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If the system of linear equations defining a multivariate rational interpolant is singular,
then the table of multivariate rational interpolants displays a structure where the basic building
block is a hexagon. Remember that for univariate rational interpolation the structure is built
by joining squares. In this paper we associate with every entry of the table of rational interpo-
lants a well-defined determinant representation, also when this entry has a nonunique solution.
These determinant formulas are crucial if one wants to develop a recursive computation
scheme.

In section 2 we repeat the determinant representation for nondegenerate solutions (nonsin-
gular systems of interpolation conditions). In theorem 1 this is generalized to an isolated hexa-
gon in the table. In theorem 2 the existence of such a determinant formula is proven for each
entry in the table. We conclude with an example in section 5.

1. Multivariate rational Hermite interpolants

For the sake of notational simplicity we will restrict our description to the bivari-
ate case. Let a bivariate function f(x,y) be known in the data points (x;, y;) with
(i, j) e N? and let I be a finite subset of N? indexing those data points which will be
used as interpolation points. With the data points we construct the polynomial
basis functions

i-1 j-1
By(x,y) = [J(x— %) [[0 - -
I1=0

k=0
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The problem of interpolating these data by a bivariate rational function was for-
mulated in [5] as follows. Choose finite subsets N (from ‘“Numerator”) and D
(from “Denominator’”) of N2 with N < I and compute bivariate polynomials

p(x,y) = Z aiBij(x,y), #N=n+1,

(i) eN
g(x,y) = Y byBy(x,y), #D=m+1, (1a)
{i,j)eD
where we denote p = N and Jg = D, such that
(fq—p)(xi,y)) =0, (i, ))el,#I=n+m+1. (1b)
If g(x;, yj) # 0 then this last conditionimplies that
S (xi,5) =§(x,-,yj), (i, /)el. (Ic)

We say that I satisfies the inclusion property if whenever a point (i, j) belongs
to I, all the points in the rectangle emanating from the origin with (i, j) as its
furthermost corner belong to I. Condition (1b), for instance, is met if the following
two conditions are satisfied by the polynomials givenin(la)[5]:

(fg—p)(x.y)= > dyB;(x,y), (2a)
(4, /)eN?\T
I satisfies the inclusion property, (2b)

where the series development (2a) is formal. Condition (2a), with restriction (2b),
can also be used if some or all of the interpolation points or their coordinates coin-
cide since it can be replaced by conditions in terms of bivariate divided differences

[5]:

(fa){xo, - .., xillvo, .-, ¥} =plxo, .., %o, -yl (G )eN, (3a)
(f9)[xo, - - -, xil[yo, - - -, ¥]] = 0, (i, ) eI\N. (3b)
Using a generalization of Leibniz’ theorem [5] we can substitute (fg)(xo, . . ., x/]

[o, - - ., yj] in (3a— b), with the notation ¢,y = f[xy, . - ., Xi] Vo, - . -, ¥j], bY:

(fQ)[Xo,...,X,‘“)’O, )yj] = qu[XO: ,xp]b’07---’yu]cpi,uj

u=0 v=0

= Z Z by Cuiyj

p=0 v=0

E : b Cuij -

(uv)eD

Also
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P[XOa---vxi]D)Oa-”:yj]:aija (I,J)EN

From now on we denote a rational function satisfying (3) by [N/D];. Number-
ing the pointsin the sets N, Dand I as:

N = {(iOajO)v"'v(imjn)}a (43)
D = {(dy,ep), .., (dm,em)}, (4b)
I'=NU {(i"+1ajn+1)7 sy (in+m, j'H-m)} ) (4C)
condition (3) becomes [5]:
Coig,ejo  + -+ Cdmip.emio bdoeo Aigjo
= , (5a)
Cdyinewn  *++  Clminmin ba,en a,j,
cdoin+l VeQint s cdmin+l semin+ bdoeo 0
=1:1. (5b)
Cdoin+M1eQin+m s cdmin+m:emin+m bdmem O

If the rank of (5b) is not maximal, we look at [N/ D], as being a set of rational func-
tions of which the numerator and denominator are given by (1a) and are satisfying
(5a) and (5b). Such a solution [N /D], is called degenerate.

