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On the Structure of a Table of
Multivariate Rational Interpolants

H. Allouche and A. Cuyt

Abstract. In the table of multivariate rational interpolants the entries are
arranged such that the row index indicates the number of numerator coefficients
and the column index the number of denominator coefficients. If the homogeneous
system of linear equations defining the denominator coefficients has maximal
rank, then the rational interpolant can be represented as a quotient of determin-
ants. If this system has a rank deficiency, then we identify the rational interpolant
with another element from the table using less interpolation conditions for its
computation and we describe the effect this dependence of interpolation condi-
tions has on the structure of the table of multivariate rational interpolants. In the
univariate case the table of solutions to the rational interpolation problem is
composed of triangles of so-called minimal solutions, having minimal degree in
numerator and denominator and using a minimal number of interpolation
conditions to determine the solution.

1. The Structure of the Univariate Rational Interpolation table

Let the univariate function f(x) be known in the points x; with i e N, and let the
functions

B9 =[] (x—x)

span the space of univariate polynomials. The rational interpolation problem of
order (n, m) for f consists in finding polynomials

pn,m(x) = .;0 aiBi(x)s

(1a)
qn,m(x) = Z biBi(x)9
i=0
such that
(lb) (fqn,m - pn,m)(xk) = 03 k = O, P + m.
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70 H. Allouche and A. Cuyt

Condition (1b) can be reformulated as

(2) (fqn,m - pn,m)(x) = Z diBi(x)s

izntm+1
where the Newton series development is formal, and which can also be used if some
or all of the interpolation points coincide [1]. Let us denote the divided difference
flxi ..., x;] by ¢;; with ¢;; =0 if i >j. Then condition (2), stating that d; =
(fbn,m — Pu,m)[X0s--., X1 =0fori =0,...,n+ m,is equivalent with

oo O AN ’

(3e) R A
Con Cin Cap *** Cmg bm o
Cont1 " Cmm+1 bo 0

(3b) : f D=
cO,n+m cm,n+m bm 0

If the rank of (3b) is m — s [2] then (up to a multiplicative constant factor) a unique
solution p, ,(x) and g, ,(x) of (3) exists with 6p, , <n—s and 04, ,, <m —s,
where at least one of the upper bounds is attained. Since the polynomials p, ,.(x)
and g, .(x) have the property that their degrees cannot be lowered simultaneously
anymore, unless some interpolation conditions are lost, they are called a “minimal
solution.” This means that they solve (1)-(3) with a minimal number of parameters
a; and b;, namely, at most, n + m — 2s. All other solutions p, ,(x) and q, ,(x)area
polynomial multiple of the minimal solution p, ,(x) and g, ,(x). The minimal
solutions can be arranged in a table where the numerator degree # is the row index
and the denominator degree m is the column index. For this table, the following
theorem due to Claessens holds [2]. We denote the coefficient matrix of the linear
SyStem (3b) by Cn+ i,n+m*

Theorem 1. Let the rank of C,, 11 ,4mand therank of C,_ i1 yim—25bem — s, and
let p, ofx) and g, ,(x) be the minimal solution of the rational interpolation problem of
order (n,m) for f.

(@) If 0P,y =n—s—ty and the rank of C,_s_¢ 41, ntm—25—1, = M — 5, then all

(n~s-ty,m-s) (n s-t,m+s+ty)

(n-s,m-s)

(n+s,m-s)
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the rational interpolation problems of order (i, j) with (i, j) lying in the triangle
with corner elements (n—s—t,m—s), (n—s—t;,m+s+t;), and
(n + s, m — s) have p, ,(x) and g, ,(x) as minimal solution.

(b) If 0, y=m—5s—1t, and the rank of C,_ iy yymens—s, =M — 5 — L,
then all the rational interpolation problems of order (i,j) with (i,j) lying in
the triangle with corner elements (n —s,m—s—t,), (n—s,m+s), and
(n+s+1t,,m—s—t,) have p, ,(x) and q, ,(x) as minimal solution.

