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It is well-known that the denominators of Padé approximants can be considered
as orthogonal polynomials with respect to a linear functional. This is usually shown
by defining Padé-type approximants from so-called generating polynomials and
then improving the order of approximation by imposing orthogonality conditions
on the generating polynomials.

In the multivariate case, a similar construction is possible when dealing with the
multivariate homogeneous Padé approximants introduced by the second author.
Moreover it is shown here, that several well-known properties of the zeroes of
classical univariate orthogonal polynomials, in the case of a definite linear func-
tional, generalize to the multivariate homogeneous case. For the multivariate
homogeneous orthogonal polynomials, the absence of common zeroes is translated
to the absence of common factors.  © 2001 Academic Press
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approximants.

1. THE UNIVARIATE SITUATION

It has been well-known for a long time that denominators of Padé
approximants can be considered as orthogonal polynomials with respect
to a linear functional. This is usually shown by defining Padé-type
approximants from so-called generating polynomials and then improving
the order of approximation by imposing orthogonality conditions on the
generating polynomials.

Assume you are given a series development
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2 BENOUAHMANE AND CUYT

By defining the linear functional ¢ acting on the space of univariate polyno-
mials as

c(x)=¢;

f(t) can formally be rewritten as

=c(ity)

Now take any polynomial V,,(¢) of degree m and define its associated
polynomial

m(l) =c <Vm(x)_ Vm(t)>

xX—t
which is then a polynomial of degree m — 1. Then for

Volt) ="V, (t71)

W (t)=t""'W, (")

the Padé-type approximation conditions
(fr/m_ I/T/m)(t) = Z diti

hold. If we do not choose V,, randomly, but impose the conditions
o(xV,,(x))=0 i=0,.,m—1 (1)

then V,,(¢) is called the orthogonal polynomial of degree m with respect
to the functional ¢ (the conditions under which V,, can be computed from
(1) are well-known [3]). For V,,(¢) satisfying (1) the Padé approximation
conditions

T W)= dit’

i=2m

hold (here V,,(¢) is normalized such that it is monic). The Padé-type and
Padé approximants for f of degree m —1 in the numerator and m in the
denominator are usually denoted by (m— 1/m)” and [m —1/m]” respec-
tively.
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The construction of the Padé-type and Padé approximants (m + k/m)”
and [m+k/m]” with k> — 1 explained next, follows the same lines. The
series for f(¢) can be written as

k .
f()=3 et + 1 (1)

i=0

with

k
=73 Crprpil
i=0

If we define the functional ¢+ by

C(k+1)(xi):ck+1+i

and the polynomials

WE+D (1) = k+1) <Vm(x)_Vm(’)>
" x—t

k
W(k+l) Z l +lk+1 —lw(k+l)( )

then

fVu=WEN)= ¥ 4t

i=m+k+1

and so everything remains valid with the functional ¢ replaced by ¢**+1.
Note that

W(k+1) . i et 2 (m — Um) e (1),

m i=0

(m + k/m)” (1) =

The additional conditions on V,, necessary for the construction of the Padé
approximant [m +k/m]/ are

DXV, (x)=0  i=0,.,m—1 (2)

and we shall denote polynomials V,, satisfying (2) by V%*1 5o that
[m+k/m]/ = Wk+D/p%+D The ratio W,,/V,, which was introduced for
the special case k= —1, will usually be denoted by W /P The same
holds for the functional ¢ that can be denoted by ¢©.



4 BENOUAHMANE AND CUYT

2. THE MULTIVARIATE HOMOGENEOUS SITUATION

In the multivariate case, a similar construction is possible to obtain the
multivariate homogeneous Padé approximants [m + k/m]4, introduced by
Cuyt in [5]. We give a different and slightly more elegant presentation
than the one in [ 1, 2, 8]. We restrict our description to the bivariate case
only for the reason of notational simplicity.

