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A three-dimensional Monte Carlo model is developed to simulate the thermalization process of
atoms sputtered from the cathode in a glow discharge cell. A comparison is made with a simplified
analytical thermalization model and the relative importance of different interaction potentials and
scattering assumptions on quantities related to thermalization is investigated. Typical results of the
thermalization model are (i) the thermalization profile (which gives the distribution of the
thermalized sputtered atoms), (ii) the relative amount of atoms that can reach the backplate of the
discharge celI without being thermalized, and (iii) the relative amount of backscattering to the
cathode. The influence of gas pressure, kind of gas, and cathode material on the thermalization
process is also investigated. 0 1995 American Institute of Physics.

I. INTRODUCTION
A glow discharge consists of two electrodes inserted into
a low-pressure inert gas environment (10-1000 Pa). A voltage of 200-2000 V is applied between the electrodes and
causes electrical breakdown of the gas, producing positive
ions and electrons. The positive ions are accelerated towards
the cathode by the potential drop and cause the emission of
secondary electrons upon impact. These electrons are accelerated away from the cathode giving elastic and inelastic
(excitation and ionization) collisions in the glow discharge
plasma. The ionization collisions create new ions and electrons, which assures the maintenance of the glow discharge.
The ion bombardment on the cathode also induces a collision
cascade in the cathode material, with energy sufficient to
release one-or more atoms per incoming ion from its surface.
These sputtered atoms are liberated into the plasma and can
become ionized or excited, making the glow discharge applicable as an analytical source for elemental mass spectrometry and optical emission spectrometry.1-3
To improve our understanding of the anaIytica1 results
achieved with these techniques, an insight in the fundamental
processes of the glow discharge is necessary. This insight can
be acquired by theoretical modeling. Modeling of a glow
discharge is a combination of two kinds of models, a plasma
mode14-” which describes the behavior of electrons, gas ions,
and fast gas atoms (i.e., the plasma species) and a sputter
model’-*’ which describes the behavior of the sputtered atoms and is linked to the results of the plasma model by the
sputter bombardment of gas ions and fast gas atoms on the
cathode. A sputter model will be considered here.
The atoms sputtered from the cathode enter into the
plasma with initial energies of about 5-15 eV.’ They first
lose these initial energies by elastic collisions with the gas
atoms and then diffuse further into the plasma or back to the
cathode. Because the thermalization process is much faster
than the diffusion process, it can be assumed already finished
when the diffusion starts8 Hence it is possible to separate
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both processes in time when modeling the behavior of the
sputtered atoms.8 ln this paper, we will first simulate the
thermalization process of the atoms, resulting in a thermalization profile, and in a later work, this thermalization profile
will be used as the starting condition for the diffusion process.
Gras-Mat% and Valles-Abarca7*8 have described a simplified model which solves the thermalization process analytically. They used an approximate power-law potential with
constant power y1to describe the interatomic interactions and
assumed that the sputtered atoms move along a straight line
(one-dimensional model) and lose their energy in a continuous manner (continuous slowing down approximation) instead of considering the energy loss explicitly in each collision and dependent on the scattering conditions of the
collision. In the present work, a three-dimensional Monte
Carlo model is developed, which allows us to describe the
problem explicitly on an atomic scale. We followed the
three-dimensional trajectory of each sputtered atom separately and calculated the scattering angle and the energy loss
if a collision took place. We also used a more accurate
screened Coulomb potential to describe the collision interactions. For comparison with the analytically solvable
model ,7*g~10
the Monte Carlo simulations were also carried
out in a simplified one-dimensional way and the differences
due to different choices of interaction potentials and scattering conditions were investigated.
II. DESCRIPTION OF THE MODEL
Thermalization of sputtered atoms is based on elastic
collisions with gas atoms. Accurate description of collisions
between atoms requires a knowledge of the interaction potential between these atoms because this determines the cross
section, the scattering angles, and the energy loss in a collision. A variety of different interaction potentials between atoms can be found in the Iiterature.‘13’2 The screened Coulomb potentials present a realistic view of atomic
interactions.” They are based on the Thomas-Fermi model
of an atom and represent a simple Coulomb repulsion between the atoms at very small distances of separation, com-
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bined with a screening function to simulate the interaction
between the atomic electrons, which makes itself felt at large
separations:
.
V(r)=

Z1Z2e2
__ r
f(r),

where Z, and 2, are the atomic numbers of the interacting
atoms, r the distance of separation, and f(r) the screening
function.
Another way of describing the atomic interactions is
given by the power-law potentials:r3
V(r)=

/
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where a, is the screening radius (in -angstroms)
=0.468/(,IZ, +JZ2)o.667 and n is a:power, varying from 1 to
about 16.
To describe the interato&c
scattering collisions,
Lmdhard et al. derived the following differential cross section, dependent on the interaction potential: 14*15
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dtd~=dg&(t).

