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ABSTRACT. In the convergence theory of rational interpolation and Padé ap-
proximation, it is essential to estimate the size of the lemniscatic set E =
{z:|z| < r and |P(z)| < €"}, for a polynomial P of degree < n. Usually, P is
taken to be monic, and either Cartan’s Lemma or potential theory is used to
estimate the size of E, in terms of Hausdorff contents, planar Lebesgue mea-

sure mg, or logarithmic capacity cap. Here we normalize ||P||L (\z\<r) =
oo (121<

and show that cap(FE) < 2re and ma(E) < m(2re)? are the sharp estimates
for the size of E. Our main result, however, involves generalizations of this to
polynomials in several variables, as measured by Lebesgue measure on C™ or
product capacity and Favarov’s capacity. Several of our estimates are sharp
with respect to order in r and e.

§1. INTRODUCTION

In the convergence theory of Padé approximation, and more generally rational
interpolation, an essential ingredient is an estimate on the size of the lemniscate

(1.1) E(P;se) := {z: |P(2)| < €"},

where P is a polynomial of degree < n. There are several ways to provide this
estimate. Cartan’s Lemma shows that if P is normalized to be monic of degree n,
then we can cover this set by a union of £ < n balls B;, 1 < j < ¢, whose diameters
d(Bj) satisfy, for a given o > 0,

4
(1.2) D (d(By))" < ea®e”.

j=1

The remarkable thing about the estimate is its independence of the degree of P.
See [1, p. 194], [7], [9], [12], [14] for further details and extensions. As far as we
know, the sharp constant (that should replace e4®) in Cartan’s Lemma is still an
unsolved problem. The authors thank Peter Borwein for informing them that the
conjectured sharp constant for a = 1 is 4.
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An even more appropriate set function to measure E(P;e) for monic P is log-

arithmic capacity. Amongst the many equivalent definitions, we mention the one
involving the Chebyshev constant: For compact F' C C,

1/n
cap(F') := lim [min{HPHLN(F): P monic of degree nH

See [7], [9], [12]. Here we have the identity
(1.3) cap(E(P;e)) =

In applications of these to Padé approximation, one usually has to estimate

(1) 121, gy /1P,
where |z| < r lies outside some exceptional set. Normalizing P to be monic helps
us to estimate the denominator in (1.4), but then zeros of P of large modulus are
troublesome in estimating the numerator. To circumvent this, researchers in Padé
approximation such as Nuttall, Pommerenke, Goncar, and others [8], [13], [15] split
the zeros of P into sets {u;: u;| < 2r} and {v;: |v;| > 2r} and normalized P as

P(z) =[]z —up) TT(1 = 2/v)).

J J
Since for |z| < r,

1 3
§<|1—z/vj|<§; |z —uj| < 3r

we easily see that

[1G—u)

J

||P|\Lm(‘t|zr)/}P(z)} < (3Inax{1,7"})n/

and now the size of the exceptional set can be estimated by (1.2) or (1.3).

In studying convergence theory of Padé approximants of several variables [5], [8],
[11], one can try to extend this approach to several variable polynomials
P(z1,22,...,2¢). One can fix z2,23,...,2 and then factorize as above in terms
of z;. However the u; and v; depend in a complicated way (implicit function the-
orem, etc.) on the other variables z;, 2 < j < ¢, and normalization becomes a real
problem.

So we found it desirable to instead normalize

(1.5) 1Pl (o) = 1
and study directly the size of

(1.6) E(P;r€) = {z: 2 <r and |P(z)| < e”},
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in the hope of producing an approach that will more easily extend to polynomials
in several variables. Of course, this normalization avoids having to separate zeros
of P into large and small modulus when we estimate the ratio (1.4).

Let mgy denote planar Lebesgue measure and, for o > 0, let h, denote a-
dimensional Hausdorff content, so that

(1.7) ho(E) := inf i (d(Bj))a :{B,} are balls with E C G B,

J=1 Jj=1

Here d(Bj) denotes the diameter of B;. Of course, for measurable E,
™

The sharp form of (a) of the following simple one-variable result is apparently new:

Theorem 1.1. (a) For polynomials P of degree < n, normalized by (1.5), and
€ > 0, we have

(1.8) cap(E(P;rse)) < 2re;
(1.9) ma(E(P;rie)) < m(2re)®.

If L is any line in the plane, then
(1.10) hl(LﬁE(P;T;e)) < 8re.

