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The e-Algorithm and Multivariate Pad6-Approximants 
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Summary. In the univariate case the c-algorithm of Wynn is closely related 
to the Pad6-table in the following sense: if we apply the e-algorithm to the 

partial sums of the power series f ( x ) =  ~ c y  then e2, .~-" is the (l, m) Pad6- 
i=O 

approximant to f (x)  where l is the degree of the numerator and m is the 
degree of the denominator [-1 pp. 66-683. 

Several generalizations of the e-algorithm exist but without any con- 
nection with a theory of Pad6-approximants. 

Also several definitions of the Pad6-approximant to a multivariate func- 
tion exist, but up till now without any connection with the c-algorithm. 

In this paper, we see that the multivariate Pad6-approximants intro- 
duced in [3], satisfy the same property as the univariate Pad6-appro- 
ximants: if we apply the e-algorithm to the partial sums of the power series 

�9 in f ( x , ,  ..., x,) = 2. ci,...i.x]'"'x,, 
i l + . . . + i n = O  

then e ~  m) is the (/, m) multivariate Pad6-approximant to f ( x  1 . . . .  , x,). 

Subject classification: AMS(MOS): 65D15, CR: 5.13 

1. Univariate Pad6-Approximants 

We briefly repeat the concepts which will be generalized to the multivariate 
case in the third section. 

l 
Let f ( x ) =  ~ ckx k, p(x)= ~ a S and q(x)= ~ b~#. We say that f (x)  

k=O i=O j=O 
=O(x k) if non-negative constants K and r with r < l  exist such that 
If(x)l <Klxl k for Ixl <r. 
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Definition 1.1. If p(x) and q(x) satisfy 

f (x) . q(x)-  p(x)= O ( x  l +m+ 1) 

"x" p,(x) p(x) then the irreducible form Jxz,,t ~=a(~,,,, of q ~  is called the (l,m) Pad& 

approximant to f.  
A normalization such as q . (0)= 1 is generally imposed in order to guarantee 

the unicity of the Pad6-approximant. 
The following property for p(x) and q(x) satisfying Definition 1.1. can easily 

be proved [4, pp. 243]. 

Theorem 1.1. If  the following determinant 

then 

p(x) 
q(x) 

1 . . .  1 - m  
IX/+1 m Xl+ l cl+ . c z + l _  ~ 0  

Cl+m Xl+m Cl x l  

f l  (X) f l  - 1 (X) . . .  f l  - m (X) 

Cl + 1X/+ 1 . .. mXl+ 1 -ra Cl x l  Cl + 1 - . 

[ Cl+m Xl+m . . .  Cl Xl 

1 1 
1XI+I  1--m Cl+ CI XI "'" CI+ 1 - m  Xl+ 

�9 " .  . 

Cl+m Xl+m Cl Xl 

i 
where fi(x)= ~ Ck xk. 

k=O 

In numerator and denominator of the quotient of determinants in Theorem 
1.1. a factor x z'~ can immediately be cancelled, but we prefer this expression 
which can easily be generalized to the multivariate case�9 

2. The e-Algorithm 

The e-algorithm perfoms the following caluclations; the input are the elements 
of a row {sill=O, 1 ...}. 

Put 
e(Oi =0  i=0,  1 . . . . .  

e~)=si i=0,  1, .,,, 

~ - 1 ~ = 0  j = 0 , 1  . . . .  , 
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and compute  
1 j = 0 ,  1 , . . .  

j +  1 : -  ( i+  1) (i) gj - e) i = - j ,  - j  + 1 . . . . .  

The e} ~ can be ordered in a table as follows: 

do ' ) = 0  4 - 2 ~ = 0  . . .  

e ~  =0 e~l -'~ 
e(00) = S0 8(2 - 1 )  , . .  

~ = o  4 ~ . . .  

e'o" =Sl 4 0, . . .  

e ~  =0 4 '~ . . .  

g(02) = $2  g(21, . . .  

e(_3) 1 = 0  ' g(12) ' . . .  

