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Introduction

For a univariate function given by its Taylor series expansion, one can construct a continued
fraction expansion with the algorithm of Viscovatov. This continued fraction expansion can also
be obtained as the limiting value of a Thiele interpolating continued fraction. For a multivariate
function a Viscovatov-like algorithm for the construction of a branched continued fraction
expansion was developed independently by Murphy and O’Donohoe [10] and by Kuchminskaya
[5]. On the other hand, multivariate inverse differences to construct Thiele interpolating branched
continued fractions were introduced independently by Kuchminskaya in [6] and by the authors
in [3]. It is the purpose of the present paper to show the link between these two approaches in the
multivariate case: we introduce multivariate reciprocal differences so as to obtain the branched
continued fraction expansion as the limiting value of the Thiele interpolating branched con-
tinued fraction. Let us point out that multivariate reciprocal differences and their limiting values
were already introduced by Siemaszko [12] for another type of branched continued fraction than
the one we shall consider here. For a review of the different generalizations of the univariate
interpolating and corresponding continued fraction to the multivariate case we refer the reader to
[2] or [8].

1. Univariate case

Let us first briefly review the univariate theory. Let f(x) be a univariate function and
x*) = {xg, X, X,, ...} asequence of distinct real points. If we compute inverse differences for
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f(x):
¢0[x0] =f(x0),

X;— X,
¢[[X0,..., x,] = ! =1

b-1[ X0 s Xigs X, — &1 4 [ X0, xp-1)

I>1, (1)

then it is well-known that the continued fraction (CF)

- X~ X ‘
$ol x| + Z (2)
ol ,=1lq;,[x0,...,x1]
is a Thiele interpolating CF for f(x). Instead of computing inverse differences one can also
compute reciprocal differences for f(x):

Po[xol =f(xo), Pl[xo» xl] = (x, — xo)/(f(xl) = f(x0))s

pl—l[XO""’ X,?z, .xl] - pl_][xo,..., xlAll

pl[xo"--’xl]= +Pl—2[xo,---,xz—2],

[>2.
The reciprocal differences are related to the inverse differences by
¢0[Xo] = Po[xo], ¢1[x0, xl] =p1[x0, xl]a
¢,[x0,...,x,] =p,[x0,...,x,] —p,,z[xo,...,x,_z], 122,

and have the important property that they do not depend on the numbering of their arguments
Xg,-.., X;. As mentioned above, one way to obtain a CF expansion for f(x) is as the limiting
value of the CF (2):

ol x—u]
oolu) + 3
olu) 1; &, (u) G)
where
o, (u) = liinu &/[ X0, x;], 1=0.

The recursive scheme for the values ¢,(u) is well-known:

90(u) =f(x) | = rpo(u),  &y(u)=(df/dx)""[ _, = pi(u), (4a)
and for /> 2,
¢,(u)=l(dp,_1(x)/dx)‘1ﬁx:u, Pl(x)=¢1(x)+91—2(x)a (4b)

where

p(x) = xli_rpx pi[xgs---sx;], 120.

An alternative to this scheme for the construction of a Thiele CF expansion for f(x) is based on
Viscovatov’s algorithm. If f(x) is given by its Taylor series expansion around u

Py = e+ (=) + P (x =) 4 -



A. Cuyt, B. Verdonk / Multivariate interpolating continued fractions 147

then the coefficients ¢,(u«) in (3) can numerically be computed as follows [4]:

do(u) = ¢, ¢y (u) =1/c?, (5a)
V= —¢(u)c?), iz1,
and for /> 1,
¢ (1) = cf""?/cfY,
0= P g )l in 1. (50

2. Thiele interpolation and Viscovatov’s algorithm for multivariate functions

We restrict ourselves to the bivariate case in order to simplify the notation. Given two
sequences of distinct real points x* = {xg, X1, X5, ...} and Y ={y,, y, »,, ...) and a
bivariate function f(x, y), many types of interpolating branched continued fractions (BCF) for
f(x, y) can be constructed, depending on the way in which N? is enumerated [1,2,8]. If N? is
considered as a union of prongs

we can write in a purely formal way [3,6]

= x - X~ X |, © Y~ Vi |
TG0 3) = o] 0][y0] i /; I‘Plo[xo’---’xl][J’o] N 1; l%/[xo][)’o,---a)’/]