~--*
Z

FIG. 1. Standard glow discharge cell in the VG 9000 mass spectrometer: (1)
sample (cathode), (2) mask, (3) insulator, (4) cell body (anode), (5) gas inlet,
and (6) exit slit.

where
2T
yE’

(4)

and E is the initial energy, T the recoil energy, OsTSyE
(maximum recoil energy), y=4m 1m2/(m 1+ m2)2, m 1 the
mass of the scattered particle, m2 the mass of the recoiling
particle, and Z, , Zz, and a, are explained before, f(t) is a
function that depends on the assumed interaction potential.
For a Thomas-Fermi screened Coulomb potential
f(t)=1.309t”6[1+(2.618t2’3)2’3]-3’2.

(5)

For a power-law potential
f(t) = XmP2-,

2UE
(6)

where m = l/n and X,, is a constant depending on m.
The differential cross section given in ELq. (3j can be
used to analytically calculate certain quantities that are of
importance for the description of the thermalization
proceQ-‘7
like the energy loss per unit. traveled path
length, the range of the sputtered’particles, and the thermalization profile itself. Gras-M& and VaLles-Abarca7’* used
for this purpose the differential cross section for the powerlaw potential with constant power n because it allows fairly
simple analytical solutions of the integral equations. However, the results are only approximate and have to be checked
by more exact results. The differential cross section based on
a screened Coulomb potential is more accurate but the mathematics of solving the integral equations are much more
complicated. Therefore we did not solve the integral equations but developed a Monte Carlo model to simulate the
thermalization process and used .the latter, more exact, differential cross section to describe the interactions explicitly
in each collision.
J. Appl. Phys., Vol. 77, No. 5, 1 March 1995

The discharge we want to model relates to the standard
discharge cell of a Fisons VG 9000 glow discharge mass
spectrometer for analyzing flat samples.‘* This cell has a
cylindrical geometry with a flat cathode (see Fig. 1). The
calculations are carried out in three dimensions, but the final
results of a statistically significant number of atoms are cylindrically symmetrical and can be presented in a twodimensional way.
The sputtered atoms are leaving the cathode with an energy and angular distribution given by8
cos 8
~ 9

‘W,@=cE+U)3

(7)

where U is the surface binding energy of the cathode material, mostly taken equal to the sublimation energy, and 19is
the angle of the velocity vector with respect to the axial
direction.
Using random numbers (m) between 0 and 1, the specific angle and energy of a sputtered atom starting at the
cathode are calculated from Eq. (7) as
riz( 0) =

I

mdE’
0

?E

m(E) =

s0

6,
dB’X2r

(8)

(- VI.12

dE’
0

sin(B’)Xv(E,#),

dB’x2v

sin(fY)X’P(E,t)‘),

0

which results in
8=1/2

acos(l-2mj,
69

E2(riz-1)+E(2Uin)+U2rn=0,
where the positive root gives E.
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The azimuthal angle 4 (i.e., the angIe of the projection
of the velocity vector in the xy plane, with respect to the x
axis) is also determined by a random number between 0 and
1.

+=27rrn.

