

N,/D,]. . ,
[N/ Dal, 4n(x, )

are constructed here such that

_ pn(xi’ yj)

=——=, (i, j)€l,,,cN?
G (X, )’j) N

a;
and then b, is computed from

_ p.(21, 2,)

b=y DL m=1] =012 ®)

i
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Of course the choice of the interpolation points (x;, y;) greatly influences the convergence
behaviour of the resulting sequence { b, }; cn-

Let us compare the formulas (5), (7) and (8) numerically. We know that the Beta function
B(x, y) for —1 < x,y <0 can be written as

1+xw(x+1, y+1)
xy(x+1)(y+1)

and that a Taylor series development for w(x + 1, y + 1) can be computed by the first method
suggested in [11]. Let us denote this Taylor series by

B(x, y)= (x+y)Q+x+y),

o0
w(x+1, y+1)= 3 cooxy,
i, j=0

and its partial sums for (x, y)=(u, v) by
ko1
Ap1 = Z Z Co,',oj'ulvj-
i=0 j=0

Input of the convergence accelerators are these bivariate partial sums of the Taylor series
development for w(x + 1, y+ 1) around (1, 1). We shall compute rational approximants and
interpolants R(u, v) for w(u + 1, v + 1) and compare the value

1+ wR(u, v)
uw(u+1)(v+1)

(u+0)1+u+vo)

with B(u, v). Let the values a,, be given for (k, /) € I C N2 Let us associate each a,, with an
interpolation point (x,, y,) where

lim (xka y,)=(zl, 22)’ lim ak1=w(u’ U)'
k1> k,l— o0
So we construct a function f(x, y) satisfying

f(xk’ .yl)=ak[’ f(zl’ Z2)=w(u» U)'
We can then proceed as in the Padé approximation case, choosing numerator and denominator
index sets N and D, constructing subsets N,, D, and I, computing rational interpolants
[N,/D,]; . for f(x, y) and evaluating them at (z;, z,). In our example we have taken
(u, v)=(—0.92, —0.97).
In the first column of Table 2 the values,

1 + uva;,
w(u+1)(v+1)

(u+0)A +u+v),

are displayed. For the construction of all the other columns we have taken
I={(k,1):0<k,I<6},

and used the enumeration (0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (0, 2), (2, 1), (1, 2), (2, 2), (3, 0), (O, 3),
(3, 1), (1, 3), (3, 2), (2, 3), (3, 3),.... In order to compare values that use the same number of data
as the a,, for i=0, 1, 2,..., we choose for R(x, y) the (i + 1)2th elements on the descending
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Table 2

i aj; %) )] (8a) (8b)

1 118.551 106.835 140.066 23.0915 23.0915
2 92.1841 88.6788 83.1745 100.396 88.2749
3 88.3833 87.6991 86.8761 78.0438 85.7630
4 87.1083 73.6345 86.1894 86.5946 86.0138
5 86.5533 93.2420 86.0873 83.8083 86.0543
6 86.3002 85.8025 86.0793 86.8151 86.0689

staircase given at the beginning of this section, namely
i=0: [Ny/Dyls,,
i=1: [Ny/Dy]y,

i=2: [Ny/Dy]s,
i=3: [Ng/Ds]4.,
i=4: [le/D12]124’

i=5: [le/D17]135-

The second column is an illustration of (5) and the third column an illustration of (7). The other
columns illustrate (8) where we have made different choices for the interpolation points:

(X y’)=(lel’7§1—_l—)’ (8a)

(x4, y) =275, 27"). (8b)
The correct limit is
A=B(—-0.92, -0.97) =86.07672....

All computations are performed on a Gould UTX /32 in double precision arithmetic. Remark
that the values a;, converge slowly due to the presence of singularities in the vincinity of (u,
v)=(-0.92, —0.97), namely in u= —1 and v = —1.

When evaluating the multidimensional convergence accelerators overall we advice to consider
construction of the series (3) if Padé approximants are used and to pay attention to the choice of
the interpolation points if rational interpolants are used.

