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Abstract—There exist several algorithms for the calculation of convergents of a continued fraction. We
will investigate the effect of data perturbations and rounding errors for some algorithms, using the ideas
of Stummel’s perturbation theory {3] which is a forward error analysis.

In Section 1 we briefly repeat the forward a priori error analysis which we shall use. In Section 2
we present three forward recurrence algorithms (including a method which we believe to be new) and
the well-known backward recurrence algorithm for the calculation of a convergent of a given continued
fraction. The next four sections are devoted to the a priori error analysis of the four algorithms. The
theoretical results are applied to numerical examples in Section 7. As far as the rounding errors were
concerned no algorithm was better or worse than the others for all the examples and no error bounds
were especially more accurate than the other ones.

1. FORWARD A PRIORI ERROR ANALYSIS OF NUMERICAL ALGORITHMS.
The algorithms we will consider are defined by a finite sequence of input operations and
arithmetic operations (F,, . . . ,Fy) for the determination of (u,, . . . ,uy) which are data,
intermediate or final resuits:
U[=F[(ul, o ,u,_,) lzl, e ,N.

Under perturbations, an algorithm yields approximations v, of u, such that

vi=(1+e)Fivy, ... ,v_0).
We shall assume that the local errors e, are bounded by

le/=ym I=1,...,n (1.1
where vy, are suitable non-negative weights and 7 is an accuracy constant. For the relative a

priori errors ({3], p. 439) r;=(v,~u)/u,, [=1, . . . N one can write down the following
linearized error equations ([3]. p. 449)

r—Br=e (1.2)
where r=(r,, . . . .ry), e={e,, . . . ,ey) and B8=(4,) is an N XN lower triangular matrix
defined as follows: if F, is an input operation then %, =0, r=1, . .. ,/, and if F, is an arithmetic

operation u,=u; o, u; with i, j</, i*j and 0, € {+,—,/,.} then %, is given by Table 1.1.

Table 1.1.
0 =i t=j t#i, j
+ u/u, u,/u, 0
- u,/ u; —-u;/u, 0
/ 1 0
I 1 0
For the solution of the linearized error equations (1.2) one has to calculate (J.8)"'= .7/ =

(.77,) where » is the N XN unit matrix. The matrix."/ is also a lower triangular matrix.
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The weighted relative a priori condition number p, is then defined by
PIREALS I=1,.... N
=1
and it permits the estimates ([3], p. 455)
Irl<p,m+0(m?» I=1,... N (1.3)

One can also define welghted relative a przorz data condition numbers p? and weighted relative

a priori rounding condition numbers pf: if D ={/|F, is an input operation} and R = {{/F, is an
arithmetic operation}, we write
D_
Pi _Z lb/lr] Ye
t€D
pf=2 |4 v, (1.4)
tER

Clearly p,=pP +pf.

2. CALCULATION OF CONVERGENTS OF A CONTINUED FRACTION
A continued fraction is an infinite expression of the form

a
h 1
Yo T Uy
bx +a,
b, +
or, in a more suitable notation
ay a, 4
by+b,+b,+
with a, and b, real numbers or functions.
The sub-expression
ay da, b a,
an_ s e
by+ b, + +b,

is called the nth convergent of the continued fraction .
If

lime,=c¢

n— 0

Anvaroa ta ~» In rdar t~
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ana is llllltc, |.ucu L i€ \.Uﬂuuucu ua\.«uuu 13 said {o \-quuns» o ¢. i1 O1Ger o

ists
approximate this limit, a sequence of successive convergents can be computed until
sufficie

4]

nt convergence is obtained.
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To this end, forward continued fraction algorithms (i.e. algorithms which permit the
computation of ¢, out of c,_,) are very well suited. Mikloko[2] has shown that ¢, is the
first unknown of the tridiagonal system of n + 1 linear equations

Hn(alv b())xn = a (2 1)

where H,(a, b) denotes the tridiagonal matrix

b, -1 0
a . -1
0 ana b
and the vectors x, and a, are given by
X, = (Xop X1« « - X)) n=0
a,=(a,0...0) k=0.

Consequently, algorithms for the solution of a linear tridiagonal system, and especially for the
solution of the first unknown, are also algorithms for the computation of a convergent. In this
way Miklogko derives several well-known algorithms.

If the shooting method is used for the solution of (2.1), we get the following popular

algorithm:
let
A,=1, A_=0 A, =bA,_+ad,., (k=0) (2.2a)
B ,=0,B_=1B,=bB,_,+aB,_., (k=0) (2.2b)
then
C, =%f n=0) (2.3)

The method based on the formulas (2.2-3) will be referred to as the AB-algorithm.
Gaussian elimination for (2.1) leads to another method:
let

fo=bo, fi=btadfi-, (k=1) (2.4)

then

—lk——j—
2( U

g . . .4, a,
=Ch_y— (_1 n—1 .
) ( " Em f) (ﬂ.-nﬁ.)