2. A determinant representation for nondegenerate solutions

With the numberings (4a), (4b) and (4c) of the respective indices in N, D and 1
we can set up descending chains of index sets, defining bivariate polynomials of
“lower degree’’ and bivariate rational interpolation problems of “lower order™”:

N=N,> ... >N = {{io, jo)s---, (i, &)} = --- > No = {(do, Jo)} ,

k=0,...,n, (6a)
D=Dm:) DD]={(d0,€o),...,(d1,€1)}3 DD():{(do,eo)},
[=0,....,m, (6b)

I=Tlym> ... D Lt = {(i0y Jo), - - - » Giewts Jiert)} 2 - 2 Jo = {(io, jo)}»
k+1=0,....n+m, (6¢)
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Dot et = {(Bts Jier1)s - oo (etts Jet) ) INN = Lig1 pym -

If we assume that each set Ix;; < I satisfies the inclusion property in its turn
and also that each I = N for 0 <k <n, then we can compute with these subsets the
following entries in a “‘table” of multivariate rational interpolants:

[No/Dol;, ---  [No/Dmy,
: : (7)
[Nn/DO]I,, .-+ [Nn/Dnl,

n+m

If we let n and m increase, infinite chains of index sets as in (6) can be constructed
and an infinite table of multivariate rational interpolants results. Of course, in prac-
tice, only a finite number of entries will be computed. For a nondegenerate entry
in this table the following determinant representation can be given [4]:

z:(i,j)eN,c CapiesBij (%, ) - Z(i,j)eNk Cdji e B (%, y)
Coyips1,€0/k+1 <. Caliky 1,601
Cdyis1,€0k+1 e Cyis1,0ke1
Ny /D = +
[ k/ I]Ik+’ Bdoeo (xa y) .. deel(x’ y)
Cdyipy1e0jctr =+ Cdiigyr evien
Cdyivireqjest  *++  Cdiiver,egius
to(k) to(k+1)
oto(k) ... btg(k+1)
_btak) ... dua(k+1)
o 1 ... 1 ’
Stolk) ... bto(k+1)
ti_i(k) ... by_(k+1)

with
tk(l) = Z cdki,ekin,‘,i,ek,-(x, y), k=0,....mI=0,...,.n+m, (83)
(i1j)ENl
(i) =0, i<0,
64i(1) = 4. (i) — (i), j=0. (8b)
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It was shown in [4] that this last ratio of determinants can be computed recur-
sively via the E-algorithm of Brezinski [2], at least if one is dealing with a nonde-
generate solution and if the computation scheme does not break down. Then
[Ne/Dil,,,, = E) and [N,/ D, = E% with

Bik,jl(x’y) = Bkl(x,y)/B,-,-(x,y), k?i,l?j,

B = " CaveyBaiey(x,y), k=0,...,n+m, (92)
(i,j)GNk
E(k) g(k+1) _ E(k+1) (k)
k) _ “1-181-1] -1 8111 _ _
E" = S , k=0,1,...,n,0=1,2,...,m, (9b)
811 — 8i-1y

gy) =n(k) —t1(k), 1=1,...,mk=0,...,n+m, (10a)

(k) _(k+1) (k1) (k)
k)  8n-118n—14 — En-1,18r-1n
g§|,1) = (k+1) (k) y l:h+1,h+2,... . (10b)

8h-1p — Eh-1

We have seen in [1] that degeneracy has consequences for neighbouring elements
in the table. If the rank of the homogeneous system is not maximal, but has a defi-
ciency of s, then we proved in [1] that the table of rational interpolants (7) is, under
certain conditions, composed of hexagonal blocks built around each degenerate
[Nu/Dw);,,, (seefig. 1).