(10)

The x and y coordinates of the starting position are also
determined by random numbers. The starting z coordinate is
zero.
The distance traveled by the atoms after a time step At is
described by Newton’s laws:
z=z,,+uzoAt,

x=xO+uxOAt,

y=yofv,,At,

(11)

where z,, , x0, and y. are the position coordinates at t =tO, z,
x, and y the position coordinates at t = to + At, and uZo, uXo,
and uYo the velocity components in the z, X, and y directions:
vzo = 2Elm X cos 0,
vXo=2E/mXsin
vyo=2ElmXsh

The probability P of a collision event during this time
step At is given by
w

where As is the distance traveled in the time step At {i.e.,
A.~=[(z-z~)~+(~--.~~)~+(y-y~)~]~’~}
and oera is the
cross section of elastic collision with the gas atoms. Only
this kind of collision is assumed, because it has by far the
highest cross section and the density of gas atoms is much
higher than that of any other species in the plasma. The
elastic cross section as a function of the energy is determined
by integrating the Lindhard’s differential cross section du
over all possible energy losses dT:

(16)

Sielanko” has derived an analytical expression for the
scattering angle in the center-of-mass frame of reference
xcom using Lindhard’s differential cross section for a powerlaw potential approximating the Molier potential by choosing
the parameters n and K, as a function of the energy and the
impact parameter:

! H
XCODI=

-

2

0 sin 4.

~0.3r/a,+0~~~e-‘.“r/a~+O~le-6’la~~

f(r)=0.35e

sin2

6 cos 4,

P=l-exp[-na,,,(E)As],

The probability of collision in Eq. (12) is compared with
a random number in the [O,l] interval. If the probability is
lower, no collision takes place and the atom follows its way
during a new time step. If the probability is higher, a collision takes place and the new direction and energy after scattering have to be determined.
The description of the scattering event depends on the
kind of interaction potential considered. In this model, we
assume a screened Coulomb potential [see Eq. (I)], i.e., the
Molier potential, with a screening function given by

2
I+

2/n

-n

(;;;;)*,a

(17)

.
i

The complete description of this formula is found in Ref. 19.
The impact parameter is calculated from the cross section
using a random number between 0 and 1.20The conversion
of the scattering angle into the laboratory frame of reference
,&b is achieved by”
t-m

hb”

sin Xcom
ml Jm2+ cos xcom’

(18)

where ml and m2 are the masses of the sputtered and gas
atoms, respectively.
The azimuthal angle of scattering 1I’is determined by a
random number:
T=2rrrn.

09)

The new energy E depends on the scattering angle and is
given by19
Because the differential cross section da for a screened
Coulomb potential is rather complicated, its integration is
facilitated by using the differential cross section for a powerlaw potential with varying the power n as a function of the
energy to approximate the screened Coulomb potential”
(and see further when the scattering angle is discussed):
u(E)=~C~-““E-~“‘,

(14)

where E, is the energy before collision.
The new direction in the three-dimensional space, i.e.,
the new angles 8 and 4, are calculated from the angles 0, and
$. before scattering and from the scattering angle x and the
azimuthal angle of scattering W, by transformation of the
coordinate frame of reference (see Fig. 2):

where

4mlm2

40)
sin( @0)W
sin( 0,) sin( +o)

‘= (ml +m2)*’
n= 1+4 exp(- l.9e”.r),
cc-

mzE
___as
ml -i-m2 ZIZze

cos( 00)

29

01)

and all parameters are explained before.
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FIG. 3. Comparison of the Molier potential with different power-law potentials for interaction between Cu and Ar atoms.

FIG. 2. Definition of the two frames of reference and the different angles in
the three-dimensional system: xyz=laboratory
frame of reference,
x’y’z’=particle
scattering frame of reference, QOand &=axial and azimuthal angle of the particle before scattering, and x and T = scattering
angle and azimuthal angle of scattering.

After the new energy and direction are determined, the
atom is followed during the next time step, and the procedure
is repeated.
When the atoms collide at the walls of the celi, they can
be adsorbed or reflected. Little is known about reflection or
sticking coefficients for atoms with low energies. We have
found data of reflection coefficients in the literature for kiloelectron-volt energies,17but it is not evident that these values
can be extrapolated to the energies used here. We have carried out the calculations with reflection coefficients ranging
from 0 to 1 and it does not seem to influence the shape of the
thermalization profile; only the absolute value is slightly influenced. Hence we take as a first approximation a reflection
coefficient equal to 0.5.
In the case of adsorption, the atom disappears from the
plasma and the calculation stops. In the case of reflection, we
assume that the atom is reflected back into the plasma without any change in energy and in a direction symmetrical with
respect to the normal to the wall, as if pure elastic reflection
has taken place.
The atoms are followed until they have thermal energies
(i.e., E-CO.03 eV). In this way the distribution of thermalized
sputtered atoms in the discharge environment is obtained.

