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Abstract

We use Picard’s integral representation of the Appell series Fi(a,b,b’; c; x, y) for Re(a) > 0, Re(c — a) > 0 to obtain
a finite sum algebraic representation of F) in the case when a, b, b’ and c¢ are positive integers with ¢ > a. The series
converges for |x| <1, |y| < 1 and we show that F\(a,b,b’; c; x, ) has two overlaying singularities at each of the points
x=1and y=1, one polar and one logarithmic in nature, when a, b, b, c € N with ¢ > a. © 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction

Hypergeometric series in one and more variables occur naturally in a wide variety of problems
in applied mathematics, statistics, operations research and so on [3]. The ordinary hypergeometric
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series, also called Gauss’s hypergeometric series, is defined by

(@)(D)n

JFi(ab; ¢; z):= Z ol (1.1)
where (a), is the Pochammer symbol

a), =ala+1)a+2)---(a+n—-1), n=l,

(a) ( X ) ( ) (12)

(a),:=1, n=0

and the parameters a, b, ¢ and z may be real or complex. Hypergeometric series in two or more
variables which reduce to the familiar Gaussian series (1.1) whenever only one variable is non-zero,
are called multiple Gaussian hypergeometric series. In total, 14 distinct double Gaussian series exist
[6]. The first four of these were introduced by Appell by taking the product of two Gaussian
functions and replacing one or more of the three pairs of products

(a)n(a/)mv (b)n(b/)m: (C)n(cl)m

by the corresponding expressions

(a)n+m> (b)n+7m (C)n+m .

In this paper we shall investigate the first Appell series Fy(a,b,b’; c; x, y) defined by

oo L b . b/ . i,7
Fi(a,b,b; c;x, )= (@)ij(b)i(b");x'y .

ij=0 (C)Hrjl"]'

(1.3)

This function converges for |x| <1 and |y| <1 [3, p. 25], but the nature and location of its sin-
gularities is not obvious. Our main result is an algebraic representation of Fi(a,b,b’; c; x,y) for
a, b, b', ¢ positive integers with ¢ > a, which explicitly displays the singularities of the function at
x=1and y=1. A useful tool in deriving this algebraic representation is Picard’s integral formula

[5]
I'(c) :
I'(a)I'(c —a) Jo

for Re(a) > 0, Re(c —a) > 0. Although the other three Appell series F,, F53 and F, also have single
integral representations [6, pp. 274—283], they are not the simple Eulerian integrals of type (1.4)
for all parameters a, b, b’ and c.

This work is a part of a larger study, in which we investigate the approximation of the Appell
series F;, i = 1,2,3,4 by multivariate Padé approximants. As pointed out in [2], information on
the singularities of the function being approximated, such as derived here for Fi(a,b,b’; c; x, y),
can be very useful to determine the form of the denominator polynomials in the multivariate Padé
approximants.

Our study is motivated by the fact that a great deal is known about Padé approximants for the
Gaussian hypergeometric series (1.1). The aim of our study is the generalization of these results to
the double Gaussian hypergeometric series F;. Results on the structure of the table of multivariate
Padé approximants for the Appell series are discussed in [1]. Work in progress includes finding

Fi(a,b,b’; c; x,y) = w1 — )N —ux) (1 — uy)_b/ du, (1.4)



A. Cuyt et al. | Journal of Computational and Applied Mathematics 105 (1999) 213-219 215

compact explicit formulas for the denominators of the multivariate Padé approximants, in analogy
with the results obtained in [4,7] for the Gauss function. The paper is organized as follows: Section
2 contains the statement of the main result and Section 3 consists of the proofs of the auxiliary
lemmas followed by the proof of the main result.

2. Algebraic representation of Fy(a,b,b’; c; x,y)

We present the result in increasing order of complexity, starting with the simplest choice of the
parameters a, b, b’ and ¢, and ending with the general case.

Theorem 2.1. (a) For any non-negative integers s, t and x # y, we have for |x| <1, |y| <1,
Fi(Ls+1,t4+1; 2, x, )

(D
- (y _ x)s+t+1

B ,io: (j . S) )y = (1= y) ]

(551) =~ (1 - )

S

§ (y —x)H (1t = j)

_Szl(mz)xf(—y)’f[l—(l—x)k-ﬂ o)
gl t (x — y)+1+(s — k)
(b) For any non-negative integers a, s, t and x # y, we have for |x| <1, |y| <1,

1
—— Fila+1,s+1,t+1;a+2;x,y)
a+1

B )5 (e

J=0

k#t—j

()i -y

S AT G0 R W A DR e Gk
o ;;( t )(xy)’*"+l ; (j>( b (j+k—s)
J#s—k

— (ka> (—1)**In(1 —x)| . (2.2)
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(c) For any non-negative integers a, s, t, d and x # y, we have for |x| <1, |y| <1,

Bla+1,d+ DF(a+1,s+1,t+1;a+d+2;x,y)

z(><{z<>

m=0
ta m k+t ( y)k
Z( t )(x_y)t+k+l C}’ (2.3)
where
B & a4 m 7 k[l—(l_y)kwtj*t]i atm ~ )
_;< k >( ATy (t >( 1™ In(l = ), (2.4)
k#t—j
B atm a+m j[ _(l_x)j+k—s]_ a+m - -
C_,z;( J >( DGk =9 (s >( D In(1 = x). (2.5)
J#s—k

Here, B(-,-) is the Beta function, (}) is the binomial coefficient and all sums are understood to

be zero where they are not defined.