(n-s,m-s) (n-s,m+s)

(n-s,m-s-t,)

(n,m)

(n*s+t,,M-5-1)
(© If
(fqn,m - ﬁn, m)(x) = Z diBi(x)

izn+tm+tati
With d, o1 # 0, then all the rational interpolation problems of order
(i,j) with (i,)) lying in the triangle with corner elements (n —s,m — s),
(n—s,m+s+t3), and (n+ s+ t3,m—s) have p, (x) and §, ,(x) as
minimal solution.

(n-s,m-s) (n-s,m+s+t 3)

(n+s+t3,m-s)

(d) If al—)n,m =n-— 7‘1, aqn,m =m— 7'2, the rank Of Cn—r1+1,n+m—r1
and

—p iSmM—r1,

(fqn,m - ﬁn, m)(x) = Z diBi(x)
izntm+1
withd, 41 #0, then p; ;= p, , and §; ; = 4, ,, if and only if (i, j) belongs to
the triangle with corner elements (n —ry,m—r,), (n—r,,m+r,), and
(n+r,,m—r,).
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In Secticn 3 a multivariate analogon of Theorem 1 on minimal solutions will be
proved and its differences with the univariate theorem will be discussed. The
minimal solutions defined above may still be reducible by a common polynomial
factor. Lemma 1 on these common factors is proved in [1]. We shall also make
clear in Section 3 why Corollary 1 is harder to generalize.

Lemma 1. If (x — a)f represents a common factor of the minimal solution D, m and

Gy, m» then o € {x, }i 2% and B < m, where m, denotes the multiplicity of the interpola-

tion point o in {X }i< 5.

In other words, when minimal solutions are reducible, the true rational
interpolation problem

<f—Z"’"'>(xk)=O, k=0,...,n+m,

n,m

has a number of “unattainable” interpolation points, namely, precisely those
o = x; for which g, (X)) = p, (%) =0. Although a number of interpolation
conditions are then lost by considering the irreducible form of solutions of the
rational interpolation problem, we still call this irreducible form the “rational
interpolant.”

Corollary 1. Let p(x) and g(x) be the minimal solution of the (n, m) rational
interpolation problem with ép=n—ry, 0G=m—r,. Let the rank of
Cn—r1+1,n+m—r1—rz be m— rZ and (fq - ﬁ)(X) = 2i2n+m+1 diBi(x) With dn+m+1 7&
0. Then for all (i, j) in the square determined by (n —r,m —ry)and (n +ry. m +ry)
the solutions of the rational interpolation problem of order (i,j) have the same
irreducible form.

The proof is given in [2]. From Corollary 1 the reader could get the impression
that, once the order of the interpolation points is fixed, the table of rational
interpolants (which is different from the table of minimal solutions) has, under
certain conditions, a square block structure. This is not true. The block mentioned
in Corollary 1 is square and hence symmetric with respect to its own block
diagonal. in [2] it is proved that further down the table one may encounter more
“trailing” blocks filled with the same irreducible rational interpolant and built
symmetrically above and below the extended diagonal of the first block.

2. The Multivariate Rational Interpolation Problem

For the sake of notational simplicity we will restrict our description to the bivariate
case. Let a bivariate function f(x, y) be known in the data points (x;, y;) with
(i, /) € N?, and let I be a finite subset of N* indexing those data points which will be
used as interpolation points. With the data points we construct the polynomial
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basis functions

i—1

i-1
Bij(x’ y) = H (x — x) H (y — )
=0

k=0

The problem of interpolating these data by a bivariate rational function was
formulated in [3] as follows. Choose finite subsets N (from “Numerator™) and D
(from “Denominator™) of N? with N < I and compute bivariate polynomials

p(xa Y) = Z aijBij(x: y): #N =n+ 17

(i,)eN
(4a)
CI(X, LV) = Z bijBij(xr J’), #D =m-+ 1,
@i, )eD
such that
(4b) (fq_p)(xw yj)=0a (i7j)ely #I=n+m+ 1.