Assume you are given a bivariate series development

oo

flt,s)=") cyt's/.

i, j=0

For completeness we repeat that the multivariate homogeneous Padé
approximant [m —1/m]%, is defined as the irreducible form of P,,_; ,,/

O, _1.m With

(m—1)ym+m—1

P 1m(t,s)= Y a;t's’
i+j=(m—1)m

(m—1)m+m

Qm—l,m(t’ S): Z bij-tiSj (3)
i+j=m—1)m

oo

(me—l,m_Pm—l,m)(la )= Z djjlisj~

i+j=(m—1)m+2m

One of the great advantages of this homogeneous definition is that it
results in a unique irreducible form, whatever solution of (3) is considered.
Note that the numerator and denominator polynomials P,,_; ,,(f, s) and
O, _1.m(t,s) start with terms of degree (m —1)m instead of with a con-
stant term. When computing [m—1/m]4, in other words taking the
irreducible form of P,,_; ,,,/O,,_1. . the numerator and denominator poly-
nomials of [m—1/m]4, may start with a constant term but this is not
guaranteed. If we denote the order of the denominator polynomial of
[m— 1/m]4, (lowest homogeneous degree of its terms) by 4,, then

04, <(m—1)m

and we can show that the order of the numerator polynomial of
[m—1/m]4 is at least 4,,. In the rest of the text 4,,=(m—1)m is used.

By defining the linear functional C acting on the space of bivariate
polynomials, as
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the bivariate series can formally be rewritten as

1
f(t,s)=C<1_xl_ys>.

By introducing the notations

(t,5)= Ayt Aott)  £,5,u€eC A=(iy,Ay)eC? |A],=1
Zl: l ]SJ

ci(i)z z Ci— J» ]j'l ];“]
=0

al(l)z a;_ J» ]it* A']

/'{l ]i]

i—jJ

d()="Y d,_, 27,

i—j,j1

where ||-||, is one of the Minkowski-norms on C?, we can rewrite the series
development as

[, s)="73 Ci(t,5)
i=0
=Y ()
i=0
and (3) as
(m—1)m+m—1 )
Pm—l,m()V1u7 121’[): Z ai(l) ul
i=(m—1)m
(m—1)m+m )
O 1, m(A1tty Ayu) = Z bi(4) u’ 4)

i=(m—1)m

[e o)

(SOm—1,m—= Pt m)Aatt Ayu) = ) di(2) .

i=(m—1)m+2m
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With the introduction of the functional I acting on the variable z, as
I(z') =c;(4)

the series can now formally also be viewed as

f(t,s)zf(/llu,},zu)=1"< ! > (5)

1 —zu

This new view on the multivariate problem in which the cartesian coor-
dinates (¢, s) are replaced by the coordinates A=(4;,4,) and u, with
[All,=1 will turn out to be a powerful tool in the sequel of the text. It is
strongly linked to the following two features of homogeneous multivariate
Padé approximants:

e the most striking element in the definition (4) of the homogeneous
multivariate Padé approximant [ m + k/m]7, is that this definition coincides
with that of the univariate Padé approximant if you discard the shift in the
numerator and denominator degrees and replace the homogeneous expres-
sions by monomials [4, 6];

e the homogeneous Padé approximants apparently satisfy a very
strong projection property that we want to exploit here, reducing to
univariate Padé approximants on every straight line through the origin
[6], namely

[m+k/m]y, (A1, Apt) =[m+k/m]/n 2 (1)
with
Sy, () = f(2q 2, 250).

In order to clarify the presentation and underline the similarity with the
univariate case we again start with the construction of the homogeneous
Padé-type approximants (m — 1/m)4, and shall only afterwards deal with
the more general (m + k/m)7,.

