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Abstract." Continuity of the univariate Pad6 operator was proved in [5,6]. We discuss the limitations of a multivariate 
generalization and prove a multivariate analogon of the continuity property. 
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1. The multivariate Pad6 operator 

Let f (x  I . . . . .  Xp) be a multivariate function given by its Taylor series expansion 

f ( x  I . . . .  X p )  = E E Ck,...kp Xk  . . . .  k • X p  ? . 

k~O k~+ . . .  +kp=k 

Choose n and m in N and define multivariate polynomials 
n m + n  

p ( x  I . . . . .  x . )  ~= E E aill"ipXi 1 " ' "  Xlp p 
i ~ n r n  i~+ . . .  +ir~i  

and 

In 

and bj,.% such that ail...i p 

( f . q - p ) ( x ,  . . . .  ,xp)= E Y'. d,,..%x~, . . .  x~,. 
k ~ n m + n + m + l  k l +  - - .  +kp=k 
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r lm + m 

q(x,  ,Xp)---- E ~_, b x j' . . .  x~p. 
' ' ' "  Jl""Jp | 

j=nm Jl + "'" +Jp~J 

the multivariate Pad6 approximation problem, defined in [2], we calculate the coefficients 

(1) 
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It is always possible to compute a nontrivial solution of (1) and different solutions supply 
equivalent rational functions p/q. For more details we refer to [l]. 

The irreducible form ( p*/q*)( x1,. . . , xp) of ( p/q)( x1,. . . , xp) is called the (n, m) multivariate 
Padi approximant for f and it is unique up to a multiplicative constant. 

In [l] we proved the following results for p*/q+. Let l&q, denote the order of the multivariate 
polynomial q*, in other words the degree of the first nonzero term in q*( xl,. . . ,x,); let ap* and 
aq* respectively denote the exact degree of the multivariate polynomials p+ and q*. Then it is 
easy to see that l&p* 2 aoq* and that for 

n’= ap* - a04*, m’ = a4* - a04*, 

we have 
(a) n’4 n, 
(b) m’ c m, 
(c) there exists an s in N, 0 ( s < min(n - n’, m - m’), such that for S = nm - $,q* + s, we can 

find a nontrivial 

+1 ,...,xp)= c ek,..+,X:’ * . * xpkp (2) 
k,+ ... +k,=S 

with a,[( f - q* - p*) .r] z nm + n + m + 1, 
(d) a,,( f. q+ - p,) = aOq+ + n’ + m’ + t + 1 with t > max( n - n’, m - m’). 

In other words, the polynomials p+ and q* themselves do not necessarily satisfy (1) anymore, 
but we can multiply them by an appropriate homogenous polynomial r to obtain a solution of 

(1). 
Let us denote min(n - n’, m - m’) by d,,, and call it the defect of ( p*/q*)( xl,. . . ,x,). This 

terminology is chosen for d,,, because one can see from (2~) that 

a,(f.q,-~,)>,a~q*+n+m+l-d,,,. 

Let T, m be the operator which associates with f( x1,. . . , 
approximant; then T,_, 

xP) the (n, m) multivariate Pad& 
is called the multivariate Pad& operator. 

2. Continuity 

In the Taylor series expansion of f( xl,. . . ,xP), the contribution 

c ek,...&,Xlk’ - ’ ’ xpk’ 
k,+ ..’ +k,-k 

is the result of a k-linear operator on W P 14, pp. lOO-1071. If we call that k-linear operator c& and 
writex=(x,,..., x,), then we have 

fb I,...,xp)= E C&x&, whereC&xk=Ckx”‘x. 
k-0 

k times 

Analogously we can write 
nm+n 

p(X) = C AiXi, 

i-nm 

nm+m 

q(x) = c BjXj. 
j-nm 
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We can now introduce seminorms for the power series f as follows: 

Ilf (x ~~...~“p~ll,=~~;?~,Il~kll~ . . 
where llC,Jl = mqix,,=,lCkxkl. 

Let x0=(x0,,..., xop) be such that q( x0) f 0. We do not necessarily have x,, = 0 because aOq 
may be strictly positive. Then, because of the continuity of q, there is a finite poly-interval 
1,x *** x IP around x0, where q is nonzero. We call this poly-interval I. Multivariate functions 
g, continuous on I, are normed by the Chebyshev norm 

Ilsll, =~~;I&,...,xp)l. 

Continuity of the univariate PadC operator was extensively discussed in [6,5]. We shall now 
attempt to prove a multivariate analogon of those conclusions. But first of all we want to show 
why we cannot expect a continuity property of this multivariate Pade operator Tn.,, to hold in the 
origin x0 = 0. 