If q(x;, y;) # O, then this last condition implies that

(40) 1 y) = §<x,-, v Gjel

We say that I satisfies the inclusion property if whenever a point (i, j) belongs to I,
all the points in the rectangle emanating from the origin with (i, j) as its furthermost
corner belong to I. Condition (4b) is, for instance, met if the following two
conditions are satisfied by the polynomials given in (4a) [3]:

(5a) (fq—p)x,y) = Z dijBij(xs ¥
(i, eN2I
(5b) I satisfies the inclusion property,

where the series development (5a) is formal. Condition (5a) can also be used if some
or all of the interpolation points or their coordinates coincide since it can be
replaced by conditions in terms of bivariate divided differences [3]

(63) (fQ)[xo»---,xi][)’o,n-,)’j] =p[xm'-'sxi][yo,""ayj]’ (i’j)ENa
(6b) (fq)I:XO’-“’xi][yOV--ayj] =0a (Z7J)EI\N

Using a generalization of LeibnizZ theorem [3] we can substitute
(fDlxg, ..., xI[yos-..,¥;] in (6a-b), with the notation ¢
SDxus oo x5 -5 ¥51, bY

wi,vj =

J

(fq)[x09"'axi][yO""’yj] = Z z q[x0a""xy][y0’"'9yv]cpi,vj

p=0v=0

i Jj
= Z Z buvcui,vj.

£=0v=0

= Z buvcui, vj

(e, v)eD
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Also
p[x07---:xi][y07--':yj] =aija (laJ)EN

From now on we denote a rational function satisfying (6) by [N/D];. Numbering
the points in the sets N, D, and [ as

(721) N= {(i05j0)""7(in’jn)}:
(7b) D = {(dg, €0)s - (dps €m)},
(70) I=Nv {(in+ 1ajn+1)’ [ERE} (in+m,jn+m)}’

condition (6) becomes

Cdoi,ecjo " Clpmio, emdo bdoeo Qigio
(8a) : : =t )
Cdgin,eojn " Clmin,emin bi,en Dinin
Cdoin+1,e0jnt1  *°° Clmin+ 1, emin+1 bdoeo 0
(8b) : : 1=l
Choinsmreofnem " Clminsms emintm b4 0

1t is obvious that at least one nontrivial solution of (8) exists, but it is not so (unlike
the univariate case) that different solutions p,, ¢, and p,, g, of (8) are necessarily
equivalent, meaning that (p,g,)(x, ) = (p,4.)(x, y). Hence p,/q, and p,/q, may be
different functions. Consider the following example:

feun =
—y—=Xxy
X; =i, i=01,2,...,
yi=j+1 j=012..,
I5 = {(0,0), 1, 0), 0, 1), 2,0) L, 1) (0. 2)}
fs)={-1,-2,—-1,-3 -1, -1},
N, = {(0,0), (1,0, @ D},
D5 = {(0,0),(1,0), (0, 1, 2. )},

3(x — 1) 3

_ = =
[N2/D3ly = 4, C,y) = x—Dx—3 x-3

P2 y—1
Dyl =—@xy="—=-—1
[N2/D3ly, 0 x, ) 1=y
In the next section we shall discuss what is so typical about the multivariate case
and causes this to happen. Note that in the above example both irreducible forms
satisfy neither (4b) nor (4c). This phenomenon, which was also described in the
previous section for the univariate case, can occur even if (4b) has an essentially
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unique solution. Consider the same example as above now with
1, ={(0,0),(1,0), (0, 1), (2,0), (1, 1)},
fAdy={-1,-2,-1,-3 -1}
N, = {(0,0), (1, 0)},
D; ={(0,0),(1,0), (0, 1), (2, 0)},

3x—1) 3
(x—Dx—-3) x-3

[N./Ds],, = g(x, y) =

Up to a multiplicative constant factor in the numerator and denominator this
solution is unique, but its irreducible form r(x, y) = 3/(x — 3) does not satisfy the
interpolation conditions in (x,, y,) and (x,, y;) anymore

f(x1,¥0) = =2 #1{xy, yo) = —3/2,
f(xlay1)= -1 #F(Xl,y1)= _3/2

Also the polynomials p(x, y) = 3 and ¢(x, y) = x — 3 do not satisfy (8) anymore.