III. RESULTS AND DISCUSSION
A. Comparison of the interaction potentials
influence on quantities important for the
thermalization process

and their

Figure 3 shows the comparison of the Molier (screened
Coulomb) potential with power-law potentials for different
J. Appl. Phys., Vol. 77, No. 5, 1 March 1995

values of the power n, for the interaction between a Cu and
an Ar atom. It is clear that no single power-law potential
closely approximates the Molier potential. The potential with
power n =2 seems a good approximation for low values of r,
power n=3 can be used for intermediate values of r, and
power n =4, which was mostly used in Ref. 8, is suitable for
higher values of r. Hence when describing an atomic interaction with a power-law potential, a different power n should
be used depending on the energy of interaction [see Eq.
(15)]. Indeed, for very low energies (about 0.01 eV), the
atoms cannot approach each other very closely (large values
of r), and n will be near to 4. When the energy increases, the
atoms can come cIoser to each other and n will decrease. For
energies of 10 eV, n will be about 3, and for energies of 1000
eV a value of nearly 2 will be reached.
This variable power n was used to calculate the cross
section of elastic collisions. In Fig. 4 the cross secti~onfor an
approximated Molier potential is compared with the cross
section for a power-law potential with IZ=4, for the energies
of importance for the thermalization process (i.e., 0.03-20
eV). For low energies, the agreement is of course reasonably
good, but for energies in the range of 10 eV and more, the
power-law cross section is more than 2X higher than the one
based on the Molier potential.
Another important quantity for the thermalization process, which also depends on the kind of interaction potential,
is the average energy lost in a collision. Figure 5 shows the
average energy lost in a collision per unit energy for a
power-law potential (n=4) and for the approximated Molier
potential as a function of the energy. The energy loss in the
case of a Molier potential is for all energies higher than in
the case of a power-law potentia1, because the scattering
angle is generally larger. A power-law potential gives an average energy loss independent of the energy, but an approximated Molier potential (n as a function of the energy) results
in an increasing energy loss as a function of the energy;
indeed, at high energies, the atom can approach closer, the
impact parameter is smaller, and hence the scattering angle is
Bogaerts,van Straaten,and Gijbels

187-t

Downloaded 27 Jan 2003 to 131.155.111.159. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp

10 -13

Cu/Ar
1: Molier
2: power

‘A

Ni 10 -14t
V
d
2
10 -15;

potential
law potential

i 1: analytically
2: explicitly,
13: explicitly,

(n-4)
<>

\

2

\ “‘\

1
_-

\
kc
OYOl

0.01

0.1

1

ElYeV)

larger, resulting in more energy loss [see Eq. (20)]. We compared these values with the energy loss in isotropic scattering
where all scattering angles are equally probable, independent
of the energy ({~~~~)=90”), and the average energy loss per
unit energy is given by12
Y

~'0.474
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FIG. 4. Comparison of the Cu/Ar elastic cross section obtained by the
approximated Molier potential and by a power-law potential (n=4), as a
function of the energy.
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FIG. 6. Comparison of the energy lost per unit traveled path length for
Cu/Ar, calculated analytically and explicitly with the Monte Carlo method
for a Molier potential and for a power-law potential with n=4, as a function
of the energy.

potential is lower than in the case of isotropic scattering,
because the average scattering angle is in general lower. At
higher energies, the situation is reversed.
With the average energy lost in a collision, we can calculate the energy lost per unit traveled path length-an important parameter in the analytical continuous slowing down
model-by multiplying it with the number of collisions per
unit path length (na,tJ:

For energies lower than about 3 eV, the average energy loss
in the case of anisotropic scattering described by the Molier

Cu/Ar
1: approximated
Molier
2: power ,law potential

o,6
3

potential
(n=4)
/

0.5

Comparison of this parameter for the different scattering
conditions with the analytical result [see Ref. 8 and Eq. (24)]
leads to Fig. 6. The energy lost in the anisotropic cases is
clearly lower than the analytically calculated energy loss,
especially at low energies:
dE
-=ds

4
~%zCE”~.
3

When we express the analytically evaluated parameter of
Eq. (24) explicitly as the energy lost in a collision multiplied
by the number of collisions per unit traveled path length [Eq.
(23)], we find the energy lost in one collision to be equal to
Ey/3 (i.e., 0.316 E for G/At-):
u,,,(E)=~C~-“~E-*‘~

(for V-r-“),

dE
~-=~e,ai+,
ds
0.0

J-70.01

I & ,ilill

0.1

-~~~-~T-s-rrrnm

-(AE),,u=;E.