Since c, is represented by a sum, we call the technique using (2.4-5) the SM-algorithm.
The third algorithm, which we believe to be new, is based on the foliowing theorem.

(2.5)

THEOREM 2.1

Let x,, and x,, respectively be the first and last unknown of (2.1.) and let y,_, ,_, be the last
unknown of the system H,_(a,, b))y, =a, then ¢,=X¢,= =X,/ Y- 10—
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Proof. Using Cramer’s rule we get:

I -1 0... 0' H,_ 1(a|ybo) ‘
+ X.n H,_\(ay),b) 0. H,-1(a,by )‘
Xo 1 =
* Ya-1n-1 IHn(ahbo)| |Hn(alvb0)| n— z(a,,b)
0...0a,
ay ’Hn-1(az’b1)l'|D|
IH (anbo)’ {|Hn 1(az,b )l |D|

=0
where D is the upper-triangular matrix

al_.. b1 "1 0

The unknowns x,, and y,_,,_, can be computed by Gaussian elimination:
if

fo=bo, i=b+alfi., k=1 (2.6a)

Po=4dg Pr= —pe@&lfi., (k=1)

and
gei=b, si=b+ajg_, (k=2 (2.6b)
Hh=a, §= —Q_1a/8-, (k=2)
then
X & Ynetn-17= =
n,n f b n—=ln— .
so that
N p” gl'
= R
q/l fll
Because
&= _ Q81 - - - Bn-i
qn fOfl e fn—l
we have
= J8i - - - &n _ - 8n 2.7)

T th
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Now ¢, is written as a product ard thus we call (2.6-2.7) the PR-algorithm. These three forward
algorithms will be compared with the backward algorithm (abbreviated by BW-algorithm) which
is a result of solving (2.1) by means of backward Gaussian elimination:
if
rn+1.n=0’ rk,n=ak/(bk+rk+l,n) k=na-"a0 (28)

then

~ o= fap N 0)Y

L" b ’0,’!‘ \&.7}

Since this algorithm is not forward, it must fully be repeated for each convergent we want
to compute.
3. ERROR ANALYSIS OF THE PR-ALGORITHM
First we will compose the matrix 8 for the computation of the convergent ¢, via the PR-

algorithm. This computation consists of a sequence of operations where the /th operation
determines the [th row of % since 8 is composed according to the rules given in Table 1.1.
The operation F, is written down in front of the /th row of *. We only give the elements %,
t=1, ... ,l because the others arc zero.

Let us introduce the notations:

k(0) = row-vector consisting of k zeroes
f ol dd S~ 1N
T e Y
G, =— k=2)
8i-18k
S = b (k=1)
fk
T, = by (k=2)
8k
T {Fy=1—-F+FF_ ... +(=1)"""F ... F (lsAisk-k D
T.G)=1-G+GG\_ ... +(=1D"G, .. .G, Q=iz=k+]1)

with the convention that

Tesru(F)=1= Tk+1,k(G)

\V

L4\ £ LN
wW(G) for i=k+2

The matrix @ which will have N = 8n + 1 rows and columns, can be subdivided into n submatrices

G
B =1
\gn/
where ®" is a 9 X N matrix and 8 is an 8 X N matrix (k=2, . . . ,n).
We will only give the elements ,, r=1, . . . ,I because the others are zero and we will

also write the performed operation in front of the ith row of 3.
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Then 3 is given by

input a 0
input by = f, 0 0
ao/b():CO 1 —1 0
input a, 0 0 0O
a,/ fo 0 -1 010
a,
bi+—=f 0 00O0F § 0
fo
&'k 0 0000 1 -10
¢ g/fo=c 0 0100 O 010
and for k=2, $¥=(®},) (I=8k—6, ... ,8k+1and =1, ... ,D) is equal to
input a, 8k-11 (0) 0 0 0 0 O
A/ 8i-1 8k-11 (0) -1 0 0 0 1 0
a/ fe-y 8k-11 (0) 0 -1 0 0 1 0 0
input & gk-11 () 0 0000 O 0O O
a, 8k-11 (0) 0 0000 GO T,0
b+ = 8k
Bk—-t
k-11 (0 0 0 0O 0 F. §
bk+_9_l_(_=fk 8 ()] 0 ¢ S 0 0
fea
g fi 8k-11 (0) 0 0 000 O O O 1 -1
o1 " (gl fd=c 8k11 (0) 0 001 0 0 0 0 O 0

For the computation of &/ =(4-4B) "' we start from the relation
(9—B) o/ =4
or
{
> BB Ay=8, 1=<Lj<N
=1
(3, — B, =0 for £>1).

If we use the fact that 8,=0 for +</ and 8,=0 then we get

11
= D By LDy I<[j<N

r=1

0
1

0

(3.1)

which means that the /th row of <7 is a linear combination of the preceding rows and with

coefficients coming from the /th row of .