R ©

with

X T X ‘

B (x, y)=dulx0,- s x| [yo,.-os yvi] +
‘ )= ol Al g 1=§+1‘¢1k[x0a---’x/][)’o»---,)’k]

o~ Y Vi |
+
/=§+1 l¢kl[x0""7 xe)[Yos--s wl
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The values ¢,[xq,-.-, Xe[[Vo,-.-, ¥;] are bivariate inverse differences and can be computed
according to the following scheme:

o[ x0] [ o] =/(x05 o),

X, — X1
PlXgy..., X = ’ e
[ 0 I][yO] ¢[x07-"’-x1—2’ xl][yO] _¢[x0’ Xj-2, X/_l][)’o] ( )
Yi— Vi1

b

d|x Sy =
[ 0][)’0 yl] ¢[x0][J’0’--~7y1A2a )’1] _¢[x0][)’0a---,)ﬁ—z, yl—l]

qb[an---axk][yO"--’ yk]

(xp = X)) (P — Y1)
dlxg5---» Xp—2s X Vosevor Yie—2s Vil = 0lx0,5-- -, Xgp—2s X1l Vo5 YVi—25 Vil
=o[xgs. s Xg—2s X[ Vo5 s Yi—2> Vi1l F0lx0, s X2y Xe1llVos ooy Y2 Yol

and for [ > k,

d)[xo,...,x,][yo,...,yk]
Xy~ Xp_q

B dlxg,.. 00 x1_2, xl][)’o,---’J’k] —&[xg,. s Xm0, X[ Yoo i)
¢[X0,...,Xk][y0,...,y[]

Yi— V-1
¢[x0""9xk][y0""’ Yi-2s J’/] —¢[x0,..., Xk][)’O’---, Yi-2, J’/71]

Let us now consider the limiting case

x;—u, iz0, yi—~v, j=0,

by (u, v) = lim ¢k1[x0,---,xk][)’0,---’YI]~

X, >u, y;—v

The values ¢,,(u, v) are called bivariate inverse derivatives. The expression (6) then becomes

f(x, y) %O(u U) * Z |¢,0(u uU)l lio:l ‘%j)(;avv)

N Z oo(x—u)(y—v) _ | ()

n L A
l¢kk(u v) [§+1l¢1k(u’ v) 1=§+1m

If f(x, y) is given by its Taylor series expansion around (u, v)

f(x. y) Z P (x—u)(y—0v)’

we can compute the coefficients ¢,,(u, v) using a Viscovatov-like algorithm. To this end we
adapt the formulas given in [5,10] so as to match the BCF (8). For a discussion of the existence
and uniqueness of (8) we refer to [5,10]. We assume throughout the text that the conditions to
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guarantee existence and unicity of the continued fraction expansion (8) are fulfilled. Let us
introduce the notations

o X —u
g (x)= , k=0,
fl 1§+1 ¢1k(” U)

h(y)= Z

fo(xa y)
In this way

k>0,
bl(u U)

700 ) — ot 0) = g0(x) = o).

-

o0

_ (x=y)(y—v) |
folx, y)= k; [¢kk(”’ v) + g (x)+h(y)

= Z P (x—u) (y—v).

We define o
f1=(x_u)()’_v)_(¢11(“’ U)+g1+h1)f0, (9a)
fi=(x—u)(y—0v) iy — (dpiu, v) + g + by Vi1 (9b)

As indicated further the coefficients ¢,, (u, v) can be chosen such that a series expansion for
fu(x, y) is of the form

Fol 2 = (=) = 0) Y B xm ) = )

ij=1
while g, (x) and hk(y) can be written as

g(x) = ¥ d(x—u)", he(y) = Z e (y—v). (10a, b)
i=1
Equating coefficients in formula (9a),

(x—u)(y—0) ¥ P (x—u) "N (y=0v)

i,j=1
') ) 0 )
-l (4)11(“’ v)+ X dP(x—u)'+ Y ej('l)()’“v)j)
i=1 Jj=1
-1 i—1
X Z e (x (y—v)",
i,j=1

we obtain for i, j>1,

‘1’11(“’ U) = (CQ)) )

1
1 1) .0
di()_c(()) —¢u(u, U)C,+11 Zd( el nl
11

. ~ (11a)
ej('l)zﬁ( ¢ (u, U)Cl g1 Z el(l)cg(,)3'+1*1)’