3. Some particular degenerate solutions

Letus introduce some new ratios of determinants. Let E ,(,I;’“) denote

Fig. 1.
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k) ... to(u—s) to(u+1l) ... tolk+1+5)
6to(k)

EI(,I;"‘) _ (k) ... 1 1 S

610 (k)

5t1_; (k)

These values strongly resemble the values E,(k) of the previous section: the nonde-
generate values are obtained for s = 0 and also for u>k + I + 5. We now prove the
following lemma and theorem for these new ratios of determinants. In both proofs
we shall only focus on well-defined values, with nonzero denominator.

LEMMA 1

Let p(x, y) and g(x, y) be defined by (1), (4) and (5) with I satisfying the inclusion
property. Let the rank of the coefficient matrix Cy414m in (5b) be given by m — s
and let the s linearly dependent rows in Cp1 44+ be consecutive. Let the singular
block built around [N,/D.];  be an isolated hexagonal. Then for some u with
n+s<us<n+m+s—1, the rational function Eui’ belongs to [Ny/Dp T
N,/ Dl
Proof

Let us focus on the defining system of eqgs. (5b) that determines the denominator
coefficients. Suppose that the s consecutive linearly dependent rows of Cyi1 pim
are

CdO Fy—s 1,60 u—s+1 e cdmiu-.H-l semlu—s+1

cdoi.,,eqj“ T cdmiunemiu
Then the homogeneous system (5b) reduces to

( cdoin+1,€oin+| e cd,,,i,.+1,€mj,.+1 \
bayeq 0
chiu—::e(lju—.r e Cdmiu—snemiu—: _
CdOiu+lye(lju+l e cdmiu+l|emiu+l b ’ 0
A em

\cdoin+m,90jn+m e cdmin+myemjn+m }
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Because of the linear dependence, the coefficient row

(cdoiu+|,eﬂju+l . ’Cdmiu+lyemju+l)
can be replaced by

s+1 . . s+1 . .
Cdy Bu—s+k1€Qu—s+k Cd,, lu—s+k€mlu-stk

k=1 Biu-:+kiu+l s Ju—stkfutr (x Y ) k=1 Biu—:+kiu+l’ju-.r+kiu+l (X Y )

and s equations can be added. This gives us the following determinant representa-
tion for p(x, y) and g(x, y)

E Cayiej Bij (%, ¥) e E CapieniBi (%, ¥)
(i,j)eN (i,j)eN
cdoi,,+1,eQi,,+| e cd,,,i,,+1,e,,,_]',.+1
Cdoiu—neﬂju-—: ce Cdmiu—nemiu—s
s+1 . . s+1 . .
— Cd01|4—.f+kye(l]u-:+k cdm’u—:+krem/u-.v+k
P = e B ’
k=1 Biu—:+kiu+l ,ju—:+kiu+l (x‘l y) k=1 iu—.r+kiu+l 1ju—-.v+kiu+l (x) y)
cdoin+m,eofn+m st Cdmin+m,emin+m
chinm+:ueQin+m+.\' cc cdmin+m+.ryemjn+m+:
Bdoeo(x,y) R Bdmxem(x’y)
Cdoin+l)enin+l o Cdmin+lyemjn+l
Cdyiy_ s e0jus v Clpiy_s Emls
s+1 s+1 . .
Cdoiu—:+k|eﬂiu—s+k Cdmlu—.r+kaem]u-.\'+k
q - k=1 Biu—s+kiu+lyju—:+kju+l ('x7 y) k=1 Biu—:+kiu+l:ju—:+kju+l (‘x’ y) ?
Cllyinim e0jn+m s ClmintmiEmintm
Cdoin,,,+:,eoin+m+: Cet cdmin+m+:xemin+m+:

where g(x, y) is nonzero because, as we shall see, it reduces to the denominator of
E,(,,",Q‘), which is well-defined. It cannot be singular because otherwise one more
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equation could be added to (5b) and E,(,:' ’,“) would solve [N,/Dpmist1] Lmesss £005
which contradicts the fact that the singular hexagonal block is isolated. By multi-
plying the consecutive rows in p and g, from the second on, respectively by
Bin+Lin+| (x’ y), cer ’Biu—xju—: (xa }’), Biu+lfu+| (x’ _V), cee 7Bin+m+.tin+m+s (xv Y)’ in the two deter-
minants above, and after dividing the (/+ 1)th column for /=0,...,m by
B (x,y) in the two determinants above, we get a representation for p and g using
partial sums and terms of the series #, ..., t, defined in (8). Some manipulation
with the rows and columns (linear combinations) finally gives us, in the same way

asin[4],

p(x? y) _ E(n,u)

glx,y) ™’
with numerator of degree p = N,, denominator of degree g = D,, < Dp4; and
satisfying the interpolation conditions imposed by Iy m+s 2 Intm. 0O

THEOREM 1
Let p(x, y) and g(x, ) be defined by (1), (4) and (5) with I satisfying the inclusion

property. Let the rank of the coefficient matrix C,114m in (5b) be given by m — s.
Let for each pair (k,/) with 0<k<s,0<I/<s,k + 1 =, the rank of Cy_pt1 ntm—s
equal its maximal rank m — [. Let the hexagonal block of degenerate solutions be
isolated, which means that for 0 <k <s the coefficient matrices C,_sy1 ntm—s+k (tOP
row), Cp—ktintm-s (leftmost diagonal), Cpiis1nem—s+x (leftmost column),
Crtstintmik (bottom 1ow), Cuis ki1n4mss (rightmost antidiagonal) and finally
Ch—s+k+1,n+m+k (rTightmost column) all have maximal rank. Then fori = 0,...,sthe
following can be proved.

(a) E,(,f 7sHmtm) s well-defined and solves [Ny-sti/Dmas) Lo 1t also belongs to
[Nu—s+ivk/Dmis—ily,,,,, With k=0,...,s, meaning that EZSSHm) solving
[Nn—s+i/ Dma+slr,,,,,, can be shifted downwards in the hexagonal block in the di-
rection of the antidiagonal because it also solves the interpolation problems
posedin [Ny—syitk/Dmis-kly,, .,

(b) E,(,:'L";TZ is well-defined and solves [Nnys/Dm-siiy,,,, It also belongs to
[Nnts—k/Dm-s+iskly,,,,, With k=0,...,s, meaning that E,(:_”Si',"z solving
[Nuts/Dm—s+i] Lun,, €21 be shifted upwards in the hexagonal block in the direc-
tion of the antidiagonal because it also solves the interpolation problems posed
in [N n+s—k/ Dm—s+i+k] Lyvmsi® .

(c) On the rightmost u;gxifnc)i sloping diagonal we have for i=0,...,s

[N n+s—i/ Dm+i] Imes Em,s

Proof
(a) Let us take a look at the system of equations defining [Ny—s+i/ Dms)y,

mi



H. Allouche, A. Cuyt / Non-normal multivariate rational interpolants 127

Cdylo,enjo ce Clpysio,emedo bdoeo Qigjo
= ?
Cdoin—.r+l CUn—sti " Cdm+.rin—.r+l 1emtsfn—sti bdm-o-.rem-i-.v ain-—.r-i-ijn—:+i
Cdoin—.r+i+l 1EQn—s+i+1 s cdm+.vin—ﬂ~l+lnem+xjn—:+l+l bdoeo 0
cdoin+m+l 1)} re— e cdm+.rin+m+i \emidnimi bdm+:em+.\' 0

We know that the rank of C,_siit144m—s is maximal, namely m — i and this for
i=0,...,s. Sofori = sthematrix

