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t ’ Introduction

Behavior of particles depending on eigenvalues of Hamiltonian.
Dimensions ~ D,

memory requirement ~ D2,
computation time requirement ~ D3.

KPM scales:

for sparse matrices: ~ D,
for dense matrices: ~ D2,
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t ’ Mathematical formalism
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t ’ Mathematical formalism

Define scalar product:

b
(Flg) = / w(x)F (x)g (x)d. (1)
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t ’ Mathematical formalism

Define scalar product:

b
(Fle) = | wi)F()gx)ds, 1)
Complete set with orthogonality relation:

<Pn‘pm> = 5n,m/hn7 (2)
Function can be expanded:
F(x) = anpn(x)
n=0

Qp = <Pn‘f>hn
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Mathematical formalism
Chebyshev polynomials

Interval of definition for Chebyshev polynomials [—1, 1]

Definition

wi(x) = <7T\/ 1- X2> 1, wo(x) =1V 1 — X2,

- 1—1—5,,,0 2

7—nTm = n,my nlYm)2 = 5 %n,m-
(Tol Tt = 252205, (Unl U = 00
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Mathematical formalism
Chebyshev polynomials

Chebyshev polynomials can be expressed as:
Th(x) = cos[narccos (x)], (5)
and

sin[(n+ 1) arccos (x)]

Un(x) = _ 6
(x) sin [arccos(x)] (6)
Polynomials are obeying recursive relations:

Pmi1(x) = 2xPm(x) — Pm-1(x), P=TVU (7)
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Mathematical formalism
Modified moments

_ - (FITan
f(X)_nZ<T’T> a0+2zan n (8)
g [ FOT0
a,,_<f|T,,>1_/_1 Wmd.
we can modify the moments:
f(x) = m/ll— uo+22un ; ] o

1
,un:/ f(x) Th(x)dx.

-1
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Mathematical formalism
Kernel polynomials

Problems may arise after the simple truncation of series:

f(X) \/11_7)( (/’LO +2 Z Mn n ) s (10)
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Mathematical formalism
Kernel polynomials

Problems may arise after the simple truncation of series:

N-1
f(x) ~ 77\/11—7x2 (Mo +2 ; fn Tn(x)> , (10)

N—-1
f(x) = 77\/11—7)@ (gouo +2)° g,,u,,T,,(x)> : (11)

n=1
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Mathematical formalism
Kernel polynomials

20— T —T T
-- Dirichlet kernel
— Jackson kernel
15| o Gaussian (a-7/64) 3

= Lorentz kerngl (A=4)
o Lorentzian {e=A/64)

& function
step function

Figure 1 : N=64 expansion moments of §(x) (left) and step function (right).[WeiBe et al., 2006]
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Kernel polynomials

Mathematical formalism

Name ‘ &n
Dirichlet 1
Fejér 1-5
Jackson [(N— n+ 1)cos(N+1)+s (N+1)C0t(N+1)] /(N +1)
Lorentz sinh [A(1 — ) /smh ), AER
Lanzos (sin(m7)/(m ﬁ)) 7M eN

Table 1 :

Kernels.
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Mathematical formalism
Requirements of the expansion

Chebyshev polynomials are defined on the real interval [—1, 1].

Universiteit Antwerpen m



Mathematical formalism
Requirements of the expansion

Chebyshev polynomials are defined on the real interval [—1, 1].
Modify our matrix (Hamiltonian):

(H - bl)

A
? (12)
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Mathematical formalism
Requirements of the expansion

Chebyshev polynomials are defined on the real interval [—1, 1].
Modify our matrix (Hamiltonian):

(H - bl)

A
? (12)

Where a and b are:
(Emax - Emin)

a=——-
2—¢ '

Emax Emin
b:(;x e = 0.01.
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Mathematical formalism
Calculating the moments

Depending on the function two types of moments can arise:

Expectation values (case 1):

pn = (B Ta(H)| ), (14)

and
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Mathematical formalism
Calculating the moments

Depending on the function two types of moments can arise:
Expectation values (case 1):

pn = (B| Ta(H)lav), (14)
and

trace of operator and polynomial (case 2):

