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MULTIVARIATE PADE APPROXIMANTS REVISITED

ANNIE CUYT¥)
Institut fiir Angewandte Mathematik der Universitit Bonn, Wegelerstrasse 6, D-5300 Bonn 1, BRD

Abstract.

Several definitions of multivariate Padé approximants have been introduced during the last decade.
We will here consider all types of definitions based on the choice that the coefficients in
numerator and denominator of the multivariate Padé approximant are defined by means of a linear
system of equations. In this case a determinant representation for the multivariate Padé approximant
exists. We will show that a general recursive algorithm can be formulated to compute a
multivariate Padé approximant given by any definition of this type. Here intermediate results in the
recursive computation scheme will also be multivariate Padé approximants. Up to now such a
recursive computation of multivariate Padé approximants only seemed possible in some
special cases.

AMS classification code: 41 A 21

1. General definition.

The framework used to describe the group of definitions based on the use
of a linear system of defining equations for the numerator and denominator
coefficients, is greatly inspired by [10]. Given a Taylor series expansion

flx,y) = Z Cijxiyj
(e n?
with

we will compute an approximant p(x,y)/g(x,y) to f(x,y) where pix,y) and
q(x, y) are determined by the accuracy — through — order principle.
The polynomials p(x, y) and g(x, y) are of the form

plx,yy = Y ayx'y!

@jeN

qx,y) = Y byxiy
@.neD
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where N (Numerator) and D (Denominator) are finite subsets of N% The sets
N and D indicate in fact the “degree” of p(x, y) and g(x, y). Let us denote

#N=n+1
#D=m+1.

It is now possible to let p(x, y) and g(x, y) satisfy the following condition for the
power series (fg —p)(x, y), namely

(1) (fg—p)x,y) = z dijxiyj
(i./yeN?\E

if, in analogy with the univariate case, the index set E (Equations) is such that

(2a) NcE
(2b) #(EW)=m=#D—1
(2c) E satisfies the inclusion property

meaning that when a point belongs to the index set E, then the rectangular
subset of points emanating from the origin with the given point as its
furthermost corner, also lies in E.

Condition (2a) enables us to split the system of equations

dij =0, (iL.j)eE

in an inhomogeneous part defining the numerator coefficients

i i
Z Z Cuvbi-u,j—v = aijs (l9])€N

u=0 v=0
and a homogeneous part defining the denominator coefficients

(3) i i Cﬂvbi_u’j_y = 0, (l,])e E\N

u=0 v=0
By convention
by =0 if (k,D¢D.

Condition (2b) guarantees the existence of a nontrivial denominator g(x,y)
because the homogeneous system has one equation less than the number of
unknowns and so one unknown coefficient can be chosen freely.
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Condition (2c) finally takes care of the Padé approximation property, namely
p _ i J
(f“ ‘)(X,Y)— Z € Xy
q (i, )) eN*\E

For more information we refer to [5, 6].
Let us now introduce a numbering r(i, j) of the points in N?, based on the
enumeration

0,0), (1,0), (0, 1), (2,0), (1, 1), (0,2), (3,0}, (2, 1), (1,2), (0,3), ...

first second third
diagonal diagonal diagonal

So
r(, j) = 3G+ ) +j+ 1)+

Since the set N contains n+ 1 points, we can write

C=

N:

1

N,

0
with
@-——:N._lCNQCNlc"'CNn_IC:anN

#N; =]+1
NN, —y = {Gn )} I=0,...n
r(ilajl) > r(injr)’ l >r

In other words, for each [ =0,...,n we add to N,., one point called (i, j;)
which is next in line in N n N? according to the enumeration given above.
The same can be done for

with
D_, =49, Dl\Dz—l = {(dz,eg)}, I=0,..,m

For the sake of simplicity we assume that the homogeneous system of
equations (3) has maximal rank. From numerical experiments we know that this
is most often the case. However, what follows can be extended to the case when
this is not true, by adding points to the set E\N until the rank deficiency has
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disappeared, but at this moment this would only complicate the notation. As a
consequence of (2a), and (2b), we know