The matrix .</ can, just like 3, be subdivided into submatrices. as will be illustrated in the

following theorem.
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THEOREM 3.1.

.7 can be subdivided into
M

‘(:\/ (2)
& =

R <

J_/ (n)

=10
1
0 1
1 -1 1
0 0 0 1
0 -1 0 1
0 6 0 0 0 1
o -F, O F, F 1
0 F, 0 —F, =—F, 1-§, -1 1
1 —1+4F, 1| -F, -F 1-§ -1 11
6(0)  8(0) ... 8(0) 00010000

09 o). .. oPk—1) ¢Pk)

0P P2 . .. gPk—1) gP(k)

6(0) 8(0) . . . 8(0) 000 0O0O0OCT1O0

09  g®Q) ... oPk-1) ePKk)

08 9. .. oPk—1) oK) 1

09 oPQ) ... ¢PUk—1) oPk) -1 1
0  oPQ) ... pPk=1) k) -1 1 1

=

(remember that. / is a lower triangular matrix), with

O =(~ 1) (500, T\G> . . . G,_)

0¥ =(=D"©, =F,...F,.0.F, .. FWF U F L SF L F L)

08 =(~ D1 (50). T\G> . . . G)

0 =(-1*""©, —=F,...F.0,F, .. FGF L FEGS L F)

R =(—=1¥""0,F,...F,0, —F,...F,. -F ... F. TG ...G~-=8F,...F)
O =(1, =1 (F), 1. 1, (F)=1, T )= 1, T11 (G) = 8,7, (F)

and fori=2, ... ,k

ePNO=(-D*""(0,0,0,G,...G_,Gi...G_;,0, TGy, ...G—1»Giyy .. .Gy

P O=(—1)""(=F, ... F_,0,0,F, .. . F_,0,F...F_,SF. ...F_,0

P =(-1D*"(0,0,0,G,...G.,G,...G,0, TG,y ...Gi,Gisy . ..G)Y

oPN=(-D""'(-F,...F,0,0,F, .. .F,0,F,...F,SF,,,...F,0

ePHy=(-1"F, .. . F,0,0,G,...G-F .. .F,G,...G, —F,...F,
TGy .. .G—SFip1 .. . Fi, Gioy .. .G

PPN =(—1,4F), 1, 1, 7, {F)—1,4(G), 1 =1.4(G), — 1 +7,4F), T G) = 8714 14(F), Ti1 G))
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and with the convention that F; . . . Fyand G; . . . G, are equal to 1 if i=k+ 1 and equal to
0if i=k+2.

Proof. First we show that the first 9 rows of.”/ are formed by./ . To this end we take
(3.1) for [ = 1,...,9 and fill in the proper coefficients 8.

I=1 ;=0

[=2 ay=0y

I=3 dly=oly—ddy+0y=0,—0y+3dy

I=4 o,=0,

[=5  ofy=— ly+ Lyt ds5= =8y +d,+ 3y

=6 ./y=3

I=7  /y=F, A5+8 Ag+8y= —F8y+ FBy+Fd;+53;+8,
=8 ofy= Ag— Stoj+ 8y =F By~ Fidyy— Fids;+ (1 = 58— 8+ By

=9 dgj'_—' ﬂ3j+ dsj+89j
=811+(_’ l +F1)82]+83]_F184]_F165/+(1 _S])Bﬁj—87j+88j+89j.

These results agree with the elements of oW, _
To prove the formula for .«/ ® we use induction: we show that .o/ @ is of the right form and
then we show it for.o¢ ® starting from the expression for.c/ ¢~ 1.
The equations for <7 @ are:
=10 =38
1=11 d“j:—ﬂ(;j'i'dwj'*'é“j
l=12 d12j=—"d7j+d10}'+5]2j
l=13 "dl3j=513j
[=14  o/1;=G A\;+ T, 13+ 8y
I=15 o\5=Fdy+ S 13+ o5
=16 d16j=dl4j—d15j+ 516]'
l=17 ‘dl7j=ﬂ9j+ﬂ16j+6l7j‘
By filling in the values for.c7;, .o/5; and ¥, and by substitution we get expressions for .5
({=10, . . . ,17) which agree with the elements of .o/ ®, regarding the given formulas for
0@ and ¢?(2) (r=2,3,5,6,7,8).
For example for / = 12 we have
dle = FI(SZj - F154j - F1551 - S156j - 571' + 510;' + 512/

so that the 12th row of .o¢ is

(Ov Fh 0) "F[a _—Flv —Sl! _11 Ov Ov 17 07 l)
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On the other hand
032)=(0,F,,0,—F,,—F1,—S1)
and

0?(2)=(-1,0,0,1,0,1,0,0)

