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Abstract. This paper describes a very flexible “general order” multivariate Padé approximation technique for
the model reduction of a multidimensional linear shift-invariant recursive system, i.e., a system characterized
by a multivariate rational transfer function. The technique presented allows full control of the regions of support
in numerator and denominator of the reduced system and also admits a nonbranched continued fraction represen-
tation for an easy realization of the model. The method presented here overcomes some of the problems of related
approaches to model reduction of multidimensional linear recursive systems. Different rational approximants can
be introduced to compute the reduced model, but a drawback is that these approximants are not always readily
available in continued fraction form for immediate implementation of the reduced system. Also multibranched
continued fractions can be used to approximate the transfer function, but it was pointed out that the regions of
support of numerator and denominator blow up rapidly as one considers successive convergents. Both these prob-
lems are overcome here.
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1. Introduction

Multidimensional systems arise in problems like computer-aided tomography, image proc-
essing, image deblurring, seismology, sonar and radar applications, and many other prob-
lems. Many operations performed on one-dimensional signals remain valid in the
multidimensional case but the mathematics for handling multidimensional systems is less
complete than the mathematics for handling one-dimensional systems [1]. Filtering signals,
such as in image deblurring, is a discipline born of the computer revolution, that is con-
cerned with the extraction and/or enhancement of information contained in a one-dimensional
or multidimensional sequence of measurements. Noises can be filtered from spoken messages
or picture images. Systems can transform a message to a form recognizable by a computer.
The number of applications is legion. We shall indicate here new techniques for the model
reduction of multidimensional linear shift-invariant (L.SI) systems with infinite-extent im-
pulse response (IIR). From the one-dimensional theory one knows that the problem of model
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reduction is equivalent to the computation of Pade approximants [2]. It will become clear
that this is also true in multidimensional systems theory.

A multidimensional discrete signal is represented by a multidimensional array x(n,, .. .,
n,). For simplicity of notation we will restrict ourselves to the case p = 2. An important
example of discrete signals is the unit impluse d(n, n,), defined by 6(n(, ny) = 1 for ng
= n, = 0 and 6(n;, ny) = 0 elsewhere.

When talking about two-dimensional LSI systems we will always refer to recursive systems
or systems with infinite-extent impulse response, which transform an input signal x(ny,
ny) into an output signal y(r,, 7,) such that y(n;, n,) can be described by a difference equa-
tion of the form

Y, m) = D, atky, kpx(ng — ki, my — ky)
(ky,ky)eN
Ncz?

- >, biky, k)y(y — ki, my — ky), (1)
(kl,kz)ED"
D°cZ\{(0,0)}

where D° # ¢. The sets N and D = D° U {(0, 0)} are the regions of support of the arrays
a(ny, ny) and b(n,, ny) respectively with 6(0, 0) = 1. For x(n, ny) = (1, ny) the above
difference equation becomes

h(ny, ny) = any, ny) — Z bk, kph(ny — ki, ny — ky), V)]
(ky,ky)eDe

and since D° # ¢ the signal i(rn,, ny), which is called the impulse response of the system,

indeed has infinite extent. Remark that a recursive system is only recursively computable

if it allows an ordering by which the output values y(r,, n,) can be computed sequentially,

given a set of initial conditions. It is clear that this depends on the subset D° C z>.
Taking the z-transform of both sides of (2) results in

H@, 2) = Az, ) —  »,  blky, k)H@, 2z ¥z5 "
(ky,ky)eD®

> atk, k)it — Haz, ) Dy bk, kafzg .
(k hp)eN (k1 .k €D

i

Here H(z;, 7,) is the z-transform of the impulse response h(n;, n,) and is called the transfer
function of the system. So the transfer function of a recursive system is the ratio of the
z-transforms A(z,, z,) and B(z;, z;) of the coefficient arrays a(n, n,) and b(n(, n,), with
b0, 0 = 1

ke —k
T ayen atky, kpzyfizy ™
1 + Zg, ipepe bk, kpzibizy ™

H(z, ) =
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_kl *kz

= E(khkz)GN a(kla k2)zl ré)
—ki —k,

E(kJskz)GD b(kl’ kz)Z] [}

- Az, 2)
B(z1, 20)