When this second phenomenon (loss of interpolation conditions) occurs, the
interpolation problem is said to have “unattainable” interpolation points. We shall
not discuss this here in more detail. The first phenomenon (loss of equivalence) can
only occur if essentially different solutions of (8) exist and in that case the
coefficient matrix in (8b) is rank-deficient. Hence, if the rank of (8b) is not maximal,
we should look at [N/D], as being a set of rational functions of which the
numerator and denominator are given by (4a) and are satisfying (8a) and (8b). A
solution [N/D], containing numerators and denominators of different “degrees” is
called “degenerate.”

With the numberings (7a), (7b), and (7c) of the respective indices in N, D, and I
we can set up descending chains of index sets, defining bivariate polynomials of
“lower degree” and bivariate rational interpolation problems of “lower order”

(93) N = Nn =2 D Nk = {(io,jo), ’--:(ikajk)} 2 2 NO = {(iOst)}a

k=0,...,n,
(9b) D=Dm:D DDI: {(do’ eo)z-‘-a(dbel)} =2 e DDO = {(dano)},
1=0,...,m,

) I=Lp> - Dhyy= {(iO?jO)?~--s(ik+lajk+l)} ool = {(imjo)},
k+1=0,....,n+m,
Ik+1,k+{ = {(ik+1’jk+1)7 sees (ik+£=jk+l)}a I\N = In+1,n+m'

With these subsets we can compute the following entries in a “table” of multivar-
iate rational interpolants:

[(No/Dols, *++  [No/Duls,
(10) : :
[N./Doly, -+ [Nu/Dul,,..
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If we let n and m increase, infinite chains of index sets as in (9) can be constructed,
and an infinite table of multivariate rational interpolants results. Of course, in
practice, only a finite number of entries will be computed. We shall see in the next
section that degeneracy has consequences for neighboring elements in the table.

3. The Degenerate Case

Let us denote the coefficient matrix of (8b) by C, 4 ,+n. We remark that the rows
are indexed by I, ( ,4m Let the set Hyy( 1om S Lpv 1 uen denote the indices in
Li1.ssm Of the Tows in C,yy .4, that are linearly independent. If the rank of
Cpi1.5+mis maximal, then H,. ,4m=I,4; ,.m 2nd we have a representation of
[N/D]; as a quotient of determinants [3]:

Y CaotoeoBi%Y) X CapemiBif%:¥)
(i,)eN (i, )eN
Cdoin s 1,e0in+1 Clpin+ 1, emin+1
[N/D:l Cdoin+ms eojn+m cdmin+ms emin+m
l =
Bdoeg(x5 y) T Bdmem(xs y)
Cdoin+ 1, e0jns1 Chpin+ 1, emin+1
Cloin s m, eojnt+m Cpmin + ms €min +m

As pointed out above, there are very good reasons not to continue our discussion
by studying irreducible forms of solutions:

(a) in a degenerate case different solutions may not be equivalent and hence
(unlike the univariate case) not generate a unique irreducible form;

(b) an irreducible form may not satisfy all the interpolation conditions anymore
and its numerator and denominator polynomials may not satisfy (8)
anymore;

(c) in the univariate case the structure of the rational interpolation table is
deduced from that of the minimal solution table and we shall see that this is
also the case for the multivariate rational interpolation table.

Hence, in the sequel of the text, we shall always work with solutions of ().

In the univariate case and under certain conditions, the table of minimal
solutions of the rational interpolation problem consists of triangles, once the
numbering of the interpolation points is fixed [2]. The size of the triangles, as
pointed out in Theorem 1, is related to the rank deficiency of the interpolation
problem. We shall now prove a similar multivariate theorem and point out the
differences with the univariate theorem. From this discussion it will also become
clear why different solutions of the same rational interpolation problem are not
necessarily equivalent, as was shown in the example of the previous section.