We observe that (2.3) can also be written in the form

Bla+1,d+D)F(a+1,s+1,t+1;a+d+2;x,y)

d
=> <i> (—D)"Fi(a+m+Ls+ L+ at+m+2xy).

Remark. (1) It is immediately apparent from Theorem 2.1 that for a, b,d’, c € N with ¢ > a, the
singularities of F(a,b,b’; ¢; x,y) occur at x =1 and y = 1. There are two overlaying singularities
at each of these points, one polar and the other logarithmic. The polar singularity is dominant near
x=1 and y =1, however, the logarithmic singularity causes multi-valuedness in the neighbourhood
of each point. It also appears as though there is an infinite set of singularities when x = y. However,
this is not the case, since whenever x = y, the Appell function F(a,b,b’; c; x,x) can be expressed
as a Gauss hypergeometric function of one variable. We have (cf. [3, p. 30])

Fi(a,b,b’; c; x,x)=1F\(a,b+b'; c; x). (2.6)
(2) From (2.1) with s =¢=0, we see that for |x| <1, |y| <1,
In(1 —x) — In(1 —
F(LLL 2y = R0 IAZD oy, 27
y—-x
and from (2.6), we have for |x| <1,

Fi(1,1,1; 25 x,x) =2F1(1,2; 25 x) = Fo(1;x) = (1 —x)~". (2.8)
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Further, from (2.1) with s=¢=1, for |x| <1, |y| <1, and x # y,

¥ x? 2xy

G—xP(—» T G—yrd-x) -2y

Fi(1,2,2; 2; x,y) = [In(1 — y) — In(1 — x)].

Also, we have,

F1(132>2; 2, X,X) :2F1(134; 27 X).

3. Proofs

We prepare the proof of Theorem 2.1 with the statements and proofs of two lemmas.

Lemma 3.1. Let
o= p=_" (3.1)

and
X=01—ux)", Y=(1—uy)! 3.2)

Then, for any positive integers s and t,

s—1

t—1 .
syt _ .8 ]+S_1 jyt—Jj t k+t_1 kys—k
XY_OC;< o >ﬁY +/3k§ RS e (3.3)
Proof. For s =7 =1, we have
1 1 1 1
XY = S 7
(I—ux) (1 —uy) (y—x)(A—-uy) x—y)d—ux)
=aY + pX,

so that (3.3) holds for s =¢=1. An inductive argument on the pair of positive integers (s, ), using
the identity

S ()= (),

Jj=0

yields (3.3). O

Lemma 3.2. Let X be defined by (3.2). Then, for p # 0,

/01 uP X dy = x~ 0! Z,,: <jp> (—1)/[1 _((1.1__;))1‘4] - (5) (—1YIn(1 —x)|,  (3.4)

=0
J#4
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where the obvious terms disappear for q= p. Also,

1 _ _
/Xq+1du: M, q:O’
X
. . (3.5)
/Xq“du: —[1 =1 =x)", q#0.
0 xXq

Proof. We have, for p # 0,

1 " 1 u?
rxeldy=[ — % 4
/Ou u /0(1—ux)q+l u

1
:xfpfl/ (1 —w)Pw'dw

1—x

p 1
=y 7! Z (lf) (—l)k/ wha= dw,
k=0 1—x

from which (3.4) follows. For p = 0, the integration is similarly straightforward and yields
(3.5). O

Remark. Replacing X by Y in (3.4) and (3.5) yields the same formulas with x replaced by .

Proof of Theorem 2.1. (a) Putting a=1, b=s+1, b'=t+1 and ¢=2 in the integral representation
(1.4), we obtain

1
Fi(l,s+1,t+1;2; x,y):/ Xy ™ du, (3.6)
0

where X, Y are defined in (3.2). Now, by (3.3), we have

! ~iFsN . [ , " (k+t :
/ XSyl qy = 5! Z <] ) ) ﬁj/ Y du + B Z ( | ) Ock/ Xk dy (3.7)
0 = 0 0

k=0

with o« and f given by (3.1). Applying (3.5) to the right-hand side of (3.7), we obtain (2.1).
(b) Replacing a by a+ 1, bby s+ 1, ¥ by t+ 1 and ¢ by a+2 in (1.4), we obtain

I'(a+2) !

— XSyt du. 3.8
Tatr)h" ! (3-8)

Fila+1l,s+1L,t+1,a+2;x,y)=

Now, from (3.3), we have

1 t . 1 K 1
avstlyitl 4. s+l JE+SY\ o avitl—j 41 k+t k/ aystl—k
/OuX Y du=ua ;_0< § )ﬁ/OuY du+p k§0< K 0uX du.

(3.9)

Applying (3.4) and (3.5) to the right-hand side of (3.9), yields (2.2).

(c) Replacing a by a+ 1, b by s+ 1, b’ by t + 1 and ¢ by a +d + 2 in (1.4), and noting that
d >0, we have

I'la+d—+2) !
I'(a+1)I'd+1)J

Fila+lLs+1,t+1l;a+d+2,x,y)= u'(1 — w)' XYy du.  (3.10)
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Expanding (1 — u)? in its bionomial expansion and using (3.4) and (3.5), we obtain (2.3) from
(3.10). O
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