Let us first introduce some notations. We denote by C[u] the linear
space of polynomials in the variable u with complex coefficients, by
C[ 41, 4,] the linear space of bivariate polynomials in 4; and 1, with com-
plex coefficients, by C(4,, 4,) the commutative field of rational functions in
A, and 4, with complex coefficients, by C(/4;, 4,)[u] the linear space of
polynomials in the variable u with coefficients from C(4,, 4,) and by
C[ Ay, A, ][ u] the linear space of polynomials in the variable u with coef-
ficients from C[ 4;, 4,].
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For chosen m and 4,, defined above, we take any function V,,(z, s) of
the form

Vol $) = V()= . By o)1l
' (6a)

i=0
4, +m—i
. — L a4, +m—i—jj
BAm+m—t()‘) Z bAm+m—t—],]j'1m j'2
j=0

defined parametrically in terms of the coefficients b,; with /4 j ranging
from 4,, to 4,,+m. The function V,,(t, s) is a polynomial of degree m in
u with homogeneous polynomial coefficients from C[ 4, 1,]. We define

“//;,,(Z)—“V;n(u)>

Z—Uu

WMLQ=WMM=F<

which is then of the form

m—1
Wm(tﬂ S):%n(u): Z AAm+m717i(}“) ui
i=0
m—1—i
AAm+m—l—i(i): Z BAm+m—1—i—j(/1)Cj(/1)~

j=0

(6b)

Note that V,(z,s) and W, (z,s) do not necessarily belong to C[z,s]
anymore because the homogeneous degree in A, and A, doesn’t equal the
degree in u. Instead they belong to C[4;, 4,]][u]. In the remainder of the
text we will use both the notations V,,(¢, s) and 7,,(u) interchangeably to
refer to (6a) and analogously for (6b). For

Vnlt, 5) =7, (u)

m—1 4, +i

_ A, +i—joj
Z Z aAer,,],]l S
i=0 j=0
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the Padé-type approximation conditions

(fVu= W), 5) = ([ — W) (1)

I
M8
S
>
:~

i=A4,+m

'] i
> <Z di—j,j’i_jsj>
i=A4,+m

Jj=0

hold, where as in (6) the subscripted function d;(4) is a homogeneous func-
tion of degree i in A, and /,. We remark here that 7,,(z, s) and W,,(1, s)
again belong to C[¢, s] contrary to V,,(¢, s) and W, (t, s). As in (1), if the
function V,,(¢, s), say the polynomial ¥,,(u), is not chosen randomly, but
if it satisfies the additional orthogonality conditions

I(zv,,(z))=0 i=0,.,m—1 (7)

then the Padé approximation conditions

SV, 8) = W, (8, 8) = (ST = W,,) (w)

= Y di(i)u
i=A4,+2m

= X <Zdi—f,j’i_jsj>
i=4,,+2m \j=0

are satisfied and #,,(u)/7,,(u) equals the homogeneous Padé approximant
[m—1/m]4 [2]. As in the univariate case the orthogonality conditions
(10) only determine ¥,,(u#) up to a kind of normalization: m + 1 polyno-
mial coefficients B,  ,,_;(4) must be determined from m conditions. How
this is solved, is explained below.

With the ¢;(1) we now define the polynomial Hankel determinants

Co(l) Cm—1(4)
HO () = ' c’":(’” HO() =1
em 1(A) o Cama(2)

generalizing the classical Hankel determinants as defined in [7]. We also
call the functional I" definite if

HO()#£0  m>0.
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In the remainder of the text we shall assume that 7,,(u) satisfies (10) and
that I" is a definite functional. Also we shall assume that 7,,(u) as given by
(6a) is primitive, meaning that its polynomial coefficients B, _,,_;(4) are
relatively prime. This last condition can always be satisfied, because for a
definite functional I” solution of (10) is given by [2]

W) en () el
1 1 L : o
"m0 ) e TR

1 u u™

where the polynomial p{® (1) is a polynomial greatest common divisor of
the polynomial coefficients of the powers of u. Clearly (8) completely deter-
mines 7,,(u) and consequently V,,(z, s).