Cdy Int1,€0)n+1 e cdm—:in+l 1Em—s/n+1

CdO Intm—s :eﬁin+m-.r M cdm—:in+m—.ryem—xin+m—.r

has maximal rank m — s. Hence also the matrix

Cdy int1,€Qjn+1 e Cd,, Int1,Bmint1
(12)

cdoin+m—n90jn+m—: cct cdmin+m—::emin+m—.\'

with only longer rows has maximal rank m — s. Since Cy)n4m has a rank defi-
ciency of s and since (12) consists of the top m — srows of Cy 11 s4m, the s remaining
rows of Cy11 n4m must all be linearly dependent on the rows of (12). Let us discard
from (5b) the s linearly dependent equations and replace them by the equations

Cdpin_srisl €Un-skivl  *** Clpin_ssir) Emin-stit] bdoeo 0
Cdoimeuin o cdmin,emjn bdmem 0
on top and the equations
cdoin+m+l 1€Qfn+m+1 e cdmin+m+l:emjn+m+l bdoeo 0
CdOin+m+he0jn+m+l o cdmin+m+i \emintm+i bdmem 0

at the end, in total s of them. This completed homogeneous system still has at least
one nontrivial solution. A determinant representation for the rational Hermite
interpolant p/q given by (1a), (5a), (5b) constructed with this particular solution is
precisely the ratio Ey, s'”"”"'s. From lemma 1 we know that Eq; "™ also solves
[Nu—sti/Dmasy,,,,,- Moreover, the denominator of E,(,,",s_’+""+'") is nonsingular

because otherwise one could add one more equation to (5b) and prove that
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E,(,,",;S+i'”+m) also solves [Ny—s+i/ Dm+s+il;

omeiry» Which contradicts the fact that we
are dealing with an isolated hexagonal block. Since Eis*™*"**™ has a numerator
p(x,y) and a denominator g(x, y) of respective degrees dp = N,_,,; and 8q = D,,,
this solution also solves the interpolation problems [Ny_siiik/Dm+s—k] for
k=0,...,s.

(b) The proofis constructed in a completely similar way.

(c) Since the block does not stretch beyond diagonal » + m + s, we know that
foreachi=0,...,s the rank of C,i_;ntm+s I8 maximal and given by m + i. Now
E,(,f ) solves [Na/Dmisly,,,,,, and En, 7™ also solves [Nyts/ D) Lo, 3ccording to
(a) and (b). Hence we have a rational Hermite interpolant with numerator and
denominator respectively indexed by N, and D,, and solving the interpolation prob-

In+m+i

lem imposed by I,4m+s. Because for each i=0,...,s the solution
[Nyts—i/ Dms+i L.ms, 18 DOndegenerate and hence unique, we necessarily have for
i=0,...,5that [Nus—i/Dmsily, . = Ea™. O

Note that the theorem provides us with a solution in the rightmost column of
the isolated hexagonal block, column m + s, in the form of a ratio of determinants
of size m + 1, while the coefficient matrix C,_s; n+m+i 18 regular because the block
is isolated, implying that its unique solution (up to a multiplicative constant) can
also be represented as a ratio of determinants of size m + s + 1. From this we can
conclude that E&'; "™ and E,(,:';:“) differ only in a common multiplicative fac-
tor in numerator and denominator.

4, Special rules for an isolated hexagonal block

When, we run across such an isolated singular hexagonal block as in the pre-
vious section, we want to know the values on the edges of the block, because from
there on we can take up the nonsingular rules again and proceed with our recursive
scheme. Let us walk around the block and try to identify the rational interpolants
on all the edges. Remember that [N;/Dy]; , denotes the complete set of solutions
while E ,E’) or E,g’;‘) denote a particular solution from that set.