1
E

(eVy

FIG. 5. Comparison of the average energy lost in a Cu/Ar collision per unit
energy calculated with the approximated Molier potential and with a powerlaw potential (n=4), as a function of the energy.
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(25)

This value is slightly less than the isotropic energy loss (Ey/
2, i.e., 0.474 E for Cu/Ar) and clearly higher than the anisotropic energy loss calculated with the power-law potential
(see Fig. 5). Compared to the energy loss for the Molier
Bogaerts, van Straaten, and Gijbels
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FIG. 8. Thermalization profile for Cu atoms in Ar at 100 Pa, calculated with
the three-dimensional Monte Carlo model.
FIG. 7. Comparison of the thermalization profile for Cu atoms in Ar at 100
Pa, calculated for different potentials and scattering assumptions.

the analytical value is higher at low energies (EC1
eV) and lower at high energies @>l eV) (see Fig. 5).
Figure 7 shows the thermalization profiles calculated (1)
analytically, (2) with a simplified one-dimensional Monte
Carlo model, and (3) with a three-dimensional Monte Carlo
model, both assuming the same energy losses as analytically.
Also, the thermalization profiles resulting from the threedimensional Monte Carlo models assuming anisotropic energy losses described by (4) the Molier potential and (5) the
power-law potential with power n =4 are shown. The models
(1) and (2) use the same approximations and hence the agree
ment is not unexpected. The small differences are due to the
completely different way of calculation.
The differences between (2) and (3) reflect the differences between the one-dimensional and the three
dimensional description of the thermalization: the energy
losses in both cases are the same, but in the threedimensional model the atoms not only move forward (away
from the cathode) but they can move in all directions due to
the three-dimensional scattering. This results in a lower net
traveled distance from the cathode and hence a thermalization profile which is slightly more shifted towards the cathode. Comparison of (3) and (4) illustrates that the thermalization profile calculated with the energy losses assumed in
the analytical model extends only slightly further into the
plasma than the thermalization profile evaluated with the
Molier potential. This illustrates that the energy losses used
in the analytical model are nearly equal to the energy losses
described by the Molier potential, averaged over all energies
of importance for the thermalization. The analytical description of the energy-loss process is hence a good approximation for the real situation. Comparison between (4) and (5)
shows that the influence of the interaction potential is fairly
high, as could also be noticed from Fig. 6. The energy losses
calculated with the Molier potential are clearly higher and
the thermalization profile is far more concentrated near the

potential,
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cathode than in the case of the power-law potential. The
reasonable agreement between (3) and (4) and the large difference between (4) and (5) also indicate that rather high
energies (E-1 eV) play a more important role in determining the final thermalization profile than the near thermalized
energies.
B. Results of the three-dimensional
model