As in the univariate situation the functional I"**1 can be defined by

F(kJrl)(Zi) =Cry144(4)

and I can be replaced by I'**V for the construction of homogeneous
Padé approximants [m + k/m]4, with k> — 1. The shift in the numerator
and denominator degrees of [m + k/m]/, then satisfies

0<A* V< (m+k)m

and the numerator and denominator of [m+k/m]J, are respectively
denoted by W*+V(z, 5) = # *+D(y) and VE+D(1,5) = 7 k+D(y). We
denote by p* TV () a polynomial greatest common divisor of the polyno-
mial coefficients of u’, i=0, ..., m in the determinant

Ceer1(A) o Cram(A) Crgmi1(4)
Cham(A) Chvam(4)
1 u u™

and identify #,,/7,, and I respectively with %9 /"9 and I"®. 1t is then
easy to check that "¢+ given by

et o Ceam(B) Crrminr(A)
1 ) .
kD () — : : :
=TT () e a2
1 u oo um

7w =1 9)
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one has
FEED Gy EED ) =0 =0, . m—1 (10)
F(k+1)(umn/'(k+1)(u))
Cev1(4) Coam(A)  Chgmar(4)
= [+ 1 5 5
PETVA) | Crsm() Crevom(4)
um Z/lm+l u2m
Ck+1(j-) Ck+m(/1) Ck+m+1()”)
1 : ' :
pirlf+l)(}) Ck+m()") Ck+2m(}*)
Choami1(A) Chymia(d) Chyom+1(4)
_HE () (a1
(k+l)(/1) )

To conclude this section we summarize the most important results.

Summary
(a) For the bivariate series f(t, s) and for k= —1 holds

WD (1, 5)

S —_—m 0"

[m+k/m]s(t,s) e ) )

(b) For the monic univariate polynomial V,,(u) satisfying (1) and

for the bivariate polynomial V,,(t,s)=",,(u) given by (8) with (t,s)=
(Aqu, A u) holds

HES)(AD A2) Vi (u) = pi;?)(}'la 22) Vi (Ayu, dpu) = Pﬁf)(ib 42) V(1)

This last property can be seen as a projection property.

3. PROPERTIES OF THE HOMOGENEOUS
ORTHOGONAL POLYNOMIALS

Let us now generalize the well-known univariate property [ 3, p. 57] that

for a definite functional ¢** ) as in (2) the polynomials V'**+V(z) and V¥ 1 (1)

have no common zeroes. The same is true in the univariate case for the
polynomials W%+ (7) and W (z), and the polynomials V** V() and
W+ (1), Before we can formulate the multivariate generalization, we first

need a number of lemmas and theorems.
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In the multivariate discussion we shall often switch between the coor-
dinates (¢,s) and the coordinate u in the one-dimensional subspaces
spanned by the vectors 4. Remember that V, (¢, s)=7,,(u) and W, (¢, s) =
#,,(u) do not belong to C[¢, s] but to C[ 44, 4, ][u].

Lemma 1. Let the functional T'**Y which is defined for k= —1 be
definite and let the polynomials {7 **V(u)},, satisfy (10). Then the
{v"*k+D ()}, are linearly independent in C(1, Z,)[u].

Proof. Suppose we have coefficients 74(4), #,(4), ..€ C(4;, 4,) such
that formally

VueC: Y ni(A) 7% D (w)=0.

i=0

Then we also have for j >0 that

7:(2) T D (4D (u) = 0.

Lts

1

Taking (10) into account, we obtain for j >0

1i(2) T D (wy 1 () =0,

lM\..