J
D _ o 1) .(0 1.0 .
() _¢'11(u U)C,(+)1 g1 Zd( H-)l Lj+1 Z el( ci+)1,j+1—l’
=1
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and doing the same with (9b)

[ee]

(x=u)(y=v) ¥ ePlx=u)""(y—0)""

ij=1

o]

= ¥ P x—uw) (y=0)7

ij=1

o0

dpr(u, v) + Z di(k)(x_ u)i+ Z ej('k)(y— U)j

i=1 j=1

X ¥ - (o)
i,j=1

we find for k=2 and 7, j> 1,

¢kk(ua U)_Clk 2)/C(k 1)

-1

1 i

Ky | (k-2 (k—1 (k) (k~1

d, —1 ci+11 b (14, U)Cz+11) Zd )z(+1~)/1
Cg] )

-1

1 J

(k) — (k—2 k—1 k) (k=1

ej (k 1) (cl,j+l) ¢kk(u U)cl(_]+1) Z | )Cl( _/+1)‘1 ’ (llb)
n =1

(k)_ (k—2) (k—1)
’J =Civ1 J+1 ¢kk(u U)CH-l ,Jj+1
i
(k) (k—1) k) (k=1
- Zdl Civ1-1,j+1 Ze( I+1j)+1*['

The values ¢, (u, v) and ¢,,(u, v) for / >k, k > 0 can be computed from the knowledge of the
d® and e, where d®=c{) and e®=c{) for i, j>1, by applying the univariate
Viscovatov-algorithm (5) to the series (10a) and (10b). To illustrate this technique we consider
the following simple example. Take

[(x, y)=e
=l+x+y+3x>+xy+ 3’ + x>+ 3xy + g2+ L3
+axt Iy x4 Lot Ayt
= ¢oo (1, v) +go(x) + ho(¥) + fo(x, ¥),

where
doo(u, v) =1
go(x)=x+3ix*+ix’+ -,
ho(p)=y+5y2+3p°+ -,

folx, y)=xp(1+3x+dy+ex> +ixy + 4p° + -+ ).
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In this case (u, v) = (0, 0) and since the problem is completely symmetric we need only compute
the coefficients ¢, (u, v) for I > k and k > 0. Using the formulas (11) we find

oulu, v) =1,

A= =3, A=t dP=0, ...,

=1,

=1, =1,

Wed. W=k =i,
and

by (u, v) =4,

dP =1, daP=1},
Applying the univariate formulas (5) to the sequences
go(xX)=x+3x*+ix’+ -+,
g(x)=—ix+Lx?+0x3+ ---,
g(x)=3x+5x*+ -,

we obtain the BCF expansion for e**”:

1+(‘%I+F%I+F§J+~-)+(%J+’_—)2"+’—_ﬂ3+---)
+]1+(r_—;‘+'§g+’§|+-~-)+(r_—§’+’_—)§1+%}+---)
+|4+(W£‘J+%+'“)+(rﬁ+ri'+"')

3. Multivariate Thiele continued fraction expansion

As mentioned above we shall now present a scheme to derive the ¢, (u, v) analytically using a
method analogous to Thiele’s method for the univariate case. We shall therefore first rewrite the
bivariate inverse differences of f(x, y) as univariate inverse differences of univariate functions
related to f(x, y). For the reader familiar with [12] we point out that there Siemaszko considers
N? as a union of horizontal (or vertical) lines and so his bivariate reciprocal differences are
essentially univariate in nature. In our paper N? is considered as a union of prongs. Going from
one prong to the next one involves both coordinates and this will have its implications when
introducing bivariate reciprocal differences related to the bivariate inverse differences (7). The
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following notations will be used throughout the paper to indicate finite subsequences of
x = {x,, x, ~.yand =y, p, ..}

X(k)z(xO’---,xk)’ k>0, y(k)=(y03'--ayk)’ k>0
From the formulas (7) and the definition of univariate inverse differences, one can easily see that
‘2500[)‘0] [J’o] = f(x0, yo) = ¢g°(x;y°)[x0], do(x§ Yo) =f(x, o)
=0 w],  eo(y3 x0) =f (x4, ¥),
and by induction, for /> 0

<1>,‘0[x0,..., x,][yo] = ¢l y")[xo,..., x,]
and

¢o,1[xo] [Yos--e) J//] = ¢7°(y;x°)[)’o,---, - (12a)

In general we can state the following,.