Hence (09, ¢$'(2)) forms the 12th row of .7, i.e. the third row of .7 @, We assume now that
the formulas are exact for.</ “~!'. To prove the formulas for. ¢/ ® we need the equations for
the rows 8k—6, . . . ,8k+ 1. The coefficients #, for the equations can be found in the block
B of B

[=8k=6  /g_6;=0du-s,

[=8k—5 ‘(“"/Sk—S,j= - vf-jgk-]o‘j+ ‘({8k—6‘j+88k—5‘j

1=8k—=4 gy 4;= = Ag-o;t Lu—6;T Bsr-a,

I=8k—3 ‘(’/Sk—S,j:SSk—}‘j

[=8k~2  Ay_r,=Gp-Agemsj T Tuppost Bai-ay

1=8k—1 g1, =F A gpmsyt Sk k(l/sk—3,j+88k— 1j

=8k Ay = Agpmay— a1, F Oy

[=8k+1 L(]8k+1‘j= a,Q/gk_7J+ L(»_{sk‘j+88k+l\i.

The correspondence between the elements of .-/ and those of the blocks .7 ® (k=2) is given
by

A= ! ;”*émw)/s}n, (1= 10)

where [x] is the integer part of x.
With these transformations the equations become:

kY __ Ttk k)
d(7j _'M(Sj) ( +58k,/

Sj“‘) d(k-])+d(k—l)+58k+l‘].
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We obs.rve already that these formulas confirm the fact that the first and the fourth row of
</, have a 1 on the diagonal. If we combine the equations above for j=1, . . . ,6 then we
get equations for the vectors 8%:

egk) — __ng— 1)
ng) _ _ng— 1)
6% = G, 0%
0P = F,00
ng) — B(Sk) — 0(6k)
egk) _ ng— N __ esk)
which can be rewritten as:
ng) — — O(Sk— 1)
egk) —_ _6(6k—1)
Y = —G,o% "
9P = — F,0%-D
Gsk) = _ergk—l) + Fkggk_l)
0P = gg-b — G, 0%-b +Fk9%k— D
By induction we have expressions for the 8%~" which appear in the right hand side, so that it
is now easy to check the formulas for the 6.
For example for r=_8 we have:
0P =, =T i(F), L, Tisi(F) = L, 71 (F) = L, Tyt (G) = S17 50— (F))
-Gk(_ l)k—Z(O, 0’ 09 O’ 0’ TIGZ coe e Gk—l)
+Fk(_1)k—2(0, —Fl - e Fk—l’ O, F| .. Fk—lv Fl - e Fk—l’ S|F2 ... Fk-l)
which becomes, regarding the meaning of the t-notation:
O =(1, =7 (F), 1, 1) (F) =1, 1 (F)=1, T, 7, (G) =8, 7,{F))
and this coincides with the formula given in the formulation of the theorem.

The same can be done for the ¢®®) (i=2,....k): if the equations for
j=8i—2)—1,...,8( —2)+ 6 are combined then we get equations for ¢®(i)
(r=2,3,5,6,7,8).

Some attention must be paid to the case i = k since, unlike in the case 2<i <k —1,
the vectors

7k (K Ttk k)
(f Bomgy o o o Phia) and (7 % VORCYRNRRN 4  WS

are not zero-vectors but (0,0,0,1,0,0,0,0) and (0,0,0,0,0,0,1,0) respectively. Finally the equa-
tions for j=8k— 1,8k, 8k+ 1 must be solved.
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We have./ =0 for r=1, . . . ,5 and & &=8y_,, & =8y, +dy, L=
— 81+ By, + Dy, as it should be. |

According to the definitions in Section | we have for the PR-algorithm

D={1.2,4.6} U {8k—6,8k—3/k=2.....n} and R={1,....8n+ I\D.

For the weights vy, of formula (1.1) we take y,=1 for / in R because the local errors are indeed
bounded by m when F, is an arithmetic operation (addition, subtraction, division, multiplication).
For [ in D the ym are upper bounds for the local error caused by the input of ay, by, a,, b,,....
and thus we will write from now on:

a

Y1=%
Y2=70
Yo =7’
Ys=n"

Yu-s=W k=2,...,n

'ysk_3='ykb k=2,...,n

The weighted relative a priori data and rounding condition numbers for the calculation
of the nth convergent c,(n > 2) are

=> L7 @l

€D
=0 VE+ |0 vE + 108 vs + 0% v + Z (ofblyi+ ool
= y8+ |Tln(F)|‘yg+ |l _TI.H(F)|'Y‘|I+ |TIT2.H(G) _S]TZ.II(F)I‘YII’

+ z (iTk.n(F) - Tk.n(G)I‘Yz + |Tka+ l.n(G) - Ska+ lll(F)ly{))

k=2

and

/)

1ER

8
= |0g:] +10§3] + Z ok )| | +3

= 1 + “ _Tl.n(F)I + 2 (2+ |Tl:.n(F)| +|1 _TL’J1(G)| +|l —Tk.n(F)' + |TL+I.n(G)') + 3
k=2

where 0f) and ¢{'}(k) denote the sth element of 8¢ and p{” (k) respectively. We will calculate
upper bounds for p{ and p% for the case a,=0 and b,=0 for k=0,1,2,... by means of the
following lemma.
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LEMMA 3.1

If a,=0 and b,=0 for k=0,1,...,n then the following numbers belong to the real interval [0,1]:

F, (k=1)

G, (k=2)

S (k=1)

T, (k=2)

TealF) (k=1)

Tea(G) (k=2)

[7alF) = 7a(G)] (k=2)

T Tir1.(G) = Simie 1P| (k=1).