For j=0 this reduces to
no(4) LD (77§D (u)) =0

which results in 77,(1) =0 because I'*+D (v kD (y))=c, 1 (A)=HFTV (1)
#0. For j>1 the proof that #;(1) =0 is by induction. ||

THEOREM 1. Let the functional I'**V which is defined for k> —1 be
definite and let the polynomials v"**V (u) and p*+V (1) be defined as in
(9). Then the polynomials {v"**Y(u)},, and {W**+V(u)},, satisfy the
recurrence relations

Vinid (6 s) =0t P ([ (u— Bty () ViVt s)
— Vit (D) V()]

VEED(,5)=0  VEFI(1,5)=1

Wail(ts)=af D) (u— By () WitD(t,s)

— 7R WS (1, 8)]
WD (g 5)=—1 W& (1,5)=0
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with

26+ (7) = P V() HEE(2)

X +1 p(k+1)(/1) Hﬁ,’f"’l)()u)

m+1
I-v(k+1)(u(V(k+l)(l S))Z)
F(k+1)( V(k+1)(t S)))

(
Pt () HE L (2)
)

Bin ()=

U+ D

Tt ()= G5 ) e NV =i (2)

(k+1)(/L) 1

Proof. The polynomial u? %+ (u)=ulV*+V (¢, 5) as defined in (6a)
can be written as a linear combination

m+1

uV(k+1) t, S Z (k+1) i) V(k+1)(l S)

where the 7%+ 1 () are rational functions of the variable 2. We multiply
left and right hand side with V{**"(z, 5) and apply the linear functional
r'*+1 to obtain

n V() =0 i=0,.,m—2

F(k+1)(uV(k+1)(t S) V(k+1)(t S))

(k+1) (k+1)
T )= (& D sy e )
(k+1) F(k“)(u(V(k“)(l, S))2)
(}‘) F(k+l)((V(k+1)(l S))2)
re Dy s) V&b, s)
M1 (A)= - =1, £ (A).

TED(VED 1 9)%)

On the other hand we have

(k+1)
VD)=V, s)=Hp£lZ+1)((j)) U4
so that consequently
HV() 1 H%TD(2)
put V) T a D) piP ()
Using (11) and the fact that
o050 w2y = T e g

PEFV(2)
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the expression for y%* (1) is obtained. For the associated polynomials

%+ (u) we have, because I'* TV (v *k+1D(z)) =0,

(k+1) _/.V(k+1)
A e R (R e

1 1
m+ m+ U—=z

P UED () — 4 D ()
_yrn gy Lms 1 >

u—=z

which gives the desired result. The starting value for y{**1 (1) is easy to
verify. |1

THEOREM 2. Let the functional I'**V which is defined for k> —1 be
definite and let the polynomials ¥"**V (u) and p**+1 (1) be defined as in (9).

m

Then the polynomials {7 %V (u)},, and {7 %+ (u)},, satisfy the identity

D @) #ELD )= D () 1D ()

m+1
=Vt s) WD (6 s) = WD, s) ViDL s)
[Hy ()]

pEEDA) prD ()

Proof. For simplicity we omit writing the arguments (7, s) in V¥*+1
and W¥+D and (4) in o5tV g%+ and y&+1D The proof makes use of
the previous recurrence relations:

WErIzH_l) Vgrllci—ll) :a(k—o—l) (u—ﬂ(k+l)V) V£'11c+l) W£y11c+1)

m+1 m+1
k+1 k+1 k+1
—R W]
k+1 k+1) _ (k+1 k+1 k+1 k+1
VD WD =alt D [ Bl ) WD vieey

k+1 k+1 k+1
IV WPV
By subtracting these expressions one obtains

k+1 k+1 k+1 k+1
VIO WD — WD VD

_ L (k+1 k+1 (k+1),,(k+1 (k+1 k+1 k+1 k+1
—“£n+1)75n+1)"'“2 V(z )(Vo )W(l 4 )V(l )

[H(k+1)]2

_ m+1 I
— o (k+1 k+1)"
pﬁn )p£n+l

The preceding theorem shows that the expression

D) # D ) = # D) 1D )

m+1
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is homogeneous and that if p%*" (1) and p%F (1) are constants, this
homogeneous expression is of degree (k+m+1)(m+1).

Let us now take a closer look at the factorisation of the orthogonal poly-
nomials ¥ %*D(y) and their associated polynomials % *+D(4) in
irreducible factors. This factorisation is unique in C[4;, 4, ][u] except for
multiplicative constants from C which are the unit multiples in C[4,, 4, ]
and except for the order of the factors. This is because C[ 4, 4, ][u] is a
unique factorization domain.