€)

2. Model reduction

Without loss of generality [1, pp. 176-180] we restrict ourselves here to systems whose im-
pulse response has support on the first quadrant. We can therefore write for the transfer
function of the desired system

+o +o

Hz, 2) = D, 2 hng, m)zi ™z,

m=0 n,=0
or, equivalently,

+oo 4

H[i, ij = S0 ST hiny, mywiw, @

W) Wp =0 n,=0

where the equality sign is only formal. We know from (3) that for a recursive system the
transfer function H(1/wy, 1/wy) is a bivariate rational function in w; and w,, and hence
techniques from bivariate Padé approximation can be used to approximate the series (4),
In [3], [4] Canterbury approximants were used to compute the reduced model. A drawback
is that these Canterbury approximants are not available in continued fraction form for an
easy realization of the model [5], [6]. In [7], [8] multibranched continued fractions are
used to approximate the transfer function. However in [9] is pointed out that the index
sets or regions of support of numerator and denominator blow up rapidly as one considers
successive convergents. In the sequel of this section we present a very flexible multivariate
Padé approximation technique that, on one hand, allows full control of the index sets in
numerator and denominator of the reduced system and, on the other hand, admits a con-
tinued fraction representation for its immediate implementation.
Given a power series expansion

FI(WD WZ) = Z h(l’ .])Wzl Wjé7 (5)
(i, pelN?

we shall compute an approximant p(w;, w,)/g(wy, w,) 1o (5) by an accuracy-through-order
principle. The polynomials p(w;, wy) and g(w;, w,) are of the form

pwy, wp) = >, ali, wi wh,
(i, )EN

D b, pwiwi,
(i,)eD

q(W1 s WZ)
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where N (numerator) and D (denominator) are finite subsets of IV?, indicating in a way
the degree of p(w, wy) and g(w;, w,). Let us denote, with # for the cardinality of a set,

#N =n + 1, #D =m + 1

It is now possible to let p(w;, wy) and g(w;, w,) satisfy

Hq —pow, w) = 2, g, pwiwh (6)
(i,])EWZ\E

if, in analogy with the univariate case, the index set £ (equations) is such that

NcE, (7a)
#ENN) = m = #D — 1, (7b)
E satisfies the inclusion property. (7¢)

The last condition on E means that when a point belongs to the index set E, then the rec-
tangular subset of points emanating from the origin with the given point as its furthermost
corner, also lies in E. Condition (7a) enables us to split the system of equations

g, ) =0, (G J)EE,

in an inhomogeneous part defining the numerator coefficients

i j
Z Z B, Wb(i — p, j — ») = aG, ), (@, J) € N, (82)

and a homogeneous part defining the denominator coefficients

i J
Z Z h(u, Wb(i — p,j — ») =0, G, )) € E\N. (8b)

By convention b(i, j) = 0 if (i, j) ¢ D. Condition (7b) guarantees the existence of a non-
trivial denominator g(w;, w,) because the homogeneous system has one equation less than
the number of unknowns and so one unknown coefficient can be chosen freely. Condition
(Tc) finally takes care of the Padé approximation property, namely

[H P wy = D b,

q (i,))EIN'\E
For more information we refer to [10]. For the sake of simplicity we assume that the
homogeneous system of equations (8b) has maximal rank. However, what follows can easily
be extended to the case where this is not true, by adding points to the set E\N until the
rank deficiency has disappeared, but at this moment this would only complicate the nota-
tion. So for the moment #£ = n + m + 1.
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Let us now introduce a numbering of the points in /N>, We can for instance enumerate
IN? as follows:

©0,0,0,0,0, D, D, 20, 2 D, 0, 2),(1,2,2,2),
(G,0,3,1),3,2),0,3,1,3),2,3,3,3), ....