So the index j refers to a column while i refers to a diagonal. The following 
property can be proved for the z-algorithm. The proof  is very technical and 
can be found in [2 pp. 44-46]�9 

Let us denote by As i=s i+  1 - s  i. 

Theorem 2.1, 

Si+ j . �9 

ASi+ j ... 

As i+2j-1  
e ( O  _ 2 j - -  

l � 9  

zJSi+ j . . .  

A S i + 2 j _  l �9 

s i 

ASi+ 1 A s  i 

Asi+j As i+j -1  

1 

dsi 

A s i + j _ l  

with s i = 0 f o r  i < O. 
i 

Now it is easy to see that for si = ~ Ck xk 
k = 0  

e ~ ; " ,  = 

f , (~ )  . . .  f~_,~(x)  
�9 X l - m +  1 Ct+I X l + l  . .  C / _ m +  1 

Cl+m Xl+m . . .  C1 xl  

, . ~  1 

x l+ l i x l - m +  l Cl+l . . � 9  

C X l+m l+m "'" Cl Xl 
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Of course, we restrict ourselves always to finite eq~ Since the algorithm is a 
3 �9 

nonlinear algorithm, it can always happen that e~g)is indefinite (when e~+~ ) 
= ~,~_ ~). 

3. Multivariate Pad6-Approximants 

Let f ( x ) =  ~ Ck xk where x =(x~ . . . .  , x.), 
k = O  

Ck x k  "~- Z ..k 1 xk2 , kn 
Ckt,..kn 3~'1 2 " �9 Xn " 

k l + . . . + k n = k  

In other words Ck Xk is a homogeneous polynomial of degree k in x 1 . . . .  , x.. 
lm+l lm+m 

Let p(x)= ~ a i x  i and q(x)= ~ b~x j where 
i=lm j = l m  

and 

�9 " in 
ai Xl = 2 a i l . . . i .  X~ll " " Xn 

i l + . . . + i n = i  

bjx ~ ~ bj,...j x{'... J" X n �9 
j~ +...  + j ,  = j 

We say that f(x)=O(x k) if non-negative constants K and r with r <  1 exist, 
such that [f(x)l<KHxl[ k for Ilx[I < r  [3 pp. 66]. 

Definition 3.1. If p(x) and q(x) satisfy 

f(x).q(x)-p(x)=O(x l'+t+"+l) and q(x)~-O, 

. , ,  p , ( x )  p ( x )  
then the irreducible form K~mtx )=- -  of is called the (l, m) multivariate 
Pad6-approximant to f q,(x) -q~ 

Polynomials p(x) and q(x) satisfying Definition 3.1 can be calculated by 
solving the following systems of equations: 

C O �9 blm Xlm = a i m  Xlm 

ClX 1. blrnX tm q- . . .  q- C O . b t m + l X  lm+t : -  a i m + i x  tm+l  

with btm+jXtm+J-O i f j > m  

for all x in 1R" 

-~-C x l + l  - m  ~ lm+m o. 
CI+I X l + l  "blm X l m +  "'" l + l - m  "Dlra+mX = U  

1 Im+m .", 
C l + m x l + m ' b l m X l m  ~ - . . .  "q -ClXl 'Olm+m X - - U  

for all x in R" 

with C k X k : ~ o  if k<O. 
The homogenous system contains m equations in the m + l  unknowns 

b l m X l m  . . . ,  b lm + mXlm +m 

A solution is given by 
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b y lm+j__  
lrn+j~ 

c ix l  . . . e l +  1 _mXl  + l --m 
l m  �9 

blmX - -  

ICl+m- 1 Xl +m - 1 . . .  c ix l  

ClXl .. __ __ C l + l X l + l  . e l+ - m  �9 "" 1 - m  X l + l  

�9 " for j=l ,  �9 �9 g ~ m 

xl  +m - 1 e l+m_ 1 Cl +m Xl +m Cl XI 

T 
jth column in btm Xlm replaced by this column. 