Givenn > 1 andr >0, (1.8) and (1.9) are sharp in the sense that

(1.11) sup cap(E(P;r;e)) /e = 2r;
(1.12) S}lepmg (E(P;rie)) /e = m(2r)°.

In each case the sup is taken over € > 0 and polynomials P of degree n satisfying
(1.5). Moreover, (1.10) is almost sharp in the sense that given n > 1 and r > 0,

(1.13) sup hi (LN E(P;rie)) /e > gr2~t/m,
L,Pe

In the last sup, L refers to all lines in C.
(b) Given o > 0 and P of degree < n, normalized by (1.5), we have

(1.14) ha(E(P;rsie)) < 18(4re).
Of course, (1.10) shows that the diameter of F(P;r;¢) is at most 8re, and our
examples that prove (1.13) show this is sharp as n — oo. We remark that using

Nuttall’s method, Pommerenke [15] established the weaker estimate

cap(E(P;r;e)) < 3re.
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Our proof of (1.8) involves the Walsh-Bernstein lemma and simple estimates on
Green’s functions. Then standard inequalities relating h, and ms to cap give (1.9),
(1.10), (1.14).

As we have mentioned, our main goal is estimation of the lemniscates of poly-
nomials of several variables. Some intuition is provided by the polynomial

P(z,w) := (zw)".
We see that given r > € > 0,

E(P;r;e) : {(z,w): |z[, |w| <r and |P(z,w)| < e"}
(2,

{ w): |z|, lw] <r and |zw| Se}

= U (z,w): |z| < min{r,e/|w|}}.
lw|<r
Then if m4 denotes Lebesgue measure on C?, Fubini’s theorem gives

ma(E(P;ri€)) = ma x ma(E(P;ri€)) = / 7 min {r, e/|w|}2dm2(w)
(1.15) jwl<r
= 2¢2 [1 + 2log %} ,

provided 72 > €. If 12 < ¢, we obtain instead (772)”. (We used polar coordinates
to compute the integral.) As r — oo, the measure of E(P;r;e) — oo, which is
surprising when one thinks of one variable, for which the measure/content/cap is
bounded independent of r. If we consider the normalized polynomial

(1.16) Pi(z,w) := (zw/r?)",
which has
(1.17) Wi |Pi(z,w)| =1,

then we see that

(1.18) E(Py;rye) : = {(z,w): |z], |w| <r and ‘Pl(z,w)| < e"}
' = {(z,w): |z], Jw] <r and |zw| < (67"2)}

so we can apply (1.15) if we replace € there by er?. Thus if € < 1,

(1.19) my(E(Py;rie)) = (7‘(7"26)2 {1 + 2log ﬂ .

(If € > 1, it is instead (71'7”2)2.) This simple example shows that our next result has
estimates of the correct order in r and e for 2 dimensions, and for more general
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k dimensions, one can perform analogous calculations with P(z1,22,...,25) =
(z122. .. 21 )T%)".
Our two main theorems treat polynomials P(z1, 22, ...,2;) that are of degree

< n in each variable z; (so that no higher power than 2 appears in P), 1 < j <k,
normalized by

(1.20) max{‘P(zl,zg,...,zkH: |z <r, 1<j< k} =1.

We denote its lemniscate by
(1.21)

E(P;r;e) := {(21722,...,Zk): |zj| <7, 1<j <k, and }P(zl,zQ,...,zk)} < e"}.

Let may, denote Lebesgue measure on C* and let log, denote the log to the base 2.

Theorem 1.2. For polynomials P that are of degree < n in each of their k variables
21,29, ..., 2k, normalized by (1.20), and for ¢ > 0, we have

k—1y k-1
(1.22) maok (E(P;rsie)) < (167r7‘2)ke2 max{l, log, ; } .

We note that the estimate (1.22) remains valid if we replace = 1 in (1.20) by
> 1. There is a well-developed theory of capacities in C™ [3], [6], [17], [18], [20], but
for our purposes these are difficult to estimate, especially as there is no longer such
a simple relationship between potentials and logs of polynomials. We prefer to use
product capacity and Favarov’s capacity (a close cousin of Ronkin’s y-capacity), as
discussed by Cegrell [6, p.86, p.81].

For compact E C C?, we define its product capacity cap(® (E) by
(1.23) cap? (E) := /Cap{zlz cap{z2: (21,22) € E} > s}ds.