1ty = Tr [AT,,(FI)] . (15)

Universiteit Antwerpen m



Mathematical formalism
Calculating the moments

Handling case 1
in = (BI Tn(F)]),
).

lan) = Ta(H)|a
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Handling case 1
in = (BI Tn(F)]),
).

lan) = Ta(H)|a

‘O‘0> = |CY>,
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Mathematical formalism
Calculating the moments

Handling case 1
in = (BI Tn(F)]),
).

lan) = Ta(H)|a

‘O‘0> = |fy>7
1) = Hlao),
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Mathematical formalism
Calculating the moments

Handling case 1

uw:wwuﬁr?,

lan) = Ta(H)|a

‘O‘0> = |fy>7
1) = Hlao),
1) = 2Fatn) — letn1). (16)
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Mathematical formalism
Calculating the moments

Handling case 2

Stochastic evaluation of trace.
Comparing with previous example numerical effort should be D? (D
states of a given basis)

pn = Tr [ATn(/:I)] )
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Mathematical formalism
Calculating the moments

Handling case 2

Stochastic evaluation of trace.
Comparing with previous example numerical effort should be D? (D
states of a given basis)

pn = Tr [ATn(/:I)] )
Tr[ ] 1R§ (r|Ta(B)r), R<<D

where r(i) € {randr(zo )}, & C.
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Mathematical formalism
Calculating the moments

((&ri)) =0,
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Mathematical formalism
Calculating the moments

Handling case 2

((¢r)) =0,
<<£ri£r’j>> - 5”/5ij7
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Mathematical formalism
Calculating the moments

Handling case 2

((¢r)) =0,
<<£ri£r’j>> - 5”/5ij7

D—1
) =3 &li)-
i=0
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Mathematical formalism
Absorbing boundary conditions

We want edge effects in our calculations to be minimized.
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Mathematical formalism
Absorbing boundary conditions

We want edge effects in our calculations to be minimized.
Apply boundary conditions:

Periodic boundary conditions.
Absorbing boundary conditions.
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Mathematical formalism
Absorbing boundary conditions

We want edge effects in our calculations to be minimized.
Apply boundary conditions:

Periodic boundary conditions.

Absorbing boundary conditions.

Modify the eq. 16:

lapy1) = exp 7 (2I:I\an) —exp ! \a,,_1>> . (17)
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Mathematical formalism
Absorbing boundary conditions

1) = exp ™7 (2Flan) — exp™ ap-1) ) -
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Mathematical formalism
Absorbing boundary conditions
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Mathematical formalism
Absorbing boundary conditions

1) = exp ™7 (2Flan) — exp™ ap-1) ) -

~ is absorbing potential.

Bad back reflections!
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G Application of kpm

Outline for section 3
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G Application of kpm

Matrix H of size D, with eigenvalues Ej:

Density of states

o(E) = 5 3 8(E — E) — i(E) =

Universiteit Antwerpen ﬂ



G Application of kpm

Matrix H of size D, with eigenvalues Ej:

Density of states

1 D—-1 . 1 D—-1
pE)=5 S SE-E) = iE)=5 S SE-E) (18)
k=0 k=0
1 D—-1
no= [ HEVTAENE = 5 3" TulE)
19
1 : 1 5
= = Y (kI Tu(F)|K) = 5 Tr | To(H)|

Universiteit Antwerpen ﬂ



H’ Application of kpm

Similar, we can start from expression for local density of states:

D

-1
LS (1K) 2O(E - ). (20)
k=0

pi(E) =

O

and get:

1 ~

fin = 1/5:'(1:E)Tr:(1::)6/5

—

1 D—1 .
=5 z_% (i) > T( Ex) (21)

-1
DZ i Ta(H)Ik) (K|i) = (!T(F/)H
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Application of kpm

Conductivity calculation

Start with §(Z — H) and Green's function G*(&, H).
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Application of kpm

Conductivity calculation

Start with §(Z — H) and Green's function G*(&, H).
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Application of kpm

Conductivity calculation

Expanded Kubo-Bastin formula in the linear response

4e’h 4 = f(&pu T
O-CY,B(:UW T) To AE2 / 1 _ 62 Z rnm :U’nm (22)
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Application of kpm

Conductivity calculation

Expanded Kubo-Bastin formula in the linear response

4e’h 4 = f(&pu T
UCY,B(:“’? T) To AE2 / 1 _ 62 Z rnm :U’nm (22)

pisn = lgmgn/ (1 + 800)(1 + o) T [va T(H) x v T(H)]
M om = [(é —imy1— €2> expmarccos(€) T (z)

n (5 +iny/1 - 52) expinarcces(®) Tm(g)] ,
o, B € {xy}.