First there is the upward sloping diagonal with regular entries

[Nu—s+i/Dm—i] Loy, 0€CAUSE Cyiirt nim—s has maximal rank for all i=0,...,s.
Then we proved in [1] that fori =0, ..., s the value E,(,f =) also solves the rational

interpolation problems posed in [N,_s/Dm+4);,,, ., and analogously for EY . and
[Nn+i/Dmlp,,,,.... So this deals with the top row and leftmost column of our iso-
lated block. The values in the rightmost column and on the bottom line of the hexa-
gonal block were just respectively identified as Eg:*""*™ and E,(,:'_"si'f'z with
i=1,...,5s— 1. The closing rightmost upward sloping diagonal is filled with
Egm).

Let us now discuss some particular solutions at the interior of the hexagon. It is

essential when identifying certain rational interpolants that we present solutions
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which are well-defined, in other words, which can be represented as E-values with
nonzero denominator determinants. In [1] we mentioned how to fill the left upper
half of the hexagonal block with nonsingular E-values, namely by copying the non-
degenerate solutions from the upward sloping diagonal over the small triangles
that fill this half of the hexagon, as shown in the figure below. Using theorem 1c the
triangle emanating from (n, m) in the hexagon can be filled with the regular values
from the rightmost upward sloping diagonal, which are all equal because of theo-
rem lc and which have the correct degrees N, and D,, (see fig. 2). We shall now see
how the rest of the right lower half of the hexagonal structure can be filled with reg-
ular E-values. From theorem la and 1b we learn that well-defined solutions for
the rational Hermite interpolation problems posed in this half of the hexagon come
from copies of the rightmost column or copies of the bottom line (see fig. 3).
Essentially this leaves us with the problem of computing these new values
(ns¥intm) and E,(,:'_"sm When trying to provide a coherent computation scheme
we must be careful not to involve intermediate singular values. A first singular rule
for the E-algorithm was proved by Brezinski [3], but not in the context of multivari-
ate rational interpolation. So this rule does not exploit the special hexagonal struc-
ture of the table of interpolants. When we would like to apply it, as it stands, to
our problem, we jump from the regular E-values in column m — s to the regular E-
values in column m + sin one step:

_ - —s+k —s+k
B e~ (e L)
_ stk -1
AT AghTd \ [ AELTY
X . : .
Agltstil) - agleled) |\ A
(n-s,m) (n-s5,m+s)
/
/
(n,m-s) Q) \\\\\\ (n,m+s)
% \\\
(n+s,m-s) P (n+s,m)

Fig. 2.
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(n-s,m) (n-s,m+s)
(n,m-s) (n,m) (n,m+s)
(n+s,m-s) | (n+s,m)
Fig. 3.

On the other hand, an algorithm that is more tailored to this problem in the sense
that it exploits the hexagonal structure, is the following application of the E-algo-
rithm to the newly defined values E,E{;"). This application uses help-entries ghl”,:)s
where the linearly dependent rows in the matrices are discarded. The fact that the
E-algorithm remains valid is due to the special form of the determinant ratio (11)

which is very similar to the form of the original E,(k ), Using the initialisation

(n—s+ip+m) _ p(n—s+i) .
Ep i =E,;", i=1...,s-1,

Ermm) _ g s,

m—i,s m—i

(n—s+in+m) _(n—s+i) =0
m—i,r.s - &m—ir E=4,...

(n,n+m) (n+s)

gm—s+i,r,s =8m—stir 1= 1, vy 8,

and the rules

(k1n+m) (k+l)”+m) _ E(k+11n+m) (k1n+m)

(kntm) _ “l-1s I-1ls I-1s I-1,ls _ _
El,s = Tt Lot Tontm) , k=0,1,....,n1=1,2,...
8i-11s  —8i-1is

(k,n+m) _(k+1,n+m) (k+1,n+m) _(k,n+m)
(entmy _ 8h-11s 8h-1hs  “En-1ls En-Lhgs I—h+1ht?
Enis = Trinrm)  (knim) y b=htlintl,..
n-1hs ~ En-1phs

we can fill the following quasi-triangular table of values:

(13a)
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(n—s+1,n+m) (n—s+1,n+m)
Em—l,s Eps

E(n—-s+ 1,n+m) E'(:’S—s+l n+m)

'm—1,s
Er-2rim) : : (13b)
—1,n+ ~1,n+
Er(:—s+nl,s'") Er(r:l—s+n2,r'n)
LR v R B

where the bottom row and rightmost column of (13b) respectively solve the interpo-
lation problems in the bottom row and rightmost column of our hexagon. A proof
for these rules can be constructed as in [4] for the case s = 0. The quasi-triangular
table (13b) can in its turn only be filled completely if we do not encounter indefinite
values at the interior of (13b).

The initialisations in (13a) are easy to understand. The first is merely by nota-
tion: from the determinant representations for E*~**) and E,(,:'_',.f;“’"“") one can see
that these expressions are equal. The second initialisation follows from theorem
1b. The initialisations for the g-values are analogous. The first is by notation, the
other by theorem 1b. How do we now get the starting E- and g-values on the bot-
tom row of the hexagon? The bottom row of (1 3b2 is computed from the nondegene-
rate rules with input values ES*Y and ESHETY . The newly described extension

together with its initialisations can then best be understood from fig. 4.

COROLLARY'1
From (13) it can be seen that the new rule, especially designed for the multivari-
ate rational Hermite interpolation problem and summarized in fig. 4 computes

,(,,";”k’”"’) = [Np-s+k/Dm4sly,,,,, making use of only E,(::sllp e, ,(,:'__,:+k) on the
ﬁlftr}rlxost upwallril slotping diagonal and of E,(:f;ll, ceey E,(:f:ik on the bottom row of
e hexagonal structure.
(n-s,m) (n-s,m+s)
-
n,m
(n,m-s) (n,m+s)

(n+s,m-s) % (n+s,m)

Fig. 4.
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5. A general degenerate table

Up to now we have only considered isolated hexagonal blocks for which the lin-
early dependent rows in Cy41 44, are consecutive. In general one may have several
nonconsecutive groups of linearly dependent rows in the coefficient matrix of the
homogeneous system of defining equations. However, it is always possible to give a
determinant representation with consecutive column numbers as will be shown in
the following theorem. In (11) we already introduced E,(,f }") involving the coefficient
rows of C,1 ntm €Xcept for the linearly dependent ones

cdo iu—.H-l e Cdm iu—.r+l

Cdyi, N Cd.i,

In general we will denote by E,(,:'s’f;_:ﬁ’s), a ratio of determinants similar to the one

given in (11) but now with ¢ groups of linearly dependent rows lacking, namely
those indexed in Cpt1 pim bY

Cdpip msyt1 =+ Clmir; gy 41 \
cdoikl PN cdmikl
Clpiryosrr  ++* Clmikymspi
K Cd;ik, s cd;ik, }

Explicitly E,(,:' slf'+i§), is given by
Ky, ke
Er(n..\'|+...'-’\‘c—-\‘)l
to(n) ... tolky — si)tolky + 1) .. to(ky — s)to(ke + 1) ... to(n+m+s51+ ... +5)
bty (n) Ce.
_ 6tm_1(n) Ce
- 1 1
5!0(72)
btm_y (n)

(14)
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THEOREM 2
For each entry [N,/Dy]; in the table of rational Hermite interpolants a well-
defined determinant representation of the form EI(’.:ﬁf:is: exists which belongs to

[Nu/Dn);,, WithI<mands;>0fori=1,...,t Numerator p and denominator g of

E,(";;’ijjjrﬁ" have respective degrees dp = N,and 8q = D,.