Using Lemma 3.1 we obtain
PR 1"+ 1A FWet + (L = 1, () + 7P+ Y (0 + 7)) < PICAE A
k=2 k=0
(if 7, = 7,° then one can get a sharper upper bound for pg because then

T Fe + (1 = 7, = 1)

and

PES2—1,(F)+ Y 4+ 1 1.(G) — Ta(G)) + 3

k=2

=5—1(F)+4n—1)+7,.,.(G)— T ,(G)<sd4n+2.

For numerical examples we refer to Section 7. Since vy§ and y;(k=0) depend on the chosen
continued fraction, an upper bound for pf in function of n will be calculated for each example
separately.

4. ERROR ANALYSIS OF THE AB-ALGORITHM
We introduce the following notations (k=0):

_ & Ag-2
oy =
Ay

_biBiy

Be=""
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Then by formulias (2.2a-b):

553

If we take a look at the N X N matrix @ for the computation of the convergent ¢, via the AB-

algorithm, we see that we can subdivide 9 in n submatrices and one row

Where 8 is a 7 X N matrix, 3% is an 8 X N matrix (k=2, . .
B(N=8n). Again we write the Ith operation in front of the /th row of 3.

Then 3% is given by

input by=B,

input gy=A,

input b,

b\B,

input a,

(b1Bo)+a,=B,

ay b] =A1
and ¥ is equal to
input b, 8k-19(0) ©
bk Bk—] 8k‘19(0) 0
b, A,_, 8k-19(0) O
input a; 8k-19(0) O
a B, 8k-19(0) 1
a, A, 8k-19(0) 0O
(by By_) +(aBi_2) =B, 84-19(0) 0
(b Ay +(aBi-))=Ar 8k-19(0) O

O O O = O O O

OO OOOOCO

BO

G |

By

-0 O O O O
-0 O —= O

z,(0)
z,(0)
z(0)
z4(0)
z,0)
2(0)
z(0)
z(0)

where z,=3 for k=2 and z,=6 for k=3, ... ,n

The last row By is

AJ/B,=c,

For the inverse matrix . v ={(J— )~

8n-3(0)

-1

we have an analogous theorem as in Section 3.

1

B

OO O OO O—~0O

OO OO —OO0

. ,n) and By is the last row of

I“Bl

0

OO OO == O

ocPooocoo

0

0 0

1

|l coococo

Qe

OO == 0O

0
1-Bx
0

0
0

L7

0
00
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THEOREM 4.1.

</ consists of blocks.”7 0, . . ., .o/ plus one row./y where /M is a 7XN matrix and
/™ is an 8 X N matrix for k=2, . . . ,n.

For the last two rows of each block we can write down the following recursion for k=
I, ... .,n

g2 =(0% p®(2) . . . p¥(n) 0)
gy =(X‘k) w0Q2) . .. w¥(n) 0)

where 8%, x* are vectors of length 7 and ¢®(i), w¥(i) (i=2, . . . ,n) are vectors of length
8 defined by

o=@, 0 B B 1-B 1t 0
xXP=0 1 1 0 0 on

09 =(B, Bz"'(l—Bz) 0 BB, BB (1—-B0B, B 0 )
xP=( 1 1-a, O 0 0 1—a,

0(k)_B k- 1)+(1_B )g*k-2 (4.1a)
O =(1=a)x* " +ox*? (4.1b)

{(ﬂ(")(l)_S(O) fori=k+1,...,n

w7 () =8(0)

PPk =( B Bx 0 1-B 1-8 0 1 0) (4.2a)
k) =(l-a, 0 l—0ap 0 o 0 1 (4.2b)

pPO)=Bp* "D+ =Be 2D L (4.3a)

w®) = (1 =) T V@) + oem*2(3) (4.3b)

The last row of .o/ is
=" =07, 7PQ2) =" (Q2), . . . ,w"(n)—e"(n), 1)

The vectors 8%, x®, ®(i) and 7w®(i) have a fixed pattern of zero-elements:
k) — G —
9%{)_0%1()—0 k) — (k) — k?l
XP=x¥=x=x=0
(i) = p®(i) = (1)) =0 .
{wa“(i)=w§*>(i)=ws“(i)=o =2 nandk=l

where 6%, x®, oW() and wP(i) denote the sth element of 9%, x®, ¢®(i) and w®()
respectively.