THEOREM 3. Let the functional I'**V which is defined for k> —1 be
definite and let the polynomials ¥"**V (u) and p**+1 (1) be defined as in (9).
Let W%+ Y (u) be given by (6b). Then

(@) v, Yy and v ¥+ D(u) have no common factor

(b) W * Y (u) and w %P (u) have no common factor

(c) % *Y(wu) and W %+ (u) have no common factor.

Proof. We only give the proof for (a) since the proof for (b) and (c) is
completely similar. The proof is by contradiction. Assume that ¥~ %+ ()
and 7%+ (u) have a common factor. Then, because of theorem 2, it is
necessarily a polynomial in 4, different from a complex constant if it is a
true common factor. Hence the polynomials ¥ %+ (u) and v %D (u) are
not primitive, which is a contradiction. ||

Let us now restrict ourselves to all variables and coefficients being real
and turn to some results for positive definite functionals. The functional
I'*+D s called positive definite if

VieRN\{0}: HE*D()>0  m>0.

Lemma 2. For a positive definite functional I'**V and for any polyno-
mial P(u) e R[ Ay, A,][u] holds

resD(22(u) >0,

where the functional I'**" acts on the variable u as defined above.

Proof. Every polynomial 2(u) of degree m in R[4, 4,][u] can be
written in the form

Pu)=3 g4 7 €D (),
i=0
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where the #,(1) € R(4,, 4,) are rational functions of the variable A with real
coefficients. From the orthogonality conditions satisfied by ¥ **+1(u) we
obtain

P& w) = 3 72 (2) T (D))

HED(2) HEGD ()

m 20
= “(A
Z m; (p§k+1)(;b))2

THEOREM 4. For a positive definite functional I'**V, the polynomials
"%+ (u) satisfying (10) have no irreducible factors in R[4y, 2,1[u] of
multiplicity larger than 1.

Proof. Assume 7" * 1 (y) has an irreducible factor # (u) of multiplicity
¢>1. Then we can write

P ED ()= F 7 (u) Z (u),

where Z'(u) is a polynomial in u of degree m—/¢ 0,% <m where 0,7 is
the degree of Z (u) as a polynomial in u. If /> 1 is even then because of
Lemma 2

]"(k*'”(:?(u) "/5":*'1)(14)) =F(k+1)(ff2(u) F%(u))

>0

which is impossible because of the orthogonality conditions satisfied by
Y *k+D If /> 1 is odd then

PED(F () 2 () 175D () = LD (22 0) FO4 (w)

>0

which is also a contradiction. |

Let us illustrate this by considering the following positive definite
functional

F(Zi)=ci(i)= cifj,j;“lrjlé

I M ~

j=0

Ci—j,j:<j-> H X'yl dx dy.
IGx, Pl <1
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The first few orthogonal polynomials satisfying (7) and having only simple
irreducible factors are given by

Y O(u)=1
YO (u)=u

“V(ZO)(u)z<u—;,/if+}v§><u+;,/if+i§>
“V(;))(u)=2u<u f1/22+)»2>< fa//n +A2>

ﬂm(u)=16<u 3\/\/\/W>< 7Vﬁ i%+i§>
(T o

1 1
”V(SO)(u)=16u<u2«//1f+)v§><u+2 if-}-/l%)
NEN ey NNy
X “_7«/’11+/11 “"‘7«“»1"‘% . (12)

4. COMMON ZEROES INSTEAD OF COMMON FACTORS

From the previous section it is clear that our orthogonal polynomials
{7 *+D(u)} .y do hot have any irreducible factors in common in
C[ Ay, A, 1[u]. Since each of these irreducible factors would determine a
zero curve, it is also clear that the { V¥V (4, 5)},,.n do not have any zero
curves in common. But since their coefficients belong to the unique fac-
torization domain C[ 4;, 4,], we can use a well-known theorem to detect
isolated zeroes for which for instance ¥ ¥V (u)=V%*+D(s ) and
" FFD(y) = VD (4, 5) vanish simultaneously.

