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1. Introduction

While the history of continued fractions goes back to Euclid’s algorithm, branched continued
fractions are only twenty years old. The idea to construct them was born in Lvov (U.S.S.R.) in
the early sixties. The first and most general form of these fractions was introduced by
Skorobogatko in {14] together with Droniuk, Bobyk and Ptashnik.

An ordinary continued frcction (CF) is an expression of the form
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which is often written in more convenient way
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Now suppose we substitute for each of the partial denominators b; an ordinary CF
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In this way (2) and hence (1) become
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Suppose this recursive computation has been performed (/ — 1) times. Then the CF (1) is called
I-branched. If we proceed with the construction of

nextbranch(/)
begin © q I
ki,_..il
replace b, , by by, , +

k=1 lbki, .y
rename b;, , asb,
call nextbranch(/ + 1)
end

then this recursive scheme defines a branched continued fraction (BCF).

The concept was for the first time introduced in [14]. In this paper Skorobogatko chose the
terminology branched from looking at the computation scheme for an ordinary CF, see Fig. 1.
When this structure is itself copied in each node b, and this process is performed recursively, one
indeed gets a very tree-like picture, see Fig. 2.

For the history of BCF we mainly refer to papers of Bodnar. In the near future he will also
publish a book on this subject.

Fig. 1. Computation scheme for an ordinary CF.

Fig. 2. Tree-like structure of a BCF.
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In the beginning branched continued fractions were used to represent the solution of some

well-known problems in order to establish new algorithms and new theoretical results. Consider
for instance the solution of the system of linear equations [15]

n
Y a,x,=a,,,,, i=1..,n.
j=1

From Cramer’s rule we have
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and after expanding numerator and denominator along the first column
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where the 4;; are the cofactors of the elements a, ;. Therefore
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Since the 4,; are determinants of dimension n — 1 they can be expanded in the same way and
hence a branched continued fraction expression for x; can be obtained with n — k branches at
the kth stage.

Later on, from the construction of BCF the idea originated to use them for the solution of
multivariate problems. However, the most general form for a BCF was not very useful because
there was too much freedom in the choice of the partial numerators and denominators [1].
Simplifications seemed to be necessary. If an n-dimensional problem could be solved using
n-branched continued fractions instead of infinitely branched continued fractions, then an
(n + 1)-dimensional problem could be attacked by adding a branch to the n-branched continued
fraction. In this way bivariate problems could be apprcached using a BCF cf the form (2)
bac2use ordinary CI's are often used for univariate problems. We shall see in the next sections
tnat this approach is indeed successful. The sequel of the text is composed so that the level of
complexity in the formulas increases steadiiy. However, if the reader is interested in a chrono-
logical approach, then he or she should keep the following historical facts in mind. In [6]
Kuchminskaya developed a lot of the formulas mentioned in Sections 3 and 4, while in the
western hemispere several other mathematicians worked on the same problem and published
their results independently [3,11]. In the middle of this evolution Siemaszko published his own
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solution to the problem of multivariate approximation [12] and interpolation [13] which we shall
present first.

2. Bivariate CF expansions and interpolating CFs introduced by Siemaszko

Given a bivariate power series
i) = i i J i J
f(x’ y)= Z Cijx'yj_ Z Cu(x)’) + Zcijx}’}'*' EC.-,'X)’ .
(i, )eN? ieN >f i<j

it is possible to construct a sum of BCFs of the form
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of which the convergent

corresponds with f(x, y) on the subset E of N? with E as given in Fig. 3. In other words,
(fga—p)(x. ¥)= X dx'y/= 2 dxy,

(i. )YENNE 5’.;7,
The computation scheme for the coefficients in the BCF (3) is described in detail in [12]: the idea
is to use Viscovatov’s algorithm along shifted diagonals in N2. Siemaszko called the convergents
of this corresponding BCF bivariate Padé approximants. For a comparison with other definitions
of Padé approximants for bivariate power series we refer to [2].
As soon as bivariate Padé approximants exist, one would of course also like to solve the
problem of how to interpolate data spread over several points. To this end a Thiele-type BCF of
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Fig. 3. Index set of correspodence for p,/q,,. Fig. 4. Index set of interpolation conditions for p,/q,,.
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the form (3) proved to be unsuccessful and hence Siemaszko changed the form of his BCF as
follows. Given data { f;; |(i, j) € N2} in points {(x;, i, j)e N?}, compute a BCF

s (x- j—l) - —Ji-1
ot X1, J+Z, et “
- ! " b01+ E -
j=1 by,

of which the convergent

(%, y) I (x—x-0)f 5 ('f—y,»_l) I
4a(x, ») j=1 bjo 1 A Z (x=x,-1)
o j=1i bf’
with mg>m,; > --- > m, satisfies

(fqn—pn)(xi’ y,) =0

for (i, j) € E with E as given in Fig. 4.
The values b,, can be computed using a bivariate inverse difference scheme [13],