0

More generally, for E C C¥, we define cap® (E) inductively by
(1.24)

oo

cap® (E) = /cap{zlz cap(k_l){(zQ, zk): (21,22, ., 2) € B} > s}ds.
0
This apparently strange definition really does yield a product capacity: If

E=F x Fy x---x By,

where each E; C C, then
k
cap®™ (E) = H cap Ej.
j=1

Recall that a unitary transformation A is a k x k matrix with complex entries such
that A’ A = I. Favarov’s capacity I'F'(E) of E C C* is defined by [6, p. 93]
(1.25) If(E) = sup{cap(k) (A(E)): A a unitary transformation}.
We say that a polynomial P(z1,22,...,2k) is of total degree < n, if each term

g1 j Gk e s . . . . .
cz' 2y’ ... z;* in its Maclaurin series has ji 4+ jo + -+ - + jx < n.
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Theorem 1.3. For polynomials P that are of degree < n in each of their k variables

21,29, ..., 2k, normalized by (1.20), and for e > 0, we have
1) k1
(1.26) cap® (E(P;rse)) < Clrkemax{l, log, —}
€
and
1y 5!
(1.27) It (E(P;rie) < Crr*el/F max {1, log, —} .
€

Here C is independent of v, P, €, n. If in addition P is of total degree < n, then
1) F1

(1.28) It (E(P;rye)) < CirFemax {1, log, —} .
€

The estimate (1.26) is sharp with respect to order in € and r. For simplicity,
consider k£ =2 and P; of (1.16), and recall (1.17), (1.18). Now for fixed z,

cap{w: |lw] <7r and |w| < er2/|z|} =rmin{1, er/|z|},

and hence, if € < 1,

cap(2)(E(P1;r;e)) = /cap{z: |zl <7 and rmin{l, er/|z|} > s}ds
0

T

1
= T/min{l, er/s}ds = r’e {1 + log —} .
€
0

We prove Theorem 1.1 in Section 2, and Theorems 1.2 and 1.3 in Section 3.

§2. PROOF OF THEOREM 1.1

We recall that if F is a compact set with cap E > 0 and connected complement,
then its Green function with pole at oo is

1
= log —— 1 —t t
g5(2) = log ——=+ [ log 2 — tdu(t).
E

where p is the so-called equilibrium measure of E. This u is a probability measure
supported on the outer boundary OF of E. If E is a set regular with respect to the
Dirichlet problem (as our lemniscates certainly are), then gg(z) =0, z € OF, and
gr is harmonic in C\ E, with

gr(z) —log|z| — log , |2| — oc.

cap K

All this may be found in [9], [10], [12].
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Proof of (1.8) — (1.10) of Theorem 1.1. Let P(z) be a polynomial of degree < n,
normalized by (1.5). Let E := E(P;r;e). As the ball {z: |z| < r} has cap r, we
need prove (1.8) only for € < £. The well-known Walsh-Bernstein Lemma states
that
(2.1) |P(2)] < [Pl (€7)", 2z € C\E.

Using our normalization, we obtain
L= 11Pl, (e < < ep(nsupfon(): 2] <7, 2 ¢ B}).

But p is a probability measure on E C {t: [t| < r} so, for |z| <7, 2 ¢ E,

L =+ / log(2r)dpu(t) = 10g< 2r ) .

cap cap E
1< €2r 7
~ \cap E

from which (1.8) follows. The well-known inequalities [7, pp. 300-302]

ge(z) <log

Thus

(2.2) ma(E) < w(cap E)2;
h(LNE)<4cap E

then give (1.9) and (1.10). O
Proof of (1.11) — (1.13). Fix 0 < a < r, and let

o= (222)

Then P; satisfies (1.5), and
|Pi(2)| < € & |z+a| < e(r+a).

We see that for
r—a
O0<e< ,
r+a

the whole of the ball centre —a, radius €(r + a), is contained in {z: |z| <r}. Thus
for such e,

E(Py;rie) = {z: |z +a| < e(r—|—a)},
SO
cap(E(Pl;T; 6)) = €(r + a);
mo(E(Py;rie)) = 7r(6(7“+a))2.
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Hence

sup cap(E(P;r;€)) /e > r + a;

Pie

supma (E(P;rie)) /e* > m(r + a)”.
Pie

Since we may make a arbitrarily close to r, we obtain (1.11) — (1.12). The proof
of (1.13) is a little more complicated: Let 0 < a < r, and T}, (x) = cos(n arccos z)
denote the usual Chebyshev polynomial for [—1,1], and for small § > 0 (actually

6 <r —a will do), let
u+a
Ty
(5)

o= (57)/

Then P, satisfies (1.5). Moreover, with

u—+a
n (%)

Lo (julzr)