This particular numbering of IN* is only one possible choice. Any other numbering r(i,
j) of IN? can be chosen as long as it satisfies the following property:

i<kandj <= ri}j < rkl. ©)]
Using the above enumeration, we can write

ﬂzN_ICN()CNlC”'CNn_lan-_—N,

#Nl =]+ 1,
NN = {G,jp}, =0, ... 1
i, ) = L
In other words, foreach / = 0, ..., n we add to N;_; the point (i;, j;) which is next in

line in N N IN?. Analogously we write

ﬂ:D_ICD()CDlC"'CDm_ICszD

with
#D, =1+ 1,
D\D;, | = {ld, ep}, 1=0,. .., m,
and
ntm
E=U E =Em
1=0
with
E=N, (=0, ..,n,
EiiiN\Eprio1 = {lprss Jued},  1=1,...,m,

Flpsp Jor) =7 + L

Note that because of condition (9) the subsets £; (! = 0, ..., n + m) consisting of the
first [ + 1 elements of E, individually satisfy the inclusion property.
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It was shown in [10] that a determinant representation for

pwy, wp) = D, al, jwiwi, 0 <l=n,

(i.)EN;
and
gw, w) = D) bl jwiwh, 0=r=m,
@, )eD,
satisfying
Hg, — p)owi, w) = D, gl whwh
(. NEINE,,,
is given by
D k= doj — eWiwh ... Dy kG — dn j — e)wiwh
(L)) €N, (E,NEN;
piwi, wy) =| i1 — do, Jiv1 — ) co By = dy Jrer — )
h(il+r - dO: Jivr — 60) R h(il+r - dr, Jivr — &)
and
who wée . Wi wir
h(ipy1 — do_, Ji+1 = €) e h(ipq — dps Jiv1 — &)
g (wy, wp) = . .
h(il+r - dO! jl+r - eO) R h(il+r - dr’ jl+r - er)

where (i, ) = 0ifi < Qorj < 0.

A solution of the original problem (6) is then given by p,(wy, wp)/q,.(w, w,) since N,
=N, D,, = Dand E,,, = E. However, the rational functions p/(w;, w,)/q,(w;, wy) are
themselves Padé approximants. They satisfy only part of the approximation conditions
(6) (determined by E;.,) and have N, and D, as “‘degree’’ of numerator and denominator.
If one does not need explicit knowledge of the numerator and denominator coefficients
a(i, j) and b(i, j), it is shown in [11] that the value of the Padé approximants p,(w;, w,)/
g (w1, w,) can easily be computed recursively for I + r < n + m.

We shall now show how a nonbranched continued fraction representation can be con-
structed for the Padé approximants p,/q,. However, we first want to point out that the ap-
proximants introduced in [12] differ from the Padé approximants described here, in the
sense that in [12] the index set E must have a well-specified form which does not satisfy
the inclusion property. Therefore, the recursive computation scheme of [12] is different
from the one discussed in [11]. Also, no continued fraction representation has been given
for the approximants in [12].



MULTIDIMENSIONAL LINEAR SHIFT-INVARIANT RECURSIVE SYSTEMS 315

From now on we shall write for the lower-order solutions of the Pade approximation
problem (6)

%(WI’ wy) = [Nl/Dr]EH_r'

With these solutions we can fill up a table of Padé approximants where [N,/D,,] Epory =
[N/D]g:

[No/Dolg, [No/Dilg, [No/Dilg, ...

[N\/Dplg, [INJ/Dilg, [IN{/D3lg, ...

[No/Dole, [No/Dils,

In this table we consider descending staircases of multivariate Padé approximants, like

[Ny/Dolg,
Nott/Dolg,,,  [Ny+1/Dilg,
[Ny+2o/Dilg,,, INs+2/Dolg,,,

and construct continued fractions of which the I™ convergent equals the (! + 1™ entry
on the staircase. We restrict ourselves to the case where every three successive elements
on the staircase are different. In [13] it is proved that, given this staircase, a continued
fraction representation of the form

[Nes1/Dolg,,, — INd/Dolg, | . =g | | —ef ™) |
l 1 L+ gD+ €D

L et ]+ e ’+
h + g5t ,1 + e

[N/ Dolg, +

exists of which the successive convergents equal the successive Padé approximants on the
staircase. We now resume the formulas necessary for the computation of ¢{**? and {**)
in our case. A proof of these formulas can be constructed in a completely analogous way
as was done in [13] for a more general problem.