Consider 

fb,.x*)=j-&= 1 + x, + x: + x; + *. * 
1 

and 

J(XI,XZ)=f(X1’X2)+(YX22 
= 1 + xi + x; + crxf + x; + * * - . 

Then 

lyi-f II,+, = 0. 

In other words, fcan be chosen as close to f as we want. 
Take n = 1 = m and calculate the (n, m) PadC approximants for f and f. We get 

forf and x*,x2)= 
x1 - cvx; 

2 
2 forf. 

XI - XI - ax2 

In both cases the denominator polynomials q( x1, x2) and q( xi, x2) of all solutions of (1) are zero 
in the origin because nm > 0. 

The order aOq or i$,q and what is left of it in 4*(x,, x2) or 4*(x,, x2) are responsible for the 
singularity in the origin and hence for 

IILf - Llll, = 00 

on every poly-interval I around the origin. Nevertheless, the following continuity property can be 
proved. 

Let f and f be multivariate power series and let n and m be fixed. 

Theorem 2.1. If d,,, = 0 and q(x) # 0 f or aN x in a suitably chosen pofy-interval I, then 

Vc+=: II(f -f)(+.+,)II,+, (6 * IIT,,,f - T,.,fll, cf. 



Aq ua+% aq um “a put? “y ‘0 f (3)“‘“~ 31 1m.11 pahoys 
ah [c] UI $iIa+l~adsa~ (x)b put! (x)d u! zu + tuu pue u + zuu aadap JO swal atI uyuo~ “‘8 
pue “v) oJaz 4Ivwap! lou sr Iw+wUxuIt71 + I,,,, xUyl put! 24.4~ = hoe aAey 0sIE aM 0 = w’“p JI 

-0 01 Ienba ICIImyuap! lou s! 

X 
Ur-t+u 

3 . . . W-I+u “X3 

‘0 z . . 

w-1+u 
3 . . . 

= (3)“‘“a 

‘SPJOM Jay10 UI 

lueu!unalap ayl OS ‘0 + Oq ua@l atp JOJ uo!lnIos anb!un e my 

‘0 = “q”3 + . . . + oq’u+u3 

‘0 = wqw-I+u3 + . . . + oqt+u3 

walsLs snoaua%owoy 
ayl uayJ 4q = ‘hoe +/d?? puv 73 = ,x73 apM pue 0 # SbOe~owtg v?yl vns d %D u! x asooy3 

‘(I) tuaIqoJd uoyow!xo.tddt! ?ptzd ayi II! (x)b JO ~ip~piuou 
ayl 30 asnmaq put? +b”e 30 uoyugap aql 30 asntmaq 0 5 vbOexo*g am!s ‘(~““‘0 = [) ‘*a 
aqj 103 uo!lnIos [~A~_IOU e sq (c) MON .anb!un am ‘*fg ayl leyl yms (x)*b azyXuJou sn la? 

+_bOe+Ixrrg .yxys =(x)~*~J.~~ alaym 

‘o=(x)(w+g.~-1+u3+ . . . +O*gJ+u3) 

‘(x)“*y = (x)( o*g . “3 + . . . + “Wg. “3) 

(E) 

aM ‘d ti UO smmado .WaU!I-( *hoe + [) pue Xau!I-( *hoe + ?) klaAyadsa.I a.u? ‘*g pm !*JT alayM 

Jo3 0s *(Dz) 30 asnmaq 1 + u( + u + *hoe e ( +d - -6 ./ )Oe uayl 0 = w’Up 31 *3ooAd 
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A n x  nm.4-n 

Cnx  n C X n-1 n-rn n - I  " " " C n - m X  

n n + ]  - - m  Cn+l X + 1  Cnxn  . . .  Cn+l_m x 

Cn+m Xn+m C n x  n 

B m x  nm+m 

Cn Xn . . .  G + 2 _ m  X n + 2 - m  - - C n + l  Xn+l  

G X n 

Cn+m_ l x n + m -  I Cn+ l xn+  l -- Cn+mX n+m 

So because D.,, .(C), A . x  "m+", B,~x "'~+m, are determinants and thus continuous functions of the 
Ck, we have for C k close to C k 

O.,m (C) ~ 0, IA-nX~'÷nl + IB,.xn"+'l 
does not vanish identically, where A. and B., are the result of replacing C k by Ck in the 
determinants above. 

