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The e-Algorithm and Multivariate Padé-Approximants

Annie AM. Cuyt!

University of Antwerp, Department of Mathematics, Universiteitsplein 1, B-2610 Wilrijk, Belgium

Summary. In the univariate case the ¢-algorithm of Wynn is closely related
to the Padé-table in the following sense: if we apply the e-algorithm to the

partial sums of the power series f(x)= Y ¢;x’ then &), is the (I, m) Padé-
i=0

approximant to f(x) where [ is the degree of the numerator and m is the
degree of the denominator [1 pp. 66-68].

Several generalizations of the e-algorithm exist but without any con-
nection with a theory of Padé-approximants.

Also several definitions of the Padé-approximant to a multivariate func-
tion exist, but up till now without any connection with the e-algorithm.

In this paper, we see that the multivariate Padé-approximants intro-
duced in [3], satisfy the same property as the univariate Padé-appro-
ximants: if we apply the e-algorithm to the partial sums of the power series

00
S5 x)= ) Ciponin X1 oo X
i1+ a.+in=0
then ¢! ™ is the (I, m) multivariate Padé-approximant to f(x, ..., X,).

Subject classification: AMS(MOS): 65D15, CR: 5.13

1. Univariate Padé-Approximants
We briefly repeat the concepts which will be generalized to the multivariate
case in the third section.
Let f(x)= Z c, X", px)—z a;x' and g(x)= ) b;x’. We say that f(x)
i=0 =0

=0(x" if non-negatlve constants K and r with r<1 exist such that
|f S K|x[* for |x] <r.
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Definition 1.1. If p(x) and g(x) satisfy
J(x)-g(x)=p(x)=0(x"*"*1)

then the irreducible form R,m(x)-——M)Q of px) is called the (l,m) Padé-
9,(x)  q(x)
approximant to f.
A normalization such as ¢, (0)=1 is generally imposed in order to guarantee
the unicity of the Padé-approximant.
The following property for p(x) and g(x) satisfying Definition 1.1. can easily

be proved [4, pp. 243].

Theorem 1.1. If the following determinant

1 1
I 141
e Ty X T £0
ClomX T o x!
then
S S o fiia()
XXt gy Xt
o !
p(x) R ¢x
a(x) 1 {
G gx! CragomX 1"
Cl+mxl+m c,x'

where fi(x)= Y ¢, x~
k=0

In numerator and denominator of the quotient of determinants in Theorem
1.1. a factor x'™ can immediately be cancelled, but we prefer this expression
which can easily be generalized to the multivariate case.

2. The e-Algorithm

The e-algorithm perfoms the following caluclations; the input are the elements
of a row {s;|i=0,1...}.
Put
e, =0 i=0,1,...,
=y, i=01,...,
e;77 V=0 j=0,1,..,
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and compute

&0 =8(-i+1)+~_1——- .]::0,1,
A L o A B W
The & can be ordered in a table as follows:
e V=0 & 9=0 ...
£ =0 e=h
sy A
) ©
e =0 &
el =s e
(2) _ (1)
4 =0 &
e =s, &)
e =0 2

So the index j refers to a column while i refers to a diagonal. The following
property can be proved for the g-algorithm. The proof is very technical and

can be found in [2 pp. 44-46].
Let us denote by 4s;=s,,, —s;.

Theorem 2.1.

Sitj S;
48, sy 4s,
o ASipnjy ASiyy 4845
£y =
1 1
484 As;
AS; iy As; 54
with s;=0 for i<0.
i
Now it is easy to see that for s;= > ¢, x*
k=0
fx) Ji_m(x)
. I+1 I—m+1
G X G X
I+m !
‘ CremX ox
—m) —
éom =
1 1
141 I-m+1
Cii1X ool 1 X
L+m 1
CramX X
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Of course, we restrict ourselves always to finite &}, Since the algorithm is a
nonlinear algorithm, it can always happen that ¢ is indefinite (when &{*
— (D)
=gV ).

j—1

3. Multivariate Padé-Approximants

Let f(x)= Y ¢ x* where x=(x,, ..., x,),

k=0

In other words ¢, x* is a homogeneous polynomial of degree k in x,, ..., x,,.

im+1 Im+m
Let p(x)= ) a,x'and g(x)= > b;x/ where
i=Ilm J=1Im
i 11 ln
axt= Y a Xy
i1+...+ip=1

and
bxi= % by xixk
1t tin=J
We say that f(x)=0(x*) if non-negative constants K and r with r<1 exist,
such that [f(x)|<K|x|* for |x| <r [3 pp. 66].