Input of the algorithm is

How, w) = D5 ha, jwi wh.
@, j)elN?
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With the unit impulse response A(i, j) and with the sets

I

E
D,

{(i05 jO)a cees (ils jl)}’
{(d(), e, .-, (d, er)}

weconstruct for / =0, ..., n + mandr =0, ..., m,

B = D kG = dyj = ewiTh wie,

U.NEE;
andfor/{ =0, ...,n+mandr =1, ..., m,
g6y = 1) = 6,1,
g(rl)s _ g(rlll,s gg‘ljll,)r - gs'lj—ll,)s g(rlll,r’ s=r+1,r+2, ...
’ ggfll,)r - g(rllu

The ¢f*™" and e{**? are stored as in table (10):

gt

2
g

gt &

qi4) q%3)

while the values g(,lfv are stored as in table (11).
The first column of (10) is given by

o) = 06 T2~ hols + 1) g6
s + 1) — o) e8P — &b

- : isnr—d, o102 =€, s+1
_ hligry = do, Jsv2 — €Wt w0 g6t

: . fo—d ey o(stD) (542
sy — do, o1 — ewWis1™%0 whi™% gf] g8

Subsequent e-columns are computed from

s+ s+
e§s+1) +1 = 85—1,1 Sj’f—l,z (q;s—f—l) + 1),

85—1,1
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and subsequent g-columns by

+2) (s+2 +1-1 + +
) ) Y ) g(f—2,1~)1 - gﬁs—zl,)zq g§_19

gl 0 - sl

qf

ety

gt = ¢

In case not all three successive approximants on the descending staircase are different,
singular rules must be used for the computation of the gf*P- and ef*™V-values. These
singular rules can be found in [14].

The staircases considered above were all lying below the main diagonal of the table of
multivariate Pad€ approximants. If a Padé approximant (pyq,)(w;, w,) with { < r has to
be computed, then the following reciprocal covariance property could be used {15]: calculate
the Padé approximant (g,/p,)(w;, w,) to the series I/H and invert it.

We shall now illustrate the above technique with an example. Consider the LSI system
given by the transfer function

1
Hizy, ) = ———, (12a)
B(zy, )
where
B(Zla ZZ) - B(W1_1> Wil)

(1 - OIWI - 01W2 - 01W1W2)(1 - 015W1 - 015W2 - 0.2W1W2)
1 — 02w, — 02wy, — 0.4wwy). (12b)

The Taylor series expansion of fl(wl, wy) = H(wil, wil) is given by
Howy, wy) = 1 + 0.45w; + 0.45w, + 0.1375w} + 0.975ww, + 0.1375w3 + =+,

We choose the sets N, D, and E for the general-order Pad€ approximant to i[(wl, wy) as
follows:

N = {(0, 0), (1, D},
D = {0, 0), (1, 0), (0, D},
E=NU {Q,0), 0, 1)}.

Note that the sets N, D, and E satisfy condition (7) and that, besides E, also D satisfies
the inclusion property. The sets N and D are the index sets of the polynomials p(w;, w;)
and g(wy, wy); 1.e.,

p(WI, WZ) = a(O’ 0) + a(]-’ I)WIWZa
q(wl’ WZ) = b(O, 0) + b(l’ O)Wl + b(Oa 1)W25
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where the coefficients a(i, j) and b(i, j) must satisfy (8). In this example, we can immediately
solve the system of equations (8) and find

p(WI, W2) =1+ 0.495W1W2,
gwy, wy) = 1 — 045w, — 0.45w,.

In other words, the transfer function of the reduced system obtained through the Padé ap-
proximation technique described here is given by

1 + 0.4957; 'z

1_1’(21, Zp) = .
1 — 045771 — 045z

Whereas the number of terms in the numerator and denominator of the original transfer
function equals 16, for ﬁ(zl, z;) this number amounts to 4.