[Garcia et al., 2015]
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G Examples

Outline for section 4

4. Examples 22
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& Examples

Material: Graphene - monolayer.

- Bond
@ Carbon
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& Examples

Material: Graphene - bilayer Bernal stacking.

O @ Layer1
O Layer 2
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& Examples

Material: Graphene -  twisted bilayer.

@ Layer 1
O Layer 2
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& Examples

Graphene with nearest neighbours
0
. 0
H= -t E exp’%(c,ch + E ,z’,-'c’.ch

(i) ‘ i

0 2
Energy [eV]

Figure 2 : LDOS - comparing N = 256 and N = 1024 moments.
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& Examples

Graphene with nearest neighbours
H= —tZexp%(cTc +Zz’c G

(i)

LDOS

4 2 0 2 1 6 8
Energy [eV]

Figure 2 : LDOS N = 512 moments.
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& Examples

Graphene with nearest neighbours

. 0
H=—t> exp e+ Zz’fc;cj
(o) i

LDOS

4 2 0 2 4 6 s
Energy [eV]

Figure 2 :  LDOS N = 512 moments with magnetic field.
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& Examples

Graphene with nearest neighbours
0
[ = —tZexp’%’J c,-TCj 4= Zsic;cj

(i) ‘ i

LDOS

0.4

-4 -2 0 2 1 6 8
Energy [eV]

Figure 2:  LDOS N = 512 moments with disorder.
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G Examples
Graphene with nearest neighbours

. 0
H= —tZexp’¢U c,-ch + Z,z),-'cjcj

(i) i

£ 18

6 16

-4 14

2 12
3o 108
< g

5 s

4 6

. .

2

8
o

0.2 1

Figure 3 : Hofstadter butterfly
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& Examples
Bilayer graphene, Bernal stacking
KO
H=-Y tR,R) eXp%CC‘i‘Zﬁ,CCJ = > cl¢

(i) i€cA/B

4 -2
Energy [eV]

Figure 4 : LDOS - comparing N = 256 and N = 1024 moments.
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& Examples

Bilayer graphene, Bernal stacking

L A 0 A
Ho =Y R R) e el + Y g £ 222 Y dlg
i

2

(i) icA/B

LDOS

B 0
Energy [eV]

Figure 4 :  LDOS N = 1024 moments with applied voltage.
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G Examples
Twisted bilayer graphene

Start from Bernal stacking and rotate for 4.14°.

0
Lol 0 LK
W S o Berrdg + Yl s B Y g
i

(i) icA/B

EleV]

1,
Hofstadter butterfly in twisted bilayer graphene.

Figure 5 :
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& Examples

Conductivity of graphene from Kubo-Bastin formula

H= —tZexpiW c,TCj + ZE,‘C,-TCJ'
(i) J

[N

Conductivity (4e’/h)
- o

R

Energy/t
Figure 6 : (a) Conductivity oxx and oxy, (b) DOS, (c) Shubnikovde Haas oscillations.[Garcfa et al., 2015]
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t ’ Conclusion

Outline for section 5
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t ’ Conclusion

Kernel polynomial method and Chebyshev expansion.
Pros:
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t ’ Conclusion

Kernel polynomial method and Chebyshev expansion.
Pros:

Linearly scalable.

Paralelization (CPU + GPU).

Applying of boundary conditions.
Cons:

Energy resolution ~ %
Future work:

Conductivity of twisted bilayer graphene.
Different types of materials, transition metal dichalcogenides.
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t ’ The end

Thank you for your attention!
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