—1/n

€=

3

Lo (Jul<r)

we see that

E(Py;rie) = {z: |z| <r and 5

Tn(Z“La)‘ < 1} =[-a—6—a+§6],

SO

h (E(Py;rie)) Je = 26T, (r ki “) "

Now T}, has leading coefficient 2" ~!, so behaves for large x like 2"~ '2™. Then given
n € (0,1), we have if § is small enough,

hy (E(P1;T;e))/e > 257121—1/71 (HTQ> =A(r+ a)2_1/n77-

Since a may be chosen arbitrarily close to r, and n may be chosen arbitrarily close
to 1, we obtain (1.13). O

Proof of (1.14) of Theorem 1.1. This follows from (1.8) and the estimate [12, p.203]
ha(E) < 18(2cap E)“. O
§3. PROOF OF THEOREMS 1.2 AND 1.3

We begin with a lemma on the maximum of a polynomial along a slice:

Lemma 3.1. Let P(z1,29,...,2k) be a polynomial of degree < n in each variable
that satisfies (1.20). For fixed z1, let

(3.1) M(z) = max{|P(z1,z2,23,...,zk)|: |zj| <7, 2<j< k},
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and let

(3.2) £ = {z1: 1] <7 and M(z1) < e”}.
Then

(3.3) cap(€) < 2re;  mo(E) < w(2re).

Proof. Choose zj, 2 < j <k, such that each |z;| < r and
Inax{}P(u,zl,ZQ, . .,zk)}: lu| < r} =1.

This is possible by our normalization (1.20). With these variables chosen, Q(z1) :=
P(z1,29,...,2k) is a polynomial of degree < n in z; with

‘Q(zl)‘ = |P(z1,z27...,zk)| <M(z) <€, 2 €E,

and
19, (12r) =
Then
EC E(Q;rse),
SO

cap(€) < cap(E(Q;r;e)) < 2re,
by Theorem 1.1. Then (2.2) gives the estimate for ma(&). O

Proof of Theorem 1.2. We do this by induction on k. We can assume that € < 1,
since if € > 1, then E(P;r;¢) is all of the polydisc P := {|zj| <r 1<j< k}, SO
has moy, measure (7r2)*F and (1.22) is immediate.

(1.22) is true for k = 1. For k = 1, the result follows from Theorem 1.1.

Assume (1.22) is true for k — 1, and prove true for k. Let us write
él = (Z27 23y 7Zk7); Z = (217§/> = (217Z27 L) 7Zk7>'

We let P be as above and we let P’ denote the polydisc {g’: |zj| <7, 2<j< k}
For z; fixed, let M(z1) denote the maximum modulus of P(z) along a slice, as in
(3.1). Note that for fixed 2,

Q(2) == P(z)/M(z)

has

max{}Q(g’”: zZ€ 73'} =1

By our induction step (recall z; is fixed),
mg(k_l){gl P }P(§)| < e"}

(3.4) = mzuc—l){é’ eP Q)] < e"/M(zl)}

2 2k—2M(Z1)1/n}k_2

€

< (167rr2>k—1 M(ZI)Q/H

max {17 log,
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Let us set
E_1:= {zlz |z1] <r and M(z) < e"};
&= {zl: |z1] <7 and (27€)™ < M(z1) < (2j+1e)n}, j=>0.
Since M(z1) <1, &; is empty if
. _ 1
2e>1<j>log, —.
€
By Lemma 3.1,

ma(E_1) < m(2re)?;
ma(&;) < (227t e)?,

Then by (3.4), if £ = greatest integer < log, 1 — 1,

Moy (E(P;T;E)) = / mz(k_l){gl eP: |P(§)} < En}dm2(2’1)
[21|<r
< . ( Q)kr—l (16 Q)k:—l 62
< min < (77 , (167r —M(z1)2/”
[z1|<r

dm2(21>

2k=2pr 1/n ) k—2
X max {1, log, ¢}
€

< (7T7“2)k_1 /dmg(zl)

E_1

14
16k—1 2 . k—2
3 [ g ol 1) e
j:Ogj

V4
< (m?)" 462 +16"711662 S (log, [2572/¢])"
§=0

< (167r2)" ¢ [1+ (logy[2"2/e)) "',
where we have used our choice of ¢, and also € < 1. Finally,

[1+ (10g[22/e))" "] < [1 +logo[22/e)] ™ = [logyl2" /€] "

So we have completed the proof for k. O

Proof of (1.26) of Theorem 1.3. We keep the notation z, 2/, P, P’ from the previous
proof. We can assume € < 1, for if € > 1, then E(P;7;¢) = P, and as cap®) (P) = r*
(this is easily proved by induction on k), (1.26) is immediate. So we assume € < 1,
and proceed by induction on k:
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(1.26) is true for k = 1. This follows directly from Theorem 1.1, with Cy = 2.