Proof. First we will calculate an expression for the last two rows of 2", which can
be done by taking the equations (3.1) for / =1,...,7:

=35,
=5y
oy =By
Ay=od+ oyt by
o= 3y

A= iy + (1 — B s+ O
‘ﬂ7j="d2j+"d3j+57j'
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Hence
e =B18;+ B0y + B4+ (1 = B,)Bs;+ &,

=0y 485+ 8y

In an analogous way we can obtain expressions for."/\y, and. /5, i.e. the last two rows
of ./,
For the block ./ ®' (k=3) we have to take the equations (3.1) with /=8k—8,...,8k~ 1.
If we take in these equations 1<j<8k—09, then all the J-terms are zero and we get:

Ay 2;= B g7+ (1 — B A g4 = B g 10, + (1 = B 513 (4.4a)

g 1j= (1~ ) g6+ A g3, = (1 — 04 ) g4 _o;+ 0 i 17 (4.4b)

If j > 8k — 8, then the term &/, with / < 8k — 8 in the r.h.s. of the equations vanishes so
that

Ao 2;= B gk 7+ (L = B g5 _4;+ Ogi_ 2
= BB+ Bgx~2) (1 ~ B)(Bgi—s;+ Bgx—a) + 52
Ao —1y=(1 — ) g _6;+ %A g5 3+ Ogi 1
= (1 — o )(Og — g, + O —6,) + Ogi -5+ Oge—3) + Bge_ 1.
Observe that (4.4a) defines the first 8k —9 elements of the last row but one of AW as a

linear combination of the first 8k—9 elements of the last rows but one of ./ &=V and
A -2 Since 6%, 9¥(2),...,9p"(k—1) contain exactly the first 8 — 9 elements of the

last row but one of .</ ', the same recursion holds for 6°, ®(2), . . . ,¢®(k—1). Analogously
(4.4b) can be rewritten as a recursion for x©, #%(2), . . . .70k -1).
If we define

(P(k)(k) = (A s 28k-8-+» dstc—z,sk-l)
n(k)(k) = (dSk-l,Sk—avns MSk—l,sk—l)'

then this agrees with the formulas (4.2 a-b) for ¢® (k) and n®(k). Since o is a lower
triangular matrix, indeed ¢® (i) must be 8(0) for £ <i <n. The reason why we have
subdivided the rows in vectors 8%®, p® (i), x®, a® (i) is that these vectors contain zeroes
forming a pattern (e.g. the third, sixth and eighth element of ¢® (i) is always zero for
i=2,...,n), which is important for the computation of the weighed relative a priori
condition numbers later on. The proof of this pattern is by induction. We give it for ¢¥(i); for
w0y, 8% and x® everything is similar.

For k=1 we have ¢V(i) =8(0) (2=<i=<n). If k=2 then ¢®(2) is given by (4.3a) and ¢‘?(i) = 8(0)
(3<i=<n), which shows that the pattern holds for ¢'"'(i) and ¢'®(i). Since for k=3, (i) is a
linear combination of ¢*~ (i) and % ~2(i), the zero-pattern holds for ¢'“(i) too. [ |

For the AB-algorithm we have

D={1,2,3,5} U {8k—8,8k—5lk=2,...,n} and R={1,...,8n]\D.

CAMWA 11:6-B
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Again y,= 1 for [ in R. For the input of aq. by, 4, b,..... we write
=70
V2=’
=7
ys=7"

yﬁk—8=ka k=29~"’n

Va—s=7V" k=2,....n

The weighted relative a priori data and rounding condition numbers for the calculation of the
nth convergent ¢, (n=2) are

DRI

teD
= x{" = 01y + X5 — 85 v + X5 — 09|yt + X — 09y,
+ > (k) — (k)| + (k) — @ (K) v
k=2
=10{}yo” + |X§lyo® + Ix§” — 05y, ” + 1087 v,

+ 3 (k) - Py + ) — Pl

k=2
and

pf=2 |-/l = Ix0 = 0] +Ix§” — 6§} + xd” — of")

'ER

n 8
+2 | S lnr— ekl |+ 1
k= :;:,14

= 0]+ [0+ b7l + 3, o (b]+ ()|

+ (k)| + [ mE(R)| + @i (K)| + [ (k)| ) + 1.

We need the following lemma to calculate upper bounds for p% and pf in case a,=0 and b, =0
for k=0,1,2,...
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LEMMA 4.1.

If a,=0 and b, =0 for k=0,1,2,...,n, then the following numbers belong to the real interval
{0.11:

f0§n)
<(p§") s=1,....,7
(n)_g(n)
\I(ps ™|
.
e
$ T s=1,...,8andi=2, ... ,n
| [0 = g )|

and the following numbers belong to the interval [0,2]:

P + (1) + (D)
P+ w ) + T

By means of lemma 4.1. we obtain for positive coefficients

PRA<D (e +vd)
k=0
and

pPRi=<d+4(n-1)=4n

Numerical examples can again be found in Section 7.