4. Exact summation

Several theorems exist that describe the type of series which can be summed exactly by a
particular convergence accelerator in that sense that an application of the convergence accelera-
tor to the sequence of its partial sums gives the limit value 4. Consider for instance formula (1)
again. According to [2, pp. 40-42] a necessary and sufficient condition for

=4, n—m=11+1,...,
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is that there exist constants ay,..., a, with X} e, # 0 and aye,, # 0, such that
m
Y o (@i —A)=0, n—m=11+1,.... (9)
k=0

This can easily be seen by solving (9) using Cramer’s rule.
When using (2) instead of (1), formula (9) generalizes as follows. A necessary and sufficient
condition for the exact summation [3]

Er—m™m=4, n—-m=I[,1+1,...,
is
a,_ ,=A+ Y aqg{n—m), n—m=1[1+1,.... (10)
k=1

When turning to the multivariate case analogous conclusions can be written down. The
summation process (4) sums the series

e o]
E va;,

i, j=0
exactly, if
m n—m+k
Z ak( Z Vaij_A =0 (11)
k=0 i+j=0

with X7'_,a, # 0 and aya,, # 0.
An even more general result was proved in [4] for (5). When computed recursively, expression
(5) is given by E{”. A necessary and sufficient condition for exact summation of

0
Y Vva,, (12)
h=0
is that there exist ay,..., a,, with aga,, # 0 and not all zero such that
m
Z ak(ain_dk’jn_el\ - A) =0.
k=0

We have not mentioned the most general results here because this would take away much of the
clarity when we try to show how things generalize. The reader can now translate more general
conditions than (9) and (10) to the multivariate case. We conclude with a necessary and sufficient
condition for our new convergence accelerator to sum the series (12) exactly. It is a simple
application of results given in [4].

Corollary. A necessary and sufficient condition for exact summation of the series (12) by
[N./D,1;,.. = (Pu/quXx, ¥) (n= 1), satisfying

n+m

Pn o
?('xi’ yj)=aij’ (l’ ])Eln+m’

m
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is that there exist a,..., a,, not all zero with aya,, # 0 and such that for n > 1
aO(IO(n) _A) + - +am(tm(n) _A) = O’

where, in the notation of Appendix A, for 0 <k <m

n
1,(0) = CdAi[),eAj<)BdAi(),eAjO(x’ y), t(n)=3, Cdkih,ekj,,Bdkih,eAj,,(x’ y)
h=0
with
Cdiej =f[xdk’- s xi] [yeks cees yj] ) f[xi] [)’j] =a;;,

cdk,.,eu-=0, i<d, or j<e,.

Appendix A. General order Padé approximants and rational Hermite interpolants for multivariate
functions

Let us restrict everything to the case of two variables for the sake of simplicity. Furthermore
we assume that the finite interpolation set I = {(i, j): f;; is given at (x;, y,)} is structured so
that it satisfies the inclusion property. This means that if a point belongs to the data set, then the
rectangular subset of points emanating from the origin with the given point as its furthermost
corner also lies in the data set. How this can be achieved in a lot of situations is explained in [9].
If none of the points in {(x,, y;)}; ;ye; coincide, then we are dealing with a rational
interpolation problem and the values in { f;;}, ;)< are function values. If all the interpolation
points coincide, then the problem is one of Padé approximation and it is well known that the
given data aren’t function values but Taylor coefficients. If some of the points coincide and some
don’t, then the problem is of a mixed type and it is called a Hermite interpolation problem or a
Newton—Padé approximation problem. In [9] is indicated how one should interpret the data f, :
some of them are derivatives and some of them are function values. In the sequel of the text it
doesn’t play a role whether one is dealing with coalescent points or not since all the formulas
remain valid in both cases and in the mixed case. Nevertheless we shall sometimes indicate how
the formulas are to be read if some of the interpolation points coincide.

Consider the following set of basis functions for the real-valued polynomials in two variables

8,00 1) = T (= x) TT (=)

k=0

Clearly B, ;(x, y) is a bivariate polynomial of degree i + j. Given the f,;, we can write in a purely
formal manner

flx, y)= Z fOi,OjBij(x7 y)

(i, HenN?
where the f;,,; are the bivariate divided differences

fOi,Oj=f[x0""7 xi][yO""’ yj]
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given by

f[xo,---,x,-”yo,...,yj] _ f[xl,...,xi][y(),...,yj] _f[xO""’xi—l][yOa---,yj-]

X, — Xg
or
f[x ""’xi] Viseoos Vil =F 1 X0s-eos X1 Voseves Yie
flxososx][yos--w] = 0 B2 j]yj—)[()o 1B 1]
with

f[xi][yj] =fij‘
Divided differences with coalescent points x;,..., X;,, and y;,..., y,,, are given by

1 9
flxixid [5)] =7<Ta_£]';

(x;,¥;)
and

10y
Al ayl

Ll =

(xi,¥7)-

In the Padé approximation case, for instance when all the interpolation points (x;, y;) coincide
with (0, 0), the data are Taylor coefficients and we can write in a purely formal manner

f(x, y)= Z fOi,ijiyj

(i, HEN?
with
11 9itif
ivjl ax’ 3y’ (x,3)=(0,0)

fOi,Oj =

Note that the basis functions B, ,(x, y) now take the very simple form x'yd.