Given data, indexed by the set I as in (7c), satisfying the inclusion property, and
given index sets N and D as in (7a) and (7b), a table of multivariate rational
interpolants as in (10) can be set up. We assume in the following theorem that the
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involved [N/D]; belong to the part of the table that can be computed with the
given data. In the sequel of the text we shall use the notation

6p = Nn—t i p(x5 y) = Z aijBij(x, y) with a;

(i, ))eNn-¢

# 0.

n-tin-t

Theorem 2. Let p(x, y) and q(x, y) be defined by (4), (7), and (8). Let the rank of
Cot1,n+m in (8b) be given by m —s. Then for each pair (k,1), with 0 <k <s,
0<li<s k+1=s, and the rank of C,_ 41, n+m—s equal to m — 1, the following
statements hold:

(a) For 0<sy, 0<s,, and s; +5,<s, [N,_/D,_11;,.,_. belongs to the
solution set [Ny i1 5,/Dim— 145, 1n 1 m-su s, 45> MEANING that the (up to a multipli-
cative constant factor) unique rational function

[Nn—k/Dm—l]In+m—s

also solves the interpolation problems posed in

[Nn—k+s1/Dm—l+sz:|1,,+m_s+51+529
where [N,_yis/Dm-1+5,]1 lies in the triangle of the table

n4+m—s+s]+s2

of rational interpolants with corner elements [N, /D, _ /1y . .,
[Nn—k/Dm+k]In+m9 and [Nn+l/Dm—l]I,.+m'

.....................

(n-k,m-1) & |

(n,m=s) ey

(b) Ifthe solution [N,_/D,,_1,.,._. = (p/a)x, y) is such that 0p = N, _, _, with
t; > 0, then under the condition that rank C,_,_, i1 yim-s—s, =M — 1,

[Nn—k—n/Dm—l]In+m—s—t1
also solves
[Nn—k—t1 +s]/Dm_l+s2]Iy|+m—s—tl +s1+52

Jor0<s,0<s,,and s, +s, <s+1;.

(n-s,m)
(n=k-t ,m=1) g o

PSR
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(c) Ifthe solution [N,_,/D,,-1...... = (P/a)x, y)is such that 8q = D,,_,_,, with
t, > 0, then under the condition that rank C,_; 41 pim-s—1, =M — 1 — 13,

[Nn—k/Dm-—l—tz:lIn+m—s—cz

also solves

[Nn—-k+s1/Dm—l—t2+sz]1n+m—s—:2+s1+s2

or 0<s,0<s,,and s; + 5, <5+ t,.
1 1 2

.....................

(n,m)

(d) If the solution [N, _/D,,_ 11, ..._. = (p/a)(x, y) is such that
(fq - p)(x’ y) = Z dijBij(xa y)

G NENNI 1+t
with t3 > 0, then
[Nw-t/Dm=tltns -
also solves

[Nn—k+s1/Dm—l+sz]In+m—s+sl+sz’

where 0 < 5,,0<s,,and sy +5, <5+ 3.

.....................

' (n—k,m+k+g)

.........

(et m1)

(e) If the solution [N,_i/Du_{r......=P/a)x,y) is such that 0p = N,_,,
dq =D, _,, and ‘
fg=pNx, )= Y  dByxy)

& NeNAInem
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WIth d;, s s 05 then [N, /Dy 11,..,.., € [N/Djly,,, if and only if
(i, j) belongs to the triangle with corner elements (n — k,m — ), (n + [, m — D),
and (n — k, m + k).

Proof. (a) Take kand Iwith0 <k <5, 0<1<s, k+ =5 and write down (8)
fOI‘ [Nn—k/Dm—l]I,.+m_s:

Caoio, ecjo 7 Cdpy o, em—1io bdoeo ivjo
= »
Cdoin-iseojn-tc " Ctin—k, em—tin—k bdm—lem—x Ly rin—
Cdoin-scs1.eain-rt+1 " Cdm—tin-is1,em—tin-r+1 bdoeo 0
cdoin+m—s;30jn+m—s e Cdm—lin+m~5vem—ljn+m—s bdm—lem—l 0