5. ERROR ANALYSIS OF THE SM-ALGORITHM

Before we give the matrix 8, we rewrite (2.5) in the following way.
Let

H,=F..F i<k
H =1
H,=0 izk+2
(F is defined at the beginning of Section 3), then

C0=H0’0=F0=§9

o
a=c¢_1+(—DHy (k=1,...,n)

Notice also that

k
Tu(F) = Z ("l)j—HlHi,j

j=i—1



558 A. CuYT and P. VAN DER CRUYSSEN

g’;(l)
B= :
“-B(")

Now

with 3V the 10 XN matrix (N=7n+3)

input a, 0
input by=f, 0 0
ao/bo=C0=Ho‘o=Fo 1 -1 0
input a, 0 O 0 0
input b, 0 0 0 0o 0
a;/fo 0 -1 0 1 0 0
bi+a/fo)=1 0 0 0 0 S F 0
(ai/fo)! fi=F, 0 0 0 0 0 1 -1
FoF] =Ho’] 0 0 1 0 0 0 0 1 7}
1 So , Ho.
Co+(‘—l)Ho'|=Cl 0 0 - 0 0 0 0 0 (_l) -
Cl Cy
and $® for k=2 the 7 X N matrix
input a, 7%-8(0) 0 00 0 0
input b, 7k-8(0) 0 00 0 0O
ay/ iy 780 -1 0 0 0 1 0 O
bk + (a,,/f,,_ 1) = fk 7k‘8(0) g 0O 0 0 Sk Fk
(adfr-Vf=F, 7k-8(0) 000 0 O0O0OT1 -10
Ho_k- le = Ho' sk 7k’8(0) 0 01 0 0 0 0 1 0
- H
crt(~DHos=c, k8O 00 0 2 00 0 0 0 (-1} o
k k
£/ consists of a 10XN submatrix./" and (n—1), each 7XN matrices.7 ¥ =
(ALam-3m+3 k=2, . . . ,n) such that
M
o =|
of
with
gm=
0 1
1 -1 1
(] 0 0 1
0 (] (] 0 1
0 ~1 ] 1 ] 1
] —-F, 0 F S F, 1
0 F—1 0 1-F, -5 1-F, -1 1
1 F-2 1 1-F, -5, 1-F, -1 1 1
2a-r) 2a-Fr 20-F) =2Fa-r) 2Fs, =2F0-r) 25, Z2F Z2F,
Cy [} Cy Cy [ Cy €y Cy a
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and for k=2

._C:f k] =

6(0) 7(0) ... 7(O) 00 001 00

6(0) 7(0) ... 7(0} 00 0 0O0 10

6 eHQ2) ... pPk—1)  PP(K)

0 @hQ2) ... pPk=1)  PP(K) 1

80 ¥(2) ... pPk—1) (k) =1 1

60 gBQ2) ... pPk—1) PPk -1 1 1
H H H

H I(2) ... gPk—1)  PP(k) (I =2 (= (=

Cp Cy Cy

with

05‘”:(_ ”‘ (0, Hl.k~|v 0, _H!.A—I! _S|H3,1—|s —Hl.i—l)

051“=(“_ l){ (Os Hus Os “Hl_&-v _Sle.b _Hl..k)

0‘sm={— ]]Jl ©, H1.r.—| _Hl.b 0, Hl.k_Hi,k—i' S](HE,&-'HZ’..&-:I), H}.R_HZJ—I)

L=, =7 F) =7 F), 1, 1LlF) = F 1o (F), = 851(Tas (F) + 72 i(F)), 7 (F) = F 7o 1(F))
S\H

09=(1, =1 4F), 1, =F\1,{F), == (1./(F))*, —F1:,(F))

Cy

and fori=2, ... .,k

¢%*’(i)=(— 1FF( —H;,0,0,0,H,_\,SH s Hi))

49-[1““‘]= {— ”R-f (—H, 0,0, 0, Hiy SHiwi Hu-)

PPN =(—1)"""H;—H4-1,0,0,0, Hyy = Hy, S{H; 1 o= His1 1), Hixo i —Hip)

PPN = (=T (F)=71(F), 1, 1, 0, 7 dF)=Fmiai(F)y —=8:(Tisrac (F)+ 741,
TlF)—FTipy4-(F))

e i Hy,-, 2 Ci-y
e =(—1) T (7. {F)), —1,4(F), —7,.4(F), ‘[__1?’;'_}"'_, 'Tu(F)TH l.k(F)F.‘;
0.i-1

= SF (i1 dkE), T4 (F)7i0 ((F)F)) ]
THEOREM 5.7.
The proof is similar to that of Theorem 3.1.
For the SM-algorithm we have

D={1,2,4,5} U {Tk—3,7k—2lk=2,...,n} and R={1,...,Tn+31\D.