Now it is easy to see that a representation of p(x) and q(x) satisfying Definition 
3.1 is given in Theorem 3.1. 

Theorem 3.1. If 

then 

Cl+lX~+lclxl. 

Cl+mXl+m 

p(x) 
q(x) 

. , ,  l - - m  

. . .  m XI+ I 
cl+x _ ~ 0  

. . .  Cl Xl 

f ,  ( x )  f~ _ 1 ( x )  

el+m Xl+m 

�9 . .  f ,  A x )  _,~ 

�9 .. Cl+ 1 _m X l + l  

� 9  Cl Xl 

. , .  1 

CI + I XI. + l CI Xl " " " cl + l - m X l  + l 

Cl+mXl+m . . .  Cl Xl 

i 

w h e r e  f / ( x )  = ~ Ck xk. 
k=O 

We give a few examples to illustrate Theorem 3.1 and the translation of 
degrees in p(x) and q(x) by 1.m. 

Let 

xl t_ sin(x1-x2) f(x1, X2) = 1 q 0.1 - x  2 

=1+10x,+lO1xlx2+ ~ lOkxlxk-l'~ ~ ( - 1 )  k(xlx2)2~+l 
k = 3  k = l  (2k+ 1)! " 

Take l= 1 =m. 
The determinant 

C21X 2 C:X = Iollxlx2 Iolxa •0. 
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So 

a n d  

_ 1 + 10x 1 

p(x) 1 0 1 X l X  2 

q(x) 1 
l O l x l x  2 

l ~ x  I _ lOx 1 + lOOx~ - l O l x l X  2 

1 1 0 x  1 - -  1 0 1 x 1 x  2 

10x I 

1 + 1 0 x l -  10.1x 2 
e l l ( X ) -  

1 - 1 0 . 1 x 2  

F o r  l = 3 a n d m = l  we get 

l + l O x l + l O 1 x l X 2 + l O 3 x ~ x  2 l + l O x l + l O I x l X  2 

p(x) = 1 0 % ,  4 103x  

q(x) 1 103~1x22 104X1 X3 

1 0 3 X l  x2(1 + 10x 1 - 1 0 x  2 -]-X1X 2 -- 1 0 X 1 X 2 )  

a n d  

R31(x ) -- 

103X1X~(1 - - lOx2)  

1 + 10X 1 - 1 0 x  2 + x l x  2-10xxx ~ 
1 -  10X 2 

W h e n  1 = 1 a n d  m = 2 we have  

1 + 1 0 x  1 1 0 

1 0 1 x l x  2 10x 1 1 

p(x) 103X1 X2 IO1x1x 2 IOx 1 

q(x) 101~lX 2 10xll lixl 
103X1 X2 101XaX 2 

a n d  

lOOx~ (x 1 - 1.01 x 2 + lOx 2 + lOx 2 - 2 0 . 2 x  1 x2) 

lOOx 1 (x  1 - 1.01 x 2 + lOx 2 - 10.1 x 1 x 2 ~- 2.01 x 1 x22) 

x 1 - 1.01 x 2 + 10x22 + 10Xl 2 -- 20.2x 1 x z 
R12(x)= 

x 1 - 1 . 0 1 x  2 +  10x 2 - 1 0 . 1 x  ix 2+2.01x lx22' 

If  we app ly  the e -a lgor i thm n o w  to the row si= ~ qxki=O, 1 . . . .  } we get for 
k=O 

e~,7, m~ as a result  o f  T h e o r e m  2.1, precisely the  q u o t i e n t  of d e t e r m i n a n t s  g iven  in  
T h e o r e m 3 . 1 .  So the mu l t i va r i a t e  P a d 6 - a p p r o x i m a n t s  g iven by  Def in i t i on3 .1  
can  be ca lcu la ted  recursively.  To  conc lude  we fill up  a par t  o f  the E-table a n d  

f ind b a c k  the  mu l t i va r i a t e  P a d 6 - a p p r o x i m a n t s  for f(xl,x2)=l-~ Xl 
+ sin(x1, x2). 0.1 - x  2 
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