Theorem 1. For k> 1 and |l > k,

‘i’z,k[xo’ < xl] [J’Os s J’k] = 75(15;+xl(k72)’y(“)[xk—1, s xl] (12b)
and

¢'k,1[x0’ cres xk] [yO’-"’ YI] = ¢75(1f3+x1(k)’y(k72))[)’k~1,---’ )’lla
where

1
d (x; x*=D o) = (13a)
k( ) ¢k—1,k[x0"~'7xk~2’x][yo’“-’yk]

and

ek(y; x, y(kAz)) = L (13b)

B ‘i’k,k—l[x()a---a xk][yoa"-’ Yi—2>» )’] .

Proof. We shall only give the proof for ¢,,[xq,..., x/][¥5,..., ¥] with /> k since it is
completely analogous for ¢, /[xg,..., x;][Yo,-.., ¥;]. The proof is by induction on /. For / = k we
have

¢k,k[x0""’ Xk][y05-'-v )’k]

_ Xp ™ Xp-1
B Pr L1 Xos- oo X2, X )lyose s Yi—2s Vil = be—1u—1lxos oo X 20 XMl Yoo - Ye-1l
Yie =™ Ye-1
 brra-alxos-- s Xe—1llJos-- s Yi—2s Vel = be—1palXos-- -0 Xe—llyos-- - Yi—l
Yie = Ve
_ Xpe ™ Xpe—1
- 1 1

qbk—l,k[xo’---’xku’ Xk”)’O,---a )’k] - ¢k—1,k[x0a---’xk—l][)’o,---a)’k]
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If we introduce the notation d,(x; x*~?, y®) for the univariate function of the variable x
1
¢k—1,k[x0""’ Xe—2s x][yoa“-’ )’k] '

depending on the parameters x* 2 and y‘® then, from the definition of univariate inverse
differences,

B[ X0-eos Xi] [Yoreoos ye] = SR 0 x ]
Assume now that for k <n </
¢’n,k[x0""’xn][y0""’ yk] =¢gll(z;){(kiz),y(k))[xk>—la""xn]’
then
¢1,k[xo’-~-,xl][)’o,---,)’k]
_ X X1
¢1—1,k[xo’---, Xi—25 xl][)’o,u-’ J’k] - ¢1—1,k[x0"--’ x/—l][)’O’---’ yk]
_ X;p— Xpq
¢[lii(lf;X(kA2)’y(k))[xk—1""’ Xj_gs %] — ¢(fi(kx;xu_h’ym)[xk—h---’ X_1]

= gdu(xsx* 7Pyt
=@ [xkvl’---yxl]

which completes the proof. O

With Theorem 1 in mind, we introduce bivariate reciprocal differences for f(x, y) as follows. For
kzland /=k

PI,k[xo, s xl] [J’m )= P‘/ii(lffl(kiz)'y(k))[xk—l’ e X
and (14a)

k k=2
( ),y( )

Pk,/[xo’---a xk] [J’o,---, )’1] = i )[yk—la”-a )’1],

and for />0
prolx0s--s i {yo] = pfoi [xo . x]

and (14b)
Po,l[xo] [yOa"'7 J’I] = P?O(y;XO)[J’Oa SNSE

The bivariate reciprocal differences are thus defined by means of univariate reciprocal dif-

ferences for the functions d,(x; x**72, y®) and e,(y; x©, y*=?) given by (13). The
following properties can therefore easily be checked.

Theorem 2. (a) For [ > 2,
Poo[ Xo] [ Yo] = doo[X0][ 0]
Plo[’xm xl][)’O] =¢>10[x0, xl][yo],
Prolxos---> X [yol = @10l X0+ > X[ o] + 0120 %055 Xi22] [ 0]
por[ X0 [ Yor 7] = do1[x0][ 0, 1],
Po,l[xo] [)’o,---’ )’1] = ¢0,l[x0] [J’o,---, J’1] + Po,l—z[xo] [yOa-"a )’1—2] >
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and fork =1 and 1> k + 2,

pk‘k[xo,...,xk][yo,...,yk] =¢k’k[x0,...,xk][y0,...,yk],
pk+l,k[x0""’xk+l][y0"--’yk]