For / in R we put v,= 1 and for the input of a,, by, a;, b,, . . . , we put
Y1=7%"
Y2 =70

Ya=h
Ps=7"

Yu-3=%" k=2,...n

Y-2=%" k=2,....n
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The weighted relative a priori condition numbers p§ and p% for the calculation of ¢,(n=2) with
positive data q, and b, (k=0,..., n) are:

= E ' "CJNI"YI

1€0

=105 yo® + 053 1vo? + (693 vie + [853y," + D, (@SR lyee + |or(blyid)
k=2

S \H
=o' + 1A (F)Yo* + Fiy (F )y, + ‘C 22 (1o n(F)Py

n

+2 Hor- 2 [Py a(FIF e + SF (a1 a(F)) v

’l

and

n 7
pA=2 |l =0+ (0% + > (2 "’(k)|>
k=2

tER

" H,
=1+Fm(F)+ Y, —*

k=2 n

‘ [(Tk.n(F))2+2‘rk,,,(F)+ H”*“ +Fm.n<Fm+l,n(F)]

0.k—1

where we have already used Lemma 3.1.

Because Hy -, <Hyy=c, we obtain the following upper bounds for p¥ and pf.

PRSYE +T1AF)Y + F i1 )y + v, + 2 (v +vd)

1 c n
=5 (VWEHYO+= D (VE+HYD)

k=0 n k=2

(if y,° = y,* one can use the fact that 7, ,(F) + F;1,,(F) = 1 to get a sharper upper bound)

<2+ Z( k,,(F)+ - )
(which we obtain because 1, ,(F)+ F,t, . (F)=1fork=2,...,n)

1
<2+3 (n—l)+ 2 Ce
Cn y=

For a continued fraction with positive coefficients one can say that

C
2>
C'l

Numerical examples are discussed in Section 7.
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6. ERROR ANALYSIS OF THE BW-ALGORITHM
We introduce the notations

GP=g(..gk k=n,...,1

where the r,, are given by formula (2.8)
Via an analogous method as in the previous sections (N = 4n + 3) or using the ideas
of Stummel in {4], one obtains:

pR="> |Gy + 2 11— g Gy 6.1)
k=0 k=0

n~-1

p§=2(2 IGM) +|Gm)).

k=0

For a continued fraction with positive coefficients g, and b, (k =0,..., n), the g{” and G’
belong to [0, 1] and the condition numbers are bounded by

PR (Yi+YD

k=0
pR<2n+1.

If we rewrite (6.1) as

n-1
PR=¢+ 2, Gy + (1= gi"VD + Gy,
k=0
then it is easy to see that for positive a, and b, and in case y{,, =y fork =0,...,n — 1
we have the estimate

PR+ 2 Y-
k=0
Sharper bounds for g{” can be obtained by methods given in [1]. These methods can also

be used to estimate |g§{')| for some classes of continued fractions which need not have
positive coefficients.

7. NUMERICAL EXAMPLES

We examined several continued fractions and did not remark any regular pattern in
the numerical results as far as the rounding errors were concerned: no algorithm was better
or worse than the others in all the examples, no error bounds were especially more accurate
than the other ones. Therefore we discuss now only the following continued fraction with
positive coefficients, chosen among those we tested:

a=x k=20
bi=1—-x k20

O<x <.
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This continued fraction converges to the value x itself and for x close to 1 the convergence

is very slow.
In the following tables of numerical results one can find for each of the four algorithms:

Cn nth convergent calculated in 24 digit binary arithmetic

relative a priori error for c,= vy where uy is the value of the nth convergent
calculated in 56 binary arithmetic (vy,uy are defined in Section 1).

Vv — Uy

|"N|=

N

(P? + M upper bound for |ry|(m =272, divided by |ry| (see (1.3) and (1.4)), where
|ryl py° and py® are upper bounds for p,” and py* respectively.

If we take x=2/3 then v,*= 1=+, for k=0,...,n (see Table 7.1) and if we take x= 0.96875 =
31 - 273 then v2=0=+, for k=0,...,n (see Table 7.2).

We can make two important remarks:

(a) If we want a reasonable approximation ¢, for the limit of a slowly converging
continued fraction, » must be large. Since the upper bounds 5, and ,® grow with », while
|ry| can oscillate and stay very small the ratio (5,° + 55" /|r| can become quite large for
a slowly converging continued fraction. In such cases (5,” + gy is an irrealistic estimate
for |ry|-

(lb)lLet us again take a look at the values of |rN|. If the |ry| are quite constant then clearly
B2+ pm/ |er grows linearly (see the SM-algorithm in Table 7.2). If these values
oscillate very much then of course also (p{ + pf)m/|ry| oscillates.
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