Definition 3.1. If p(x) and g(x) satisfy
S(¥)-q(x)—p(x)=0(x""*"""*1)  and q(x)%0,

then the irreducible form R,m(x)=p £ of Px)
Padé-approximant to f. 2.0 4

Polynomials p(x) and g(x) satisfying Definition 3.1 can be calculated by
solving the following systems of equations:

is called the (I, m) multivariate

Im__ im
Co bynX " =0y, %

for all x in R"

] Im Im+1_ Im+1
X b XM ey by X T =, X

with by, , X"/ =0if j>m
I+1 Im I+1-m Im+m __
CerX T b X Gy X bimsmX =0 |
: for all x in R”
. 1
ClamX T by XM+ X! by, X =0

with ¢, x*=0 if k <O0.

The homogenous system contains m equations in the m+1 unknowns
By X™, ooy By X

A solution is given by
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1 I+1-m
X G X
Im : N
blmx - . >
l+m—1 !
Crym— ]X .. ;X
1 1+1 s I+1-m
X T G e X a1 —mX
b, . .xmti= : : : for j=1,...,m
lm+ j . . J EIRERS
I+m—1 l+m 1
Crom— 1’C —CipmX ax

j™ column in b, x"™ replaced by this column.

Now it is easy to see that a representation of p(x) and g(x) satisfying Definition
3.1 is given in Theorem 3.1.

Theorem 3.1. If

1 1
141, 1 141~
C1+1x.+ ax ... CI+1—m.x+ " £0
CramX ™™ L. ex
then
¥ fiox) o fiiw)
G XXt Loy X
1+m .l
X X
p(x)= | Cr4m 1
q(x) 1 1
141, 1 [+1-m

C XX 0y X
CmX X

where fi(x)=Y ¢, x"*
k=0

We give a few examples to illustrate Theorem 3.1 and the translation of
degrees in p(x) and g(x) by Lm.

Let
X,
fxy,x,)=1+ 0l—x +sm(x1 X3)
3 - 1 sz_*i
—1+10x1+101x1x2+k§310xlxz +Z( Qk+D1
Take I=1=m
The determinant
1 1 1 1
= 0.
c,x* ¢, x ‘101x1x2 10x1$
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So
1+10x, 1
p(x)__illelxz 10x,| 10x, +100x3 —101x, x,
ax) | 1 1] 10x,—101x,x,
’101x1x2 10x,
and

1+10x, —10.1x,
1-10.1x,

Ryi(x)=
For I=3 and m=1 we get

1+10x,+101x,x,+10°x,x2 1+10x, +101x,x,
‘ 10*x, x3 10%x, x3
I 1
10%x,x3 10°x,x2
_10%x; x3(1+10x, —10x, 4+ x,x, — 10x, x3)
103x, x3(1—10x,)

p(x)

ax)

and
1+10x, —10x, +x,x,—10x, x32
R — 1 2 12 1 2‘
31() 1—10x,
When I=1 and m=2 we have
1410x, 1 0
101x,x, 10x, 1
p(x) ]10°x,;x] 10lx,x, 10x,
gx) | 1 1 1
101x,x, 10x, 1
103x,x2 10l1x,x, 10x,

_100x,(x, —1.01x, +10x3 + 10x7 —20.2x, x,)
T 100x,(x, —1.01x, + 10x% — 10.1x, x, 4+ 2.01x, x2)

and
x; —1.01x,+10x3410x —20.2x, x,
x,—1.01x,+10x3—10.1x,x,+2.01x,x3

Ry,(x)=

If we apply the e-algorithm now to the row {sl: Y x*i=0,1,...} we get for
k=0

€5-™ as a result of Theorem 2.1, precisely the quotient of determinants given in

Theorem 3.1. So the multivariate Padé-approximants given by Definition 3.1

can be calculated recursively. To conclude we fill up a part of the e-table and

Xy

find back the multivariate Padé-approximants for f(x,,x,)=1+ 01
.1 —x,

+sin(x; - x,).




45

he &-Algorithm and Multivariate Padé-Approximants

Ixtx 01+
Ix T 01+ ExTX QT+ P x0T + 1
N“x.ﬂx.\voﬁ
- 0
1
fxp1—1 Zx Vx.0] + Zx P10 4+ Fx
X IXQT— X x4 exg] — 'XQT+ ] X Xe01 101 OT+T1
wxdxmoﬁ
—_— 0
1
Nx@l
<01 Tl
" X701+ X014+ 1
R e
IxX'x107 - 0L <Ol ExTx 101 o
Ix001+“x70C—1 I
IXTx1g7+ X T — x0T + X107 — X IX101—1
Tyl 1 4 T ﬂux.oﬂnTﬁ
x X707 — 3X01 + ix01 + 7 X101 — 'x TxQT+ X101 — 1
(*x01—%x1-01)" x0T x0T
X Px1o1+PxQr— 1 I 0
$X001+Ex X101 — 'X01— 1 'x0T—1
I B T
'xQ1—-¢ T 0
0 0 0
‘1 slqe]L,
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