‘P[x.][})] =fij’

_ 1~V
‘p[xO][yO’yl] - ‘P[XO]IY‘] —\!/[x[)][y()] ’
Iy _ Vi~ i1
¥xol Lo 0] Y[ xo][¥os-- s yic2s ] =¥ x0][yos--s yima]’

Y[xo. X[ Yor--s 1) = ,
ol = S S e el o
Y[x0s--os X} [ Yor---s 21
— Xp = Xg-1
Y[ Xorees Xem2oXe] [ Fos--os 3] = W[ X00ees k1] [Yos- 05 2]
From this scheme it is clear that one proceeds along horizontal lines in N2, Of course the roles of
x and y can be interchanged in (4) and then one proceeds along vertical lines in N2. Remark
that interchanging x and y yields different interpolants because the algorithm for the inverse
differences is not symmetric.
If m=my= --- =m,, then we denote the rational interpolant by p, ,.(x, ¥)/4q, m(X, ») and
the following error formu’a can be proved [13]. For

(pn.mi':x* y) = [(fqnm _pn.m)qn.m+1](xv y)-

there exist 7, and £, in intervals J and I that respectively contain the points Vy,..., ), and
Xgs- .-+ X, such that for (x, y) € IXJ,
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Fig. 5. N? as a union of prongs. Fig. 6. Index set of interpolation conditions for p,/q,,.

When all the interpolation points coincide, one needs reciprocal differences for the calculation of
the limiting values of the inverse differences. Doing so Siemaszko again gets ladé approximants
but now different in form from those given at the beginning of the section.

Up to now we have looked at N? as a union of straight lines (diagonal or horizontal or
vertical). The next sections will illustrate that one can develop more symmetric formulas when
looking at N? as a union of prongs. This implies that the partial denominators b, in (1) are
replaced by a sum of ordinary CFs instead of by a single CF.

3. Symmetric corresponding BCFs introduced by Kuchminskaya and Murphy-O’Donohoe

A double power series

can be written as

< \
f(.\'. }‘)= Z( ,,(X‘) + ZC+11 ’+1V + th t+_;x’)l+,)

i=0 i=1 Jj=1

which means that we locate each point in N? on a particular prong, see Fig. 5.
This way to group the terms of f (x. ¥) suggests to look for a corresponding BCF of the form

bt T e ¥ g+ L (5
/—1 =1 :-1 b + Z

J=i+1 J' Jj= l+l

In [7] and [11] it is proved independently that the convergent
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satisfies
(fgn—pa)(x, y)= X dx'y’.

i+j>n

The b,, are again computed using Viscovatov-like algorithms along each leg of the prong.
Remark that (5) and p,/q, are symmetric functions of x and y. Also the form (5) is suitable for
generalization to bivariate rational interpolation.

4. Symmetric Thiele-type BCF's introduced by Cuyt-Verdonk and Kuchmir:skaya
Given data { f;; |(i, j) € N?} at points {(x;, WG, e N?} it is proved independently in
[3] and [15] that one can interpolate these data using a Thiele-type BCF of the form
.V Y-l °° —X,_ 1)()’ )’. 1)

-1
by, +
00 Z I—_J = lb + —xj 1' Y- yj
j= 1+1 ii j= 1+]

The unknowns b,, are symmetric inverse differences given by
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k>l w[xo.....xA][_L‘o ..... )
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it is shown [3] that if m{®>m{® > -+ >m'® and m§’ > m{" > --- >m", then

(fg,— p)(x,s ¥,) =0

for (i. j) € E with E as given in Fig. 6.
If we take m{*’= --- =m'®=n and m{’ = --- =m{’ =n, then it is possible to write
down the following error formula which is proved by Kuchminskaya in [8]. Let
D, (x. ») =fg,(x. ¥) = p(x. ¥).

Then there exist &, &, and 7,, 9, in intervals / and J respectively, containing x,...., x, and
Vge.... ¥, such that for (x. y) €T XJ,
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Cuyt and Verdonk on the other hand have defined in [4] symmetric reciprocal differences to
compute limiting values of the b,, in case all the interpolation points coincide. 'n this case one

establishes a link between these rational interpolants and convergents of the corresponding BCF
(5).

5. Perspectives

Most of the bivariate rational approximants are now under investigation for their use in
numerical applications such as the convergence acceleration of multidimensional tables, the
solution of systems of nonlinear equations with singularities in the neighbourhood of the root,
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the solution of ordinary and partial differential equations, and model reduction in the theory of
multidimensional signal processing. Other points of interest are convergence criteria for the BCF
similar to the results of van Vleck, Worpitzky, Pringsheim [9,10] and forward evaluation
algorithms via the solution of block-tridiagonal linear systems [5].

Since many univariate results do not yet have their multivariate analogon, a lot of work
remains to be done.
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