#E=n+m+1.
Hence we can write
ntm
E = U El
=0

with
EI:NZ’ l=0,‘..,l’l

En+l\En+l—1 = {(in-f-lvjn-r-l)}n l = 19---am

Fiepdusd) > inj),  n+l>rZ2n+1

It was shown in [10] that a determinantal representation for

ple,y)= Y ax'y, 0=hsn

(i, ))e Ny
and
ax.y)= ) by, O0=k=m
(i, /e Dy
satisfying
Ua—p)e,y) = 2 dxy!
(i.j)e NZ\E;H-h
is given by
ivi ... i
2 )Ny Cimd j— e XY 2 e Ny Cidyjm e XY
(“a)  palx,y) = Cives~dou s =0 h Chuar=di s e
cih+k—d0$jh+k_eﬂ ' Cih+k’dk5jh+k—ek
xdcyeo . xdkyek
C. do i _ e C. i
(4b) qi(x, y) =] e 0:Jh+ 1~ €o ipay =i Jur 1 — e
cih+k"d01jh+k_eo o Cimk“dhsjhk’ek
where

ci;j=0 if i<0 or j<0.



MULTIVARIATE PADE APPROXIMANTS REVISITED 75

A solution of the original problem (1) is then given by p,(x, y)/q.(x, y) because
N,=N, D,=D  and Eyim=E.

In order to show that this general setting can handle quite a number of
previously given definitions of multivariate Padé approximations, we shall now
give the sets N, D and E for several of these definitions. When we are dealing
with Karlsson-Wallin [9] Padé approximants; we must choose v and u in N
and construct

N={)eN*0Si+j=v}
D={deeN0=d+e =y}

which are triangular sets. In this way

#N=n+1=3v+1)v+2)
#D=m+1=3u+1)u+2).

For Pad¢ approximants introduced by Lutterodt [13], we have with vy, v,,
H1, o fixed

N:{(i,j)eJV2|0§i§V1, Oﬁjévz}
D=dee yY0=d=Sp, 0=5e=u}
which are rectangular sets. Now
#N=n+1=(vi+ Dy +1)
#D=m+1=(u+1)(u,+1).
For these two types of multivariate Padé approximants, the only demands for
the set E are the conditions (2a, b, ).

Multivariate Padé approximants of order (v, #) introduced by Cuyt [3] appear
to have numerator and denominator index sets given by

N={@G)eN - puSi+jSv pu+v}
D={{de)eN?v-uSd+e=<v pu+u}

which resemble triangular sets. Here

E={(i,)eN0Si+j<v-u+v+u)
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The approximants introduced by the group working in Canterbury [2, 8] were
constructed from

IIA

N=1{Gj)eN0Si<v, 0S5
D={{de)eNP<d=<yu, O

!
Vay

N

e§#z}

E=N{JD{J{(j)e N}0 = jSmin(v,,p), max(vi,p;) <iSv+pu,
i+jSvi+u}

U {G, e N0 = i = min(vy, ), max(vy,pz) <Jj =S v+,
i+ = vatpa)

with the additional requirements
dV1+ﬂ1+1'g,i+ d[’ vadpa+1-1 =O, l= 13 B min(\}h Hi,Vz, qu)

These additional requirements alter the determinantal representations (4a) and
(4b) but the structure of the determinants remains the same. For more details
we refer to [10]. We will show that in each of these cases the rational function
PalX, ¥)/qm(x, y) can be computed recursively, starting from po(x; y)/qo(x, y) and
building intermediate values py(x, y})/gi(x, y).

2. Recursive aigorithm.

The algorithm which we shall give is a generalization of the e-algorithm, but
a special case of the more general E-algorithm [1]. The formulas (4) can be
rewritten as follows. Multiply the (I+1)* row in pu(x,y) and qu(x,y) by
x*pher (1=1,..,k) and afterwards divide the (I+1)" column by xiye:
(=0,...,k).