In order to construct rational interpolants or Padé approximants for the given set I we choose
two finite index sets N, a subset of I, and D, a subset of N2, which determine the “degree” of
the numerator and denominator and we put as in [9]

p(x, y)= 2 a;B,(x,y) (N from “numerator™),
(i1,.j)EN
g(x, y)= 2 b,;B,(x, ) (D from “denominator™), (A1)
(i, )HED
(fg—p)(x, y)= ¥  «¢;B;;(x,y) (J from “interpolation conditions”).
(i, ))eNNI

The rational interpolant ( p/q)(x, y) will then be denoted by
[N/D].



A. Cuyt / Convergence accelerators 181

Let us introduce a numbering r(i, j) of the points in N2, for example based on the enumeration

(0,0),(1,0), (0,1), (2,0),(1,1),(0,2), (3,0),(2,1),(1,2),(0,3), ....

first diagonal second diagonal third diagonal

In this case
r(i, )=z +)i+j+1)+j—4,
but other enumerations can be used as well. The only limitation is that the enumeration must be

such that for every /, the subset of N containing the first / points satisfies the inclusion property
too. If we denote #N = n + 1 then we can write

N=UN,
1=0
with
g=N_,cN,cN,C--- CN, {CN,=N,
#N,=1+1,
NAN_ = {(i, j)}, 1=0,...,n,
r(i i) >r(y, ji), 1>

In other words, for each /=0,..., n we add to N,_, the point (i,, j,) which is the next in line in
N N N? according to the enumeration given above. Denote #D = m + 1 and proceed in the same
way. Then

D= U D,
1=0
with
D_.l =ﬂ’

#D,=1+1, D\D,_;={(d, e)}, [=0,...,m.

Now (A.1) can be rewritten as

i
(fq)Oi,OJ':pOi,Oj: a;;= Z Z bpvfui,vj’ (l’ ]) EN,
p=0vr=0
. (A2)
(fq)Of,sz 0= Z Z bpvfp.i,vj’ (l’ .]) EI\N9

p=07»r=0

with b, , =0 for (g, v) & D. In the Pad¢ approximation case the divided difference f,; ,; equals
the Taylor coefficient fy;_, ;-

Let us assume that the interpolation set I\ N is such that exactly m of the homogeneous
equations (A.2) are linearly independent. Degenerate cases can be avoided by adding interpola-
tion data to the set I until the rank of (A.2) is equal to m. It is obvious that this condition
guarantees the existence of a nontrivial solution of (A.2) given by the following determinant
expressions, because the number of unknowns in the homogeneous system is now one more than
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its rank. We group the respective m elements of I\ N that supply the linearly independent
equations in the set H and number them also following the enumeration given above,

H=\JHCI\N
=1

with
HO = ﬂ

#H,=1, H\H,_,= {(h/’ kl)}» [=1,

eee, M.

The polynomials p(x, y) and g(x, y) satisfying (A.1) are then given by [9]

Z(i,j)ENdei,eojBij(x’ J’)
fdohl,eokl
plx, y)= .
dehm’e(ka
By.(x,») ... B, (x,)
fdohl’eokl fdmh1~€mk1
q(x, y)= . .
dehm’eOkm Te fdmhm.emkm
where
fd,h,,e,kb, =f[xd,7 s xh_,] [ye,’ S )’k},]
with

Jan, i, =0 fd;>h;, or e>k,.

Z(i,j) e Nfdmi,e,,,jBij(x’ y)

fdmh,,e,,,kl

*

fd"” h no el" k ni

(A.3a)

(A.3b)

In [8] these determinant formulas are given when all the interpolation points coincide and a lot
of specific choices for N, D and I are described. In [7] it is illustrated that the covariance
properties satisfied by these multivariate Padé approximants are determined by the structure of

the index sets N, D and I.