We know from the fact that C,_, ., , 4, has maximal rank, that (8) has a unique
solution up to a multiplicative factor in the numerator and denominator of
[N.-&/Dn_i1,..._.. We shall now prove that this solution also belongs to
[Nw—skt5:/Dm—t45: 1nsm-sss,45, WE know from the rank deficiency of the homoge-
neous system (8b) for [N,/D,];, ., that at most an extra s parameters among its
unknowns can be choosen freely or an extra s linearly independent conditions can
be imposed. By choosing

bdm—z+1em—z+1 == bdmem =0
and imposing

="'=ain}.n=0,

ain—k+1jn—k+1

one constructs a solution (5/§)(x, y) of [N,/D,1, .. that belongs to the solution set
[N,-w/Dyn—it,. ... with a number of extra terms in (f§ — p)}x, y) canceled out,
namely those indexed by I,.,_;+1 n+m Hence (§/GXx,y) also belongs to
[Nkt 53/Dm—t4 52 nsm— s 46, 85 longas 0 < 54,0 < 55, and 5, + 5, < 5. Since the
solution of (8) is unique, (5/gXx, ¥) = [N,-4/Dp-1di, s .-

(b) As in (a), the unique solution (p/g)(x, y) of [N,_/D,,_1;,,. ..., can be proved
to cancel all those terms in the formal series development of (g — p)(x, y) indexed
by I,.,. Since now dp=N,_,_, with t; >0, (p/g)(x,y) also belongs to
INw-k—ti+5/Pm—t45, )00 sty sy sy POT 0 <51, 0 <55, and 51 + 5, <5+ ¢4

(c) The proof is similar to the one for (b).

(d) The proof is trivial.

(e) Let us prove the sufficient condition. If (i, j) belongs to the given triangle, then
izn—k j>m—1 and i +j<n + m This implies that [N,_,/D,,_ 1, . .=
(p/@)(x, y) solves the rational interpolation problem of order (i,j) because the
numerator and denominator polynomials have the desired degree and the rest
series (fg — p)(x, y) has the desired order. The proof of the necessary condition is
obvious. [ ]

Let us now point out some differences between this theorem and its univariate
counterpart in [2]. First of all, it is important to note that both the univariate and
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the multivariate theorem are proved under the same conditions. With the rank of
Co+1,n+m €qual to m — s, we are able in both cases to construct solutions p;, g, of
[N,-¢D,];...... and p,, g, of [N/D,_ g, . __ that are also contained in
[N./D,];,...- We have

(P192 — P291)(%, ¥) = [4:(f 92 — P2) — 42(fq1 — p)1(x, ¥)
= q4(x, y) z dg_]?)Bij(xi y)

6, NeN \n+m

—q(xy) Y dPByx, ),

G NeNATn+m

from which we can conclude that (p;q, — q,p,)(x;, y;) = 0 for all (i, j) € I,,..,,, with
I, . satisfying the inclusion property. We also have

a(pqu - qlpl) = {(l3]) = (r9 S) + (t9 u)l(rs S) € Nm (ts u) € Dm}

Before we continue our reasoning we prove the following lemma:

Lemma2. LetI c N?satisfy the inclusion property and let the bivariate polynomial
p(x.y) = Z Ay xiy"
(i, jedp

be such that op = I and p(x;, y;) = 0 for (i, j) € I, then p = 0.

Proof. Given

p(xia yj) =0, (i,j)EI,
for

p(x, ¥) = Z aijxiyj

@i, j)eép

= Z dy;Bif(x, ),
G, Hedp
one can prove that
plxos ---» xdlyo, .- ¥1 =0,  (GL)el

Since &; = p[X¢, ...» X:1[Vo, ---» ¥;] the proof is completed. |

Of course, we should want to apply this lemma to (p,q, — q,p»), but since we do
not always have that
a(l’ﬂz - q1p2) < In+m9

we cannot conclude that (p,;q, — q.p,)(x y) = 0, and hence we cannot prove as in
[2] that it is also possible to construct a solution ps, g3 of [N,/D,]s,,,. with
0p; = N,_, and dq; = D,,_. In the univariate case, however,
N,={(,0)0<i<n},
D,, = {(, 0|0 <j<m},
(G +j,0)li€Nyje Dy} € L= {(k,0)|0 <k <n+m},
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and hence p,q, = p,q,. Hence in the univariate case the configuration described in
Theorem 2 can also be enlarged with the triangle with corner elements
[Nn-s/Dm—s]In+m—2s’ [Nn— I/Dm—s]1n+m—s— 1? and [Nn—s/Dm— 1]1"+m_s_; resulting in
the configuration described in Theorem 1.