= brr1] %05 X1 [ Yoo oo V] +dk(xk—1; x* y(k)),
Pri[Xoseeos X [Vores Vil

=q5,,k[x0,...,x1][y0,...,yk] +p,_z,k[xo,...,x,_z][yo,...,yk],
pk,k+1[x0>""xk][yoa'--’yk+1]

= bpeser1[ %05 o> Xl [ Yoo os yiwa] Fep(yeors x
pk’l[xo,...,xk][yo,...,y,]

=¢k,[[x0’---’xk][y0’-”’ J’/] +Pk,1—2[x0a--~’xk][)’Oa---, J’1—2]-

(b) For >0 the bivariate reciprocal differences p,y[x,, ..., x,][ ] and poxoll Yo, ---, v are
independent of the order of the points x, ..., x; and y,, ..., y, while for k > 1 and | > k the bivariate
reciprocal differences p; ,[x,..., X, Vo,--., vl and p; [xq, ..., x Yo, -, y,] are independent of
the order of points x,_,,...,x; and y,_1,..., y, respectively.

(k) (k*2))

» Y

2

The proof is not given since it is based in a straightforward way on the definition of the
Prxlx0s--s X[ Yo, - .., yx] and the properties of univariate reciprocal differences.

Let us now again turn to the problem of computing the bivariate inverse derivatives ¢, ,(u, v)
in (8). We still assume that the function f(x, y) is formally given by its bivariate Taylor series
expansion. We can write, for k> 1 and /> k

‘25/,1((“, U)Z X‘_)lli‘f}}_w ¢1,k[x0,---,x/][)’O,---,J’k]
1—0,.'..,1]'40 .....
= lim im g D [, x)].

By induction we can show the following lemma. This result will enable us to write down the
bivariate inverse derivative as a univariate inverse derivative, but computed for a limit function.

Lemma.
. d (x;x""”,y“") _ 4di(x,u,0)
lim [l [xk—la'--,xl] =&/ %1 [xk—la'--axl] (15)
Xgsenns Xp_ 21U
Voo-er P20
where
. _ . ) k
d(x; u,v)= lim di(x; x5, y)
Xgsooos Xp_ U
Vorenos Vi 20
1

= lim .
X(,)VZ) ------- f‘l)();i_’uu ¢k—],k[x07""xk—2? x][y()"--’ yk]
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Proof. For the first step of the induction we have
. dy (s x (k=D
lim Py Y [xk_l, xk]
XQseeos X2 2U
Yos--n V>0
. Xk —Xk_l
:x hm ud ( L (k2) (k))__d (x . L (k=2) (k))
R Y el X0
xk_ xk,1 .
= : . =¢fk(x’u'v)[xk_], xk]'
dk(xk’ u, v) _dk(xk—l’ u, U)
Assume now that for k <n </
: d,(x; x5~ 2 Ry d (x;u,v)
llm ¢k‘k+l [xk—l"‘ X ] = kk+1 [Xk_l,...,xn].
XQyeeoy Xg2 U
y(Jv""yk—‘)U
Then
. d,(x; (A—Z), (k)
lim qb" T ) [xes1s e x)]
XQoseeer Xgn =
YO’---va_’U
- lim ] ol
Xgoooos X 22U L g, (x;xK7D o d, (x;x K72 Ry
Yos---s Ve U [i(k Y )[XkAl,.. xl_z, x,] _‘i’k x Y [xkil,-..,XI_ll
_ X~ X
d,(x;u,v) _ adi(x3u,0)
k% [xk_l,...,x,_z, x,] loyhis [xk_l,...,x,_l]
d
=¢"(xuu)[xk_1,...,)€/]. D
The existence of
im by [x0m-es Xk 20 X][Yor-ves Vi)
XQseres XU
yO""’yk_)U
is guaranteed by arguments similar to those that guarantee the existence of
lim ¢,{xq,..., x]
X, —~u
i=0,...,1
in the univariate case. So we can write for k> 1 and /> k:
_ : dp(x;u,v)
&4 (u, v) = lim ST X x]
Xp—1s-e0 Xy U
= (Xm0 (4y) (162)

and in a completely analogous way

deiv) = lim GG [y, )
k=1seres )y

¢ 27 (v)

(16b)
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where
. — ; . k k-2
ek(y7 u, U) - lim ek(y’ X( )a y( ))
Xgorees X u
Yose-os Y2770
. 1
- Xo,-.l-l,rI)}k—’u (bk k_l[.xO,...,xk][yo,...,yk_z, y] '
Yos-eeo V-2V ’

For k =0, we have from the formulas (12a)

¢l,0(u’ U) =¢70(x;u‘l])(u)’ dO(X; u, U) =f(xa U)a
o (u, 0) =P (v),  eg(y; u, v) =f(u, y).