Assume (1.26) true for k£ — 1, some k > 2. Let P(z1,22,...,2;) be of degree
< n in each variable, normalized by (1.20). Let M(z1) be the maximum modulus
along a slice, as in (3.1). By definition,

cap™® (E(P;T;e)) = /cap{zl: |z1] <r and Cap(k_l){g’: z € E(P;r;e)} > s}ds.
0

By our induction hypothesis, namely (1.26) for k£ — 1,
cap(k_l){g’: z € E(P;rie)}
= cap(k_l){gl €P': |P(2)|/M(z1) < e"/M(zl)}
M(Zl)l/n
€

k—2

< Oyrk1 M(—zel)l/" max{l, log,

Moreover, this set is contained in P’, so has cap® 1 < k=1 Thus

Cap(k_l){g’: z € E(P;T;G)} < Tk_lF(e/M(zl)l/"),

1152
F(u) := min {1, Clumax{l, log, —} } .
u

where

So,

cap® (E(P;rie)) <
(3.5)

cap{zlz |z1] <r and rk_lF(e/M(zl)l/") > s}ds

o\‘%.
L

1
= rk_l/cap{zlz |z1] <r and F(e/M(zl)l/”) > t}dt.
0
We see that there exists Cy > 0 such that for ¢ € (0, 1],

1y -2
F(u)>téu>Cgtmax{1, log2¥} .

Hence

emax {1, log, %}k_2 !
Cot '

F(e/M(21)"™) > t = M(z) < (
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By Lemma 3.1, the set of |z1| < r with M(z1) satisfying this inequality has cap at
most o
emax {1, logy 1}

Cot ’

2r

and also has cap < r. So (3.5) gives

1 emax{l lo l}k_z
cap® (E(P;r;¢)) < T‘k/min{L 2 702;‘%2 : }dt
0

€

1
k—2
1
<7k /dt—|— 202_16max{1, log, —} /%
€

0
k—1
k 1
< Csr emax{l, logg—} ,
€
where C5 depends only on k. O

Proof of (1.27) and (1.28) of Theorem 1.3. We let z = (21, 22,. .., 2,) and

1/2

k
lzll =4 > Iz
j=1

We shall use the following properties of a unitary matrix A: The inverse A~! is
also unitary, and [19, p.74]
[Az]l = ||z].-

Now if P(z) is of degree < n in each variable, and Q(z): = P(A™1z), then Q(2) is
of degree < kn in each variable. If in addition P is of total degree < n, then we see
that Q(z) is of degree < n in each variable. Moreover, setting w = Az, we see that

A(E(P;T;E)) = {Ag: each |z;| <r and |P(§)‘ < 6"}

= {Q: each |(A_1w)j| <r and |Q(w) ge"}.

Here, of course, (A~'w); denotes the jth component of the k-vector A~'w. Then
A
Jwjl < llwl =A™ 0] < VEmax (A w);| < Vir.
J
Thus, regarding @ as a polynomial of degree < kn in each variable,

A(E(P;T; e)) C E(Q; Vkr; el/k).

(If P is of total degree < n, we can regard @ as a polynomial of degree < n in each
variable, and replace €'/* by ¢.) Next, if w = Az, and each |zj] < r, we have shown
each |w;| < Vkr, so

max{|Q(w)‘: each |w;| < \/ET} > max{|P(g)‘: each |z;] < r} =1.
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Thus our (1.26) applied to Q gives
cap®) [A(E(P; 7; e))} < cap® [E(Q; Vkr; el/k)}
1 1)k
<Clvkkrkel/kmax{l, E10g2_} )
€

So we have (1.27). When P has total degree < n, we can replace €'/* by e and

hence obtain (1.28). O

NOTE ADDED IN PROOF

After this paper was accepted, Prof. Tom Bloom of the University of Toronto
provided the authors with related references for the classical capacities in C*:
1. N. Levenberg and B. Taylor, Comparison of capacities in C™, Lecture Notes
in Math., vol. 1094, Springer, Berlin, 1984, pp. 152-162.
2. S. Kolodziej, The logarithmic capacity in C™, Ann. Polon. Math. 48 (1988),
253-267.
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