(n-s,m-s) __(n=s,m)

=(n,m)

To illustrate this important remark, consider again our first example,
xX+y
xX—y—xy

x; =i, i=0,12...,

S,y =

=i+l j=0,1,2...,
N2 ={(0,0),(1,0), (0, D},
Dy = {(0,0), (1,0), (0, 1), (2, 0)},
Is=N,u {201, 1),(02)}
fds=1{-1,-2,-1,-3 -1, ~1}.

The homogeneous system to be solved for the computation of [N,/D;],, is

bOO 0

0 - =3\ |5,

1 10 0 ={o0]
bOl

0 00 0 0
bao

with rank C; 5 = 2. The general solution of [N,/D;];, is given-by
px, y) =3a(x — 1) — B(y — 1),
g(x,y) = —3a(x — 1) + By — 1) + ax(x — 1).

Witha = 1 and 8 = O we find [N,/D;],,. Witha = O and § = 1 we find [N,/D,],..
But clearly [N/D,];, = —1 — x is not contained in [N,/D;];..

(1,2) (1,3

.
(2,2) %)
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How is Theorem 2 then to be understood as a generalization of Theorem 1?
Clearly, minimal solutions are not uniquely determined anymore. In Theorem 2 all
solutions [N,_,/D,,_,] with k + [ = s are “minimal” in the sense that they use a
minimal number of parameters and data to solve the (n, m) rational interpolation
problem. Now each of the minimal solutions on the (n + m — s)'* diagonal (with
numerator and denominator “degree,” respectively, less than or equal to n and m)
give rise to a triangular structure in the table. There is a whole triangle of rational
interpolation problems that is solved by each minimal solution from the (n + m —
s)® diagonal.

{n-s,m) (n-s,m+s)
/
/
/| /
(n,m-s) (n,m)
//
(n+s,m-s)

In the univariate case the minimal solution is unique and is eithér a true
irreducible solution or a deficient solution with unattainable interpolation points.
We have just seen that in the multivariate case a minimal solution is not unique
anymore. What is more, in the multivariate case, a rational interpolation problem
can have both a true irreducible minimal solution and a deficient minimal solution
at the same time. For the same function as used in the examples above, Table 1 lists
the solution sets [N,/D,];, ., for a number of (n,m) rational interpolation
problems. Note that [Ny/D,];, and [N,/Ds],, are two minimal solutions for
[N,/D,];,, where [Ny/D,];, is a true irreducible solution satisfying (4c) and
[N,/D3],, is a deficient solution reducible by (x — 1), with (x;, y,) and (x,, y) as
unattainable points. In the multivariate case a solution must not be reducible in
order to have unattainable interpolation points. Take a look at [N,/D;];, and you
see that the general solution (p/q)(x, y) with aff # 0 1is irreducible while (x;, y,) is an
unattainable interpolation point since p(x,, yo) = 0 = g(x, y,). This is a situation
which is essentially different from the univariate one.

Table 2 gives the configuration proved in Theorem 2(a) for the table of minimal
solutions. It does not give the “maximal” triangles of equal “minimal” solutions as
described in Theorem 2(b)-(e). One can see that the rational interpolation problem
[N./D,];, has a rank deficiency of s = 2 and that each of the functions [N4/Do1y,,
[N/D1;,, and [N,/D,],, solves a triangle of interpolation problems emanating
from itself. Theorem 2(d) applies to [N,/D,],, with #; = 1. From Table 1 one can
also see that [N /D ],,, [Ny/D,];,, and [N,/Ds];, all have a rank deficiency of
s = 1. Theorem 2(c) applies to [N,/Ds];, with t, = 1. In the univariate case
Theorem 1(a) and 1(b) never apply simultaneously [2] while this can be true in the
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Table 2
D, D, D, D, D, D, D,

multivariate case. Look at the rational interpolation problem [N,/Ds];, which has
a rank deficiency of s = 1. For [N;3/Ds];, Theorem 2(b) and 2(c) apply at the same
time with ¢; = 1 =t,, such that the triangular configuration emanates from the
rational interpolation problem of order (n — k —t,, m — [ — t,).