Lemma 3. Let the functional T'**Y which is defined for k= —1 be
definite. Let the polynomials

a/(k+1) Z U(k+1) l)u

i=0
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satisfy (10). Then "%V (u) and v *+Y(u) have a common zero for A=
(A1, 4o) satisfying

Vi) e oD ()
0 e n times
0 0 Dy ... (ke+1)( )
R(A)= (k+1) Ur(r]t{O_'—l)() O () =0
vt () - 0T I(A)
0 I m times
0 0 ok+b() ... pkFD())

Proof. The (n+m)x(n+m) determinant R(A) is the resultant of the
polynomials ¥ %+ (y) and ¥ *+Y(4) and this proves the lemma [9,
pp. 23-307. 1l

Taking the positive definite functional from the previous section again,
we see that the resultant of the orthogonal polynomials 7" (x) and
7" (u) given in (12) is identically zero, meaning that common zeroes can
be found for any value of 4, and A,. Indeed, these polynomials have two
common factors (note that Theorem 3 only applies to polynomials of
which the degree differs at most 1). We can further illustrate this
occurrence of common zeroes with an example involving a nontrivial resul-
tant. Consider the functional

) | . )
r(‘”(z'):c,.(z)zi—'(/1'1 + 257+ 2.
The orthogonal polynomials #"(”(u) and 7 {(u) satisfying (7) are then
given by
Y O(u)= — (A +4,) +
VP ()= —5(AT+273 4, +5)f}2+2/1 A3+ 73)
+ 222345230+ 504234203 u— (A3 4+ 30,2+ A2) u?

The resultant of ¥ (u) and 7" (u) equals (we present the resultant in
factored form because we need this form afterwards)

R(Z) = —&((B+/5) 21+ 225> (3—1/5) 21 +22,)%

Consequently VO (¢, s)=7"?(u) and V' (¢, 5) =" (u) have a common
zero for A satisfying

{R(z)zo
[4],=1.
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This is for

(3 D

and

A=7® = <_31 /3 —6\6’ /3 —6ﬁ>

or in terms of ¢ and s, for

(Za5)=(l(1),s(l)):<_ 1+/5 ,1+ﬁ>
9+3/5 6

and

1— _
(t,s)z(t@),s&)):( - 3\/\[ 1 6\/)

To further illustrate the above, we have plotted the zeroes of V(% (¢, s) and
V™ (1, s) in Fig. 1. For V{?(¢, s) for instance, these are given by the ellipse
in Fig. 1:

t=Jqu= Iy + 1)

Al,=1.
S= ot =Ip (A1 + 1) 1412

VO (1, s) =O©{

For V(™ (t,s) they are given by the hyperbola. The vectors (4, 4,) for
which the ellipse and the hyperbola are tangent, were computed from
equating the resultant to zero. The tangent points seen in the figure, are the
vectors (¢, s) computed above.

Let us at the same time illustrate that # O (u)/7 2 (u)= WQ(t, )/
V{9 (t, s) equals the homogeneous Padé approximant [ 1/2]/ for the series

= i c;(A)u
i=0

texp(t) — s exp(s) >
= Z

t—s
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-1 1

-1t

-2t

FIGURE 1

From v (u) = V" (1, s) we compute
V1, 8)=u*?" P (u™")
= — (1 + 285+ 50257 4 2157 + 57)
+ (26 + 5825 + 5ts7 + 257) — 3(£7 + 315 + 57)

and

Z—Uu

WO (1, 5) = F<V(20>(z)— szm(u))
O(z,5) =

WO, 8) =W O (u")

(B + 755+ Tts* +5%)

O\\'—‘

(124 3ts+ 5%) —

to obtain [1/2]4,.
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