Ek ~oCkx = Thus, if we solve the Pad6 approximation problem f o r f ( x )  = ~ * a n d f ( x )  E~.0C, x* 
with n and m fixed and Ck close to Ck, we get solutions Pc(X), qc(x)  and pc(x) ,  qC(x) and we 
get irreducible rational forms ( p . c / q . c ) ( x )  and ( p . c / q . c ) .  We recall from [3] that if D~.m(C ) 

0, we also have the following determinantal formulas for Pc and qc: 

p (x) = 

qc(X) = 

n--rrl 

 ckx k . . .  E c k x  
k=O k = O  

Cn+ l Xn+ l 

G n ~ m  +m x 

1 

Cn+l Xn+l  

G+,x .+m 

D .m(c) 

" ° °  1 ° 

The fact that qc(X) is a continuous function of the C k implies the existence of a constant 8 such 
that f o r t  :=  Y~J0Ckx k with IJf-f[[ .+, , ,  ~< 8, also qe(x)  V: 0 for all x in the poly-interval I. Hence 

P.c  P . c  P . c  (x)_P.___£(x) - -max  
q . c  q . c  o~ ~ t  q*c q . c  I 

= P . c  P . ~ + P c  P c + P C  PC 

q . c  q . c  qc qc "~ 

qc qc ~ q*c 

qc 

Pc °~ + P * c _  Pc 

qc q*c q~ o~ 
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where 

because P*m = pas ad kqc = PccI*c. 
Now 

Since llAi 

kkw - 4TWI Q Ii IP, - qll. IIXllnm+i~ 
j-0 

- A,llG L* Ilf-fll,+m and since I is a finite poly-interval, we can write 

IIPC - Pcll G Wf-flln+m* 

Analogously, 

lkc - @II G wlf-flln+m~ 

Since q&x) + 0 in I, we get a constant E such that 

Iq,=(x)I > E for all x in I. 

so 

(Pc-Phk+bw4c)Pc ll~-:ll~ _(I 4c4c II_ 
1 

<- 
Ii II qc 00 

~;(llkllm + IlPrll,)w;-~ll.+m G wlf-JIIn+,~ 

and this terminates the proof, for we already had 

We have defined the defect d,., = min(n - n’, m - m’), when (p,/q,) is the (n, m) multi- 
variate Pad6 approximant for f( x,, . . . ,xp) and n’ = ape - a,,~*, m’ = aq* - aoq*. Let us now 
take f( x ,, . . . . xp) close tof(x,,...,x,), i.e_. Ilf-fll,+, small, and denote the defect for the (n, m) 
multivariate Pad6 approximant for f by d,_. Then we can prove the following property. 

Corollary 2.2. If d,,, = 0 for f, then a”,,, = 0 for f close to f. 

Proof. If d,,, = 0 thenFn,,(C) is nontrivial and thus D,*,(c) is nontrivial for c, close to C,. 
The set D = {x I Dn,,,( C)( x) # 0} is a dense set in IR p because D,,,(c) is a polynomial in x. 
Take X E D. Then the system 

c,+*& + * * * + c,+&& = 0, 
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where ck = CkXk and where b,, . . . , b,,, are unknown, has for b,, = D,.,(c)(X) a unique solution 
b 1,. . . ,b,,, where bj is the result of an (nm +j)-linear operator evaluated at XnmWJ, because 

C” 
* . 

bj= : 

C n+m-1 C” 

t jth columnin D,.,(c)(F) 

replaced by this column 

c,xn - C,+,z+ 

Cn+m_,Xn+m-l - C,,,Y +” 

Let us denote this by bj = &,,+jZ”“+‘. 

For x in Rp\D, the value @,m+jxnm+j can uniquely be defined by continuity because D is 
dense. So there is only one solution 

P(x 1,. ..,Xp) = 5 Xn,+ixnm+i, 
i-0 

4(X *,...,Xp) = i Bnm+jx”m+j, 

j-0 

of the (n, m) Pad6 approximation problem with B,,,,, = D,,,,(c). 
Let p* and 4* be numerator and denominator of the irreducible form of 

P(x *,..‘Jp)/q(xr,..., xp). Then from the polynomial u( xl,. . . ,x,) = C~_aouUk~k such that 
p=p*-U, 4=4*-u, 

we have a,u = au = ~WI - &,q*, otherwise 

is* * U”m-a&* and 4*. u”m-aoq+ 

would be another solution of the (n, m) Pad6 approximation problem with the same term of 
lowest degree in the denominator as p and ij. 

So for C, close to ck we have 

ap, - a,q, = (ap - au) - aoq* = ap - nm , 

ak - aoh = (aq - au) - aoq* = aq - nm, 

IZnm+nx”m+“J + IBnm+m~nm+ml nontrivial, 

and thus 

&,=o. 0 

The similarity of these results with the ones obtained for univariate Pad6 approximants is 
remarkable. 
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