For model reduction techniques the issue of stability of the reduced system is an impor-
tant one. A system is called bounded-input bounded-output (BIBO) stable if the output
signal is bounded whenever the input signal is bounded. As in the one-dimensional case,
this definition of stability can be reformulated in terms of the transfer function of the system.
The following theorem summarizes some of the existing results.

THeOREM [1]: Let T be a two-dimensional first-quadrant LSI system with a rational transfer
function given by (3) and having no nonessential singularities of the second kind on the
unit bicircle. Then the system is stable if and only if

() Bz, 2) # Ofor [z = L, 2] = 1
if and only if

(i) @) Bz, ) #0for |zl = 1, o] =1
() B(zy, 7p) # 0for |zy] =1, [z] = 1
if and only if

(iii) (@) B(zy, zp) # O for |zy] = 1, |zy] = 1

|
e

(®) B(a, z,) # 0 for |z,] = 1 for any a such that |a]
(¢) B(zy, b) # 0 for |z;] = 1 for any b such that |b| =

It is clear from the above theorem that the stability of multidimensional LSI systems is
essentially related to the zero set of the denominator polynomial. In order to be able to
discuss the stability of the reduced system, we are therefore further investigating the polar
sets of the multivariate Padé approximants which model the reduced system. Partial results
have been obtained so far and can be found in [16], [17].

In our example, the original system given by (12) is stable. This can be verified by look-
ing at the root map of B(z;, z,) [1]. The root map of B(z;, z,) consists of two root images:
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one root image shows the loci of the roots of B(z;, z,) as z; traverses the unit circle z;
= ¢ for —7 < ¢ =< 7. The other root image shows the loci of the roots of B(z, z,)
as z, traverses the unit circle. We remark that part (i) of the theorem states that the system
is stable if both root images of B(z;, z,) lie inside the unit circle. Since B(z;, zp) given
by (12) is symmetric in z; and z,, the two root images of B(z;, z,) coincide and are given by

a. + c,e
== | —r=s¢=7 k=123,

1 — bke*"b
where
aq = 0.1 bl = (0.1 1 = (0.1

a 0.15 b2 = 0.15 Cy = 0.2
as 0.2 b3 = 0.2 Cc3 = 0.4

One can easily verify that with those values of a;, b; and ¢, k£ = 1, 2, 3, the root images
of B(z;, zp) lie inside the unit circle and hence the original system is stable. If we look
at the root images of the reduced system, we find

Zl'—‘Zz:——L, -T=< ¢ = .
1 — 0.45¢7%

Again it can easily be verified that these root images lie entirely inside the unit circle and
therefore the reduced system, obtained by the Padé approximation technique, is also stable
in this example.

3. Summary

The technique for model reduction of a multidimensional linear shift-invariant recursive
system

Lo pen als D21 'z57

H(z;, 2) = —
1 + Z¢ jepe b, Dz1'z?

which is known through its unit impulse response

Howy, w) = D kG, pwiwh
(i, HeN?
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can be summarized as follows. Choose subsets N; C N, D, C D = D° U {(0, 0)} index-
ing multivariate polynomials p;(w;, w,) and g,(w;, w,) respectively and impose the follow-
ing conditions on p(wy, w,) and g (wy, wy):

(Hg, — p)wi, wy) = Z g, pwt wi,
G, NENNEy,,

where N;, D,, and E,,, must satisfy conditions (7) and the subscripts I, r, and / + r come
from a particular enumeration of IN* which satisfies (9). The multivariate Padé approxi-
mant ( p/q,)(w;, wy) can be computed either through an explicit determinant formula or
in continued fraction form for an easy realization of the reduced model. To this end, put
§ =1 — r and write

: : [ 1 Ist 19y Js+1
pilwy, wa) _ ST kG, whwh + Ris 1, Jos )Wt iwds ’+
qr(wla WZ) (i, ))eN; | 1
r—1 1 1 1
__qtgs+) '+ _e§s+) ) N _ £5+) -
= ‘1 +ogith E+ D) h + gfD
Notes

*This report was written while the first author visited the University of Kobe by means of a Masuda Research
Fellowship.
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