thermalization

Figure 8 represents the thermalization profile in the cylindrical symmetry, obtained with the three-dimensional
model based on the Molier potential, for a Cu/Ar system at a
gas pressure of 100 Pa. It can be seen that the majority of the
atoms is already thermalized at 1 mm away from the cathode. A section in the axial direction results in Fig. 7, No. 4.
In the radial direction, the thermalization profile is fairly
constant, except close to the walls where the profile rapidly
falls off to zero. Because the thermalization process is determined by the number of elastic collisions of the sputtered
atoms with the gas atoms, it will depend strongly on the gas
pressure in the discharge, i.e., the thermalization profile will
extend further into the plasma at lower pressures. The thermalization process also depends on the masses of sputtered
and gas atoms. A larger mass difference between sputtered
and gas atoms results in a less efficient energy loss per collision, and hence in a thermalization profile extending deeper
into the discharge.
The thermalization model also yields information about
the relative amount of atoms that reach the backplate of the
cell without being thermalized, the amount of atoms that
strike the neck of the cell (see Fig. l), and the relative
amount of backscattering to the cathode. These relative
amounts also depend strongly on the gas pressure and the
kind of sputtered and gas atoms. As already said, at lower
pressure the thermalization profile extends further into the
plasma. This means that relatively more sputtered atoms can
reach the backplate of the cell without being thermalized.
This amount increases linearly as the pressure decreases; for
Bogaerts,van Straaten,and Gijbefs
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Cu/Ar the amount is about 0.05% at 1000 Pa, about 0.5% at
1.00 Pa, and about 5% at 10 Pa. The amount of sputtered
atoms that strike the neck of the cell also increases with
decreasing pressure, going from about 3.5% at 1000 Pa to
about 15% at 100 Pa and about 75% at 10 Pa. The amount of
backscattering to the cathode slightly increases with pressure
from about 5.5% at 10 Pa to about 8% at 100 Pa and remains
constant at higher pressures.
As was also said before, a larger difference between the
masses of gas and sputtered atoms results in a thermalization
profile penetrating deeper into the plasma. This effect is most
clearly seen when the discharge gas is altered. We compared
Ar, Ne, and He at 100 Pa and a Cu cathode. In the case of a
lighter gas, the thermalization profile extends further into the
discharge, resulting in more atoms that reach the backplate of
the cell (Ar about 0.4%, Ne about 0.6%, and He about 1.6%),
more atoms that strike the neck of the cell (Ar about 15%,
Ne about 20%, and He about 50%), and less atoms that scatter back to the cathode (Ar about 8%, Ne about 4%, and He
about 0.7%). The influence of the kind of sputtered atoms on
their thermalization is not only caused by their mass difference with the discharge gas, but also by the surface binding
energy of the atoms in the solid, because this determines the
initial energy of the sputtered atoms [see Eq. (7)]. Atoms
with a higher surface binding energy enter the plasma with
higher energies and will need a longer distance before being
thermalized. Comparing Ta and MO, which have a high
atomic mass and also a high surface binding energy (8.1 and
6.82 eV, respectivelyj, with Cu (surface binding energy of
3.49 eV), at an argon pressure of 100 Pa, we find that Ta and
MO have more chance to reach the backplate (both about
0.6%) and the neck of the cell (about 27% and 22%, respectively) and are scattered back to the cathode to a lesser extent
(about 3% and 5%, respectively) than Cu (see before).
It is worthwhile to distinguish here backscattering from
backdiffusion. Backdiffusion originates from a nonuniform
concentration distribution of thermalized sputtered atoms
throughout the discharge cell, whereas backscattering deals
only with atoms which arrive back at the cathode surface
after one or more collisions directly after they are sputtered
and without being completely thermalized. The relative
amount of backdiffusion is about 70% of the material sputtered from the cathode, as is calculated in Refs. 9 and 21.
Backscattering hence contributes only to a minor extent to
the total redeposition of sputtered material.
IV. CONCLUSION
A three-dimensional Monte Carlo model has been developed to simulate the thermalization process of the atoms
sputtered from the cathode in a glow discharge. Comparison
is made with an analytical model described in literature7’*,”
and the influence of different atom-atom interaction potentials and scattering conditions on quantities related to the
thermalization process is evaluated. Use of the power-law
potential with power n =4 instead of a more accurate Molier
potential results in large deviations. The scattering angles
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calculated are much smaller, resulting in much lower energy
losses and hence a thermalization profile extending further in
the plasma. Use of a constant energy loss in each scattering
event equal to Ey/3, as was done in the analytical model of
Refs. 7, 8, and 10, seems a good approximation to the real
energy losses in the thermalization process. The deviation of
the one-dimensional analytical model from the threedimensional Monte Carlo model using a Molier interaction
potential is mostly due to the assumption of continuous energy losses along a straight line away from the cathode, instead of taking into account three-dimensional scattering and
the possibility of motion in the backward direction.
The Monte Carlo model presented here yields a threedimensional thermalization profile and gives information
about the relative amount of atoms that strike the neck of the
discharge cell or reach the backplate without being thermalized and about the relative amount of backscattering. The
influence of gas pressure and kind of gas and sputtered atoms
is investigated and it is shown that a lower gas pressure, a
larger mass difference between sputtered and gas atoms, and
a higher surface binding energy of sputtered atoms result in a
thermalization profile extending further into the plasma.
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