Proof

Let us first construct /, which will determine the size of the matrices in the deter-
minant representation for [N,/Dy] L., Consider Cny1n4m and permute its rows
until you have an / x (/ 4+ 1) submatrix of maximal rank / in the upper left corner.
Do not permute any columns. Now consider them x (/ 4+ 1) matrix

Cdyinsr,ejnsr  **+ Clinsr,€linri

Cdginym Cifnim **° CjinsmClintm

It is clear that this matrix contains m — / linearly dependent rows and so we have
already determined the total size of the gap that will occur in the final determinant
representation, namely sy +...+s; =m — [. However, the linearly dependent
lines may occur in different groups (say t in total) at different places. By computing
bayey, - - - » Daje, from

cdoin+l1eﬂin+l ot Cdlin+lyeljn+l bdoeo 0
=1: (15)
cdoin+m,e(ll.n+m e Cdlin+mueljn+m bdlel 0
and putting bg,,e,, = - - - = bd,e, = 0 We have constructed a nontrivial solution

q(x,y) = Z,I.=0 bg.e, Bae, (x,) to (5b). Itis clear that by discarding the linearly depen-
dent rows in (15) and using the same technique as in lemma 1, a determinant repre-
sentation for this solution is given by E,(’;fiﬁ'l) . O

In a nondegenerate table every solution [N,/Dy);  is given by a determinant
representation E™ where the numerator and denominator determinants are of size
m + 1. In a degenerate table one jumps over certain singularities and this implies
that the size of a nonsingular determinant representation is smaller than the cardin-
ality of the denominator index set D,,. Simply consider ES Ts+imtm) with determi-
nants of size m + 1 solving [Np—s+:i/ Dm+s] Loumai? which in the nonsingular case only
has a determinant formula of size m + s + 1. Or recall the ideas from the previous
proof to understand this phenomenon. From the last paragraph of section 3 it must
also be clear that the size / + 1 used in theorem 2 is not unique. In the rightmost col-
umn of an isolated hexagon one has different determinant representations, respec-
tivelywith/ = mand/ =m +s.

In a general table of multivariate rational interpolants, we do not only deal
with isolated hexagons, but several hexagonal blocks can be adjacent or sometimes
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partially enlarged at one of the edges as described in [1]. In order to treat the follow-
ing example we introduce the flags

sing(n,m) = 0 & G4 nym has maximal rank,
sing(n,m) = 1 & Cpi1 04m has a nonzero rank deficiency.

EXAMPLE 1
Consider
__xty
f(x,) iy’
with interpolation points (x;,y;) given by x; =ifori=0,1,... and y; =j + 1 for
J=0,1,.... We want to obtain a determinant representation for [Ny /D] Iy With

1<k,I<5and 1<k + /<6 where
Ns = D¢ = Is = {(0,0),(1,0),(0,1),(2,0), (1,1),(0,2), (3,0)} .

We display the table of values sing(n, m) indicating where the singularities are
located and we give the numerator determinants of the representation obtained in
theorem 2, evaluated at (x,y) = (5,2). The denominator determinants can be
found by replacing the first row in the numerator determinants by (1,...,1).

sing(n, m)

Dy D, D, D3 D4y Ds

N 1 0 0 1 0 0
Ny, 1 1 1 0 0
Ny 1 1 0 0
Ny 1 0 0
Ns 1 0
Ng 1
Do .D| Dz D; D4 DS
—6 =6 =6 1| |6 -6 —s ~1| |5 76 6 -1 »
N -6 -6 -6 —6 4 4 0 —4 440—4215“4‘4
! 4 0 2 1 5 4 2 1 5 4
0 1 -2 -2 0 1 —2 2| |9 1 =2 -2-5
0 0 3 2 5
-6 -6 -6 —6 —6 -6 —6 —6 -6 -6 —6
N -6 ‘4 0‘ 4 0 -4 4 0 -4 4 0 -4
1 5 4 1 5 4 1 5 4
-6 -1 -6 -1 -6 -1
Ny 6 'o -4‘ ’o -4‘ ’o —4’
Ne -1 -1 -1
Ns -1 -1

Ng -1
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