The formulas (A.3) can be rewritten so that they can be computed recursively. Multiplying the
(I+1th row in p(x, y) and g(x, y) by B, (x, y), I=1,..., m, and dividing the (/+ 1)th

column by B, , (x, y), [=0,..., m, results in

E(i,j) e Nfdoi,eodeOi,eoj (x, y)

fd(,h],eok1BdOhl,eOkl(x’ y)
p(x, y)= ,

fdohm,eokdeohm,eokm( X, y)

Z(i,j) S Nfd,,,i,eijd,,,i,e,,,j(x’ y)

fd,,,hl,emk]Bdmhl,emkl(x9 y)

fdmhm,e,,,k,,,Bd,,,h,,,,e,,,km(x’ »)

(A.4a)
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1 1
fdohl,eok,BdOhl,eokl(x’ y) fdmh,,emled,,,hl,emkl(x’ y)
g(x, y)= : : ’ (A.4b)
fdoh,,,,e(,kde(,hm,e(,k,,,(x’ y) .. fdmh,,,,e,,,k,,,Bdmhm,e,,,km(xa »)
where for k <i and /<y
Bi '('x’ y)
By (x, p) =< =(x—x) - (x=x_)(y=y) - (y=y_1)
Kl By(x, y) !
and for k>iorl>j
fki,lj =0
For such a quotient of determinants the E-algorithm is particularly suitable [6]
! —
Eé)= Z fdoi,eo.deoi,eoj(xr y)’ 1_0""’n+m’
(i,)YEN,
839 = X JaieyBaiei(x, ¥) = > Ja, e, jBa, sie, (X5 ¥),
(i,J))EN, (i, YEN,
r=1,....m, [=0,....,n+m,
B, g5 — EC g
EW =S8 Z B 8ol gy n, r=1,2,...,m, (A.5a)
U+ _ ()
gr—l,r gr~1,r
() U+ _ U+ (D
(= ELsE I T BINE (A.5b)
r.s +1ny _ O s ) yes e .
gr-l,r gr—l,r

As a result of these computations
[N/D] 1= E,S[')-

Since the solution p(x, y)/q(x, y) of (A.2) is unique due to the fact that the rank of (A.2) is m,
the value E{" itself does not depend upon the numbering of the points within the sets N, D and
H. But this numbering affects the interpolation conditions satisfied by the intermediate E-values.
For/=0,...,n and r=0,..., m we prove in [6] that

0y _
ED =[N/ D] nu (rons dreieecosCine s Crre KiheeeslChoy e Ky} -

r points
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Appendix B. Tables

The values E” and g’} are stored as indicated below.

EQ
E{®
E§V
El(l) E(O)
E® : . (B.1)
ED,
Em
El(n+m—1)
Eé"+m>
| i | | 1
g g o g% | 1
| i | | I
1 @ 1 ) | [
' SE | &1 ! t
g6l | 83 L s I gt
| | 1 | |
[ gl(}Z) ! ! ggz gﬁ(l)l r ! ! . gr(r(l))—l m
| | i ’ | I . ’
g3 1 &) Pl g : Do | :
| | 1 n —r | ' n
| | | gf_}',':' D | gr(njll.)m
| I | { |
| (n+m—1) 4 | (n+tm-1) 1 !
| 812 X | 81.r \ |
g™ | gyt ™ Lo s | L 8™
(B.2)
The values E;) for p =0, 1 and the values h{’)_, are stored as indicated below.
E§3
Ef3
E}
Ef3 Ep
ES} : Do (B.3a)
Er('(-)gm.o
E)
El(ra+m—l)
E[()rz)+m)
EQ
E}
E§Y .
E} ED,
ER : o (B.3b)
Er(ﬁzm.l
EX
E‘(r;+m—1)

E(("r!l+m)
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0 ! 0 | [ 1 I,
hed e L A
| | | [ |
I hO I h©® | |
| 1.3 | | l.r—1 | H
W) LA e
1 1 1 | |
(1) ) (] . (]
: h : : hir s 2y e : : : Mo 1 om 41
(2) (2) 2)
hoz 1 hos ! RN : | | :
} | | (n+m—r+1) | | (n+1)
| | | hril.’:’#—{ | | hrr:’—l.m+1
! | | | I
| h(n+m—1) ' | h(n+m71) | )
| 1.3 | | 1.r—1 | |
(n+m) | p(n+m) | I p(n+m) | | p(ntm)
hO’.’Z ” | h0.3 I ) hO"'r‘l | | hO’.’mTl
(B.4)
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