If the functions d,(x; u, v) and e, (y; u, v) are known, the relations (16) say that the
computation of the ¢, ,(u, v) is essentially reduced to a univariate problem. Indeed, if we apply
the univariate scheme (4) to f(x) = d,(x; u, v) we find for k > 1

(16¢)

busln, ) =g () = (a0
and for /> k
duilu, 0) = $4YT (u)
=(I-k+ 1)(ipflii(:;u,u)(x))‘l
dx =

It would be nice if we could rewrite this last expression in terms of bivariate reciprocal
differences. By a reasoning completely analogous to the one used to derive Lemma 1, we have

d; (x;u,v) — . di(x;u,v)
P (x)= lim p7e [Xe_1s-ees x24]
Xp—1s-20s XX
. . e k=2) (k)
= lim lim A QX  [x x_q]-
o or o xk,z—»upl k [ k=1s---5 %] 1]

Hence, by definition (14) of bivariate reciprocal differences

pEe (x) = lim pl—l,k[xo""’xl—l][yO"'-ayk]
XQseens Xg—2 U
Yoo---s i
Xpqseres X4 X
=p,_1,k[u,..., U, xX,..., x][v]

k—1 I—k+1
In this way, for k>1land Iz k + 1,

-1

¢ lu,v)y=0U-k+ l)(%p,_l,k[u,..., U, X,..., x][y])

[(x,2)=(u,0)

and more generally we can write

a -1
¢,,k[u,...,u,x,...,x][y]=(l—k+1) ap,_l’k[u,...,u, x,...,x][y]) . (17)
k—1 I—k+1
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For k> 1 and ! > k, we introduce the notations

ules ] =t ][]
—
k-1 I—k+2 k+1

plk[-X; u][)’]‘—‘Plk[“a-- x”y,..., )
k=1  I-k+2 gi1

ol x]ly; v] = ¢k1[x x” A
k+1 k—1 J—k+2

Pk/[x][y, U]_pkl x” AL
\_\,_/

k+1 -1 k42

and we remark that ¢, ,[x; u][y], p,,k[x; u] y] are bivariate functions of the variables x and y
depending on the parameter u, where u occurs as many times as indicated by the length of the
parameter x*~2 in the function d,(x; x**~?, y®). A similar remark holds for the functions

¢u[x1ly; vl and py[x]y; v].

If we evaluate the bivariate functions ¢, [x; u][y] and ¢, [x][y; v] at (u, v) we get the
bivariate inverse derivatives we are looking for to construct the Thiele BCF expansion. Note that
this evaluation is performed by taking limits using de 'Hopital’s rule. By Theorem 2 we can

compute p, ,[x; u][y]in (17) as
Pk,k[x§ ul{y] =¢'k,k[X; ul[»],
Pk+1,k[X; ul[y] =¢k+1,k[x§ ul[y] +di(x; u, y),
prilxs ully] =dlxs ully] +piailxs ullyl, 1> k+1.

Grouping all these formulas yields the complete computation scheme for the bivariate inverse
derivatives:

0th prong:

do(x; u, y)=1(x, y),

Goolt, v) =f(u, v)=pgo(u, v),

¢10(u, U)_(_( ’y))l( oy )_pl,O(us v);
1= 2:

30, 10(x, y)\7!
RO,
1,0( ) dx [(x,)=(u,0)

pl,O(-xa Y) =¢,,0(x, )’) +P1—2,0(x7 J’)-

eo(y; x, v)=f(x, y),
1

do0(ut, 0) = F(us 0) = poo(us ), boa(us v)—( S (x, y>) = pou(u, v):