This results in

(a) Z(i,}')eNp.ci—do,j—eoxi_doyj—eo Z(i,j)eN,.Ci—d,‘,j—ekximdkyj_e"
ph(x’y) o Cihﬂ_do,j,.ﬂ—-eo:ihﬂ—doyjhﬂ_eo ci,,+1—dk,jh+l—-gk':xiiﬁ‘]‘d"yj’ﬁ-l_e.‘
cih+k—d;,j"+k_eo ia+k—doyja+;<_€o v Ci,,ﬂ—dk,j“k..gk i,,ﬂ—d,‘yj'k%_.ek

(5b) 1 {
Ci"“_do,jhn—eo ih+1—doyjh+:“eo ci,,ﬂ-—d,,,j,,ﬂ.—ekxihﬂ_dkyjh”_ek

qilx, y) = : :
’ Ci'-+k_do,jn+k—eo ih+k_‘d0yjh+k“€o Cih+k_dk7jh+k—ek i}|+k“dhyjh+k_ek
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We can casily construct (k+1) series of which the successive partial sums
can be found in the columns of p,(x, y). Take

[O(O) =c xio‘doyjo—‘—’o

ig—dg, jo—eg

Ato(i—1) = to(D—tol—1) = ¢; 4 ;o X" ®¥"7%,  I=1,.. h+k

in this way

i
toh) = ) CigyjeX VT
(i, /)e Ny

We remark that Atg(I—1) =0 as long as iy <dy or j; <eyd =1,..,h+k).
In this way we obtain the first column of p,(x,y). We can proceed in the same
way for the other columns. Define for r = 1,.. .k
iy—d, Jo—e,

l’,(O) = Cio“dnjo—erx y

Atd—1) = ()=t (—1) = ¢;_, ; _ X"""y'"  I=1,. , h+k

Hence

."dr j— r
t,(h) ES Z ci_d“j_e'x' y] é
. J)e N

and the (r+1)th column of py(x,y) is obtained. Again Af,(I—1)=0 for
iy <d, or j; <e,.

Consequently
to(h) e te(h)
(6a) Pa(%, y) = At(:,(h) e At,:((h)
Azo(h%k—x) Az,‘(hirk—l)
1 o 1
(6b) e y) = At(:, hy At,s(h)
Ato(h-;-k—l) Atk(h-;-kml)

This quotient of determinants can easily be computed using the E-algorithm [1]:

e =1to(l)) I=0,..,h+k
9, =t)—t,_1(), r=1,..,k; 1=0,. h+k
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B girh b0
e — gl )
o _ 19— Gr '
(7a) & gi‘f1"r~g$’11 ; s I=0,...h; r=1,...k
) WD, g n g
gr 1, sGr - .gr—-
(7b) g9 = , s=r+1,r+2,...
gi’“’ —95” L
g
e
g
£ &0
e :
X o
gtk
8g1+k)
7 SO 7 U t I g
! g | 4 g
g8 | gt [ X
i [ gt 7 SO
982,)1 l g(oz,)z | I 932,)k :
: [ : [ P gt
! l i
| gf sy | | gl
7 A B G I A

Finally with 2 = nand k = m, i.e. with N, = N, D, = D and E,,, = E, we get

p"(x’ﬂ =
gmlx,y) "

while intermediate values in the computation scheme are also multivariate Padé
approximants since

8%3;) - ph(xs Y)
qilx, y)
and thus

f — Sg‘h) o Z e”x‘y'].

() e NN By
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So we see that Padé approximants originally only introduced via defining

equations, can now also be given via a recursive scheme. The next step is to write
them as the convergent of a multivariate continued fraction. This will be the

Su

bject of further research. Then the univariate equivalence of the three main

defining techniques for Padé approximants is also established for the multivariate

ca

se: algebraic relations, recurrence relations, continued fractions. Readers

interested in a comparison of numerical results for the definitions of multivariate
Pad¢ approximants treated here are referred to [4,7,11].

R
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