It must be clear by this time that Corollary 1 cannot easily be generalized to the
multivariate case, since the concept of “rational interpolant” as a unique irreduc-
ible form is not well defined. However, the following multivariate counterpart
holds.

Corollary 2. Let p(x, y) and q(x, y) be defined by (4), (7), and (8). Let the rank of
Cot1,n+m in (8b) be given by m — s. Then the following holds:
(a) Fors; >0,5,>0,and s; + s, < s:

m [Nn+sl/Dm+sz]In+m+n+sz ;é Q

($1,82)
(n-s,m) (n-s,m+s)
v"’l'
l'ﬂ”
(n,m-s) (n,m+s)
(n,m)
(n+s,m-s) (n+s,m)

(b) Let 0 < k < s and the rank of C,_41,n+m-s be equal tom — s + k:

[Nn—k/Dm+j]I,._k+m+j # Q’

[Nn+i/Dm—k]In+.~+m_k # Q

.Du Z';D‘"

1
(=]
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(n-s,m) (n-s,m+s)
{n-k,m+8s}
(n,m-s) = (n,m+s)
(n,m)
- n+s,m
(n+s,m-s) (n+s,m-k) ¢ )

Proof. (a) Since the coefficient matrix C,, | ,,+; of (8b) has a rank deficiency of s,
we can add at least s conditions to the homogeneous system and still find a
nontrivial solution for the coefficients b;;. The rational function (p/g)(x, y) with
numerator coefficients a;; and denominator coefficients b;; indexed, respectively, by
N and D as given in (7a) and (7b) and satisfying

Cdgio,eqjo " Cdmio, emio bdoeo iojo
. . . - . ,

Cdginseain  °"" Clmin, emin by i
Cdoin+ 1, e0in+ 1 Clpmin+ 1, emin+1

: : bdoeo 0
cd()in+m; eojn+m o Cdmin+msemjn+m E = P

: : bdmem 0

Cdgintmes,eoinsmes " Clmintmss emintmss

belongs to the solution set [N,/D,]; . and also to all the solution sets
[N,,ﬂl/D,,,HZ],HM“HZ for all s; > 0 and s, > 0 with 5, + 5, <s.

(b) We shall give the proof only for the first intersection. The second intersection
is proved analogously. Knowing that the rank of C, ;1 y+m-s€quals m — s + k,
we can conclude that the rank of

Coin+ 1, €0n+1 o Cltpin + 1, €min+ 1

Cloin+m-sse0in+m-s Clmin+m s, €mintm—s

equals m — s. Knowing that the rank of C,,{ ,+, also equals m —s, we can
conclude thatin C, ., , ., the last s rows are dependent from the first m — s rows.
Hence the rank of

Clgin -k +1,€00n-k+1 Clpin—tc+ 1, emin—k +1

Clgin+ m+s— s €odnsmts—x Clmin tm+ 5~ 1s eminsm+ sk
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is at most m, and consequently the homogeneous system with coefficient matrix
Co—k+1,n+m+s—i and unknowns b, ;;,..., b, .. . has a nontrivial solution. This
solution belongs to [N, /D11, ... O [N —i/Dmssdine s e [ |

The solution of [N,/D,.];,,, common to all solution sets [N, /Dy, +,] Lnemasiss,
as described in Corollary 2(a) could be called the “optimal solution” in the sense
that it satisfies as many conditions as possible. If the rank of C,, ,4m+ is still
not maximal even more conditions can be added. So in the rational interpolation
table a triangle emanating from [N,/D,];, . can be filled with the optimal solution,
while triangles emanating from [N,_,/D,,_,]; . with k + [ = s can be filled with
minimal solutions. The rest of the hexagon is filled with the solutions constructed
in the proof of Corollary 2(b).
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