[(x.»)=(u,v)
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I>2:
3901—1(X, )’)
$o(u, v) =l(—’—— ,
! dy [(x.y)=(u,0)
po(x, y)=a0,(x, y) +po-2(x, ¥).
kth prong:
1
d ('x; u’ y) = b
k ¢k_1,k[u,...,u, x][y,...,y]
1
er(y; x, v) =

e 1%, x][v,..., 0, ]’

with the usual recursion for inverse differences where it must be clear from above how to deal
with inverse differences on the (k — 1)th prong that have a number of coinciding interpolation
points .

besl W] = (e w0 = peales ully],

b (1, 0) =& o [x5 ul[y] 1oy =cuers
I=>k+1:

¢l,k[x§ “][J/] = (1_k+1)(%P1—1,k[X; u][)’])*l’

¢I,k(u’ U) =¢1,k[x; “][Y] [(x,p)=(u,0)>
Pk+1,k[x§ ul[ y] =¢k+1,k[x§ ul[y] +dp(x; u, y),
Pl,k[x§ u][y] =¢1,k[X; ul[y] +pl~2,k[X; ul[y].

sualxllyi ol = Frenls v )] = pilallys ol

b i (, 0) = ([ X][ 15 0] 1xmy=cuons
I>k+1:

ealells ol ==k + 0 oeilellys ol

¢k,1(u’ v) =¢k,1[x][)’§ v] [, 0)=(u,0)
Pk,k+1[x][y; v] = ir1lx]y; v] +ec(y; x, v),
o I x11ys vl = [x][ys v] + prsa [x]ys 0]

With this computation scheme for the coefficients ¢, ,(u, v) it is possible to construct the BCF
expansion (8) for f(x, y) as the limiting value of the interpolating BCF (6). However, it should
be obvious that there is no guarantee that the constructed BCF expansion will actually converge
to the function f(x, y). For convergence results we refer the reader to [7].



A. Cupt, B. Verdonk ;/ Multivariate interpolating continued fractions 159

We shall illustrate the technique introduced here by applying it to the function f(x, y)=e**”.
On the Oth prong we find with (u, v) = (0, 0):

do(x; 0, y) =e*™,

%,o(x’ )’)=ex+y=Po,0(X, y), ¢0,o(0a 0)=1,
P1o(x, y) = e ) = P1o(X, ¥),  ¢:1,(0,0)=1,
‘252,0(xa y)=-2¢e"", ¢2,0(0, 0)= -2,
prolx, y)=—e*",

P3,o(x’ y)=-3e &, 953,0(0’ 0) = —3.

By the symmetric nature of the function f(x, y) we need only to compute the bivariate inverse
derivatives ¢, ,(u, v) for /> k. So we can immediately go on to the first prong:

1 X+
A0 T LT T
¢1,1[X§ 0[y] =e ™= P1,1[x§ ol[x], $11(0,0) =1,
¢2,1[X; 0][y] = -2, $,1(0, 0) = -2,
o21lx: O][y] = —e*™,
¢3‘1[x; 0][y] = =3 e ", ¢3,1(0, 0) = -3,
paalx; O][p] = =27,
¢4,1[x; 0]{y} =2e*", $4,(0,0) =2.

As mentioned above the values ¢,,[x; u][y] do not actually depend on the parameter u since in
d\(x; x7V, @) the subsequence x~V is empty. On the 2nd prong we have

d2(x; O’ y) = 1/(1)1,2[0’ X][y, Y )"],
where by Theorem 1

$12[0, x][y, ¥, y] =63 9(y)
with

ex(y; 0, x) = (¢10[0, x][y]) .

Since (ey(y; 0, x))! =(e**’ —e”)/x we can apply the univariate scheme to compute
¢l,2[03 x][y7 Vs y] and flnd

dy(x; 0, y) = —3x/(e*™ —¢”),

(7 —e)’
X+y_ey_xex+y ZPZ,Z[X;O][})]’ ¢'2,2(O’ 0)=4’

. B (e**” —e¥ —x e”y)z
¢3’2[x, O][)’] == ex-+-y(ex+y_ ey)(2 etV _2e’ —x etV — & ey) ’

$;,(0,0) = 3.

¢2,2[x; ol y] = _ze
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We note that automatic differentiation can be used to compute and evaluate, by de 'Hopital’s
rule, the functions ¢, ,[x; O][ ¥] in order to increase the usefulness of this scheme and to avoid
laborious and possibly erroneous work [9,11].

With the coefficients ¢, ,(0, 0) obtained in this way we again find the BCF expansion for e**”
which was given at the end of Section 2.
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