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interpolate

f (x) = ↵1 +↵2x
100

� Newton/Lagrange interpolation: 101 samples
� only 4 unknowns: ↵1, ↵2, x

0, x
100!

� how to solve it from 4 samples?
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� exponential analysis
� generalized eigenvalue problems
� computer algebra
� orthogonal polynomials
� signal processing
� moment problems
� nonlinear approximation theory
� many applications . . .
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xs = s�, s = 0,1,2, . . .

n�
i=1
↵ix

ki

s = fs , n � max(ki), ki ∈ N

n1�
i=1
↵i ,1 cos(�i ,1xs) + n2�

i=1
↵i ,2 sin(�i ,2xs) = fs

n�
i=1
↵i exp(�ixs) = fs , �i ∈ C
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1. Univariate exponential sparse interpolation
(Exercise)

2. Multivariate polynomial sparse interpolation
(Exercise)

3. Connection with rational approximation theory
(Exercise)

4. Applications unlimited
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Figure: Gaspard Riche de Prony [1795]
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interpolation problem:

n�
i=1
↵i exp(�ixs) = fs , s = 0, . . . ,2n − 1

xs = s
2⇡
M
, ! = 2⇡�M

�I(�i)� <M�2, ⌦i = exp(�i!),
fs = n�

i=1
↵i⌦

s

i , s = 0, . . . ,2n − 1

�����������������

↵1 + ⋅ ⋅ ⋅ +↵n = f0

↵1⌦1 + ⋅ ⋅ ⋅ +↵n⌦n = f1⋮
↵1⌦2n−1

1 + ⋅ ⋅ ⋅ +↵n⌦2n−1
n = f2n−1
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finding ⌦i :

n�
i=1
(z −⌦i) = z

n + bn−1zn−1 + ⋅ ⋅ ⋅ + b1z + b0

0 = n�
i=1
↵i⌦

s

i (⌦n

i + bn−1⌦n−1
i + ⋅ ⋅ ⋅ + b0)

= n�
i=1
↵i⌦

n+s
i + n−1�

j=0
bj � n�

i=1
↵i⌦

j+s
i
�

= fs+n + n−1�
j=0

bj fs+j
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���
f0 . . . fn−1⋮ � ⋮

fn−1 . . . f2n−2

���
���

b0⋮
bn−1

��� = −
���

fn⋮
f2n−1

���
Hankel matrix:

H
(r)
n = ���

fr . . . fr+n−1⋮ � ⋮
fr+n−1 . . . fr+2n−2

���
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Hadamard polynomial:

H
(0)
n (z) =

�������������������

f0 . . . fn−1 fn⋮ � ⋮ ⋮
fn−1 . . . f2n−2 f2n−1
1 . . . z

n−1
z

n

�������������������
n�

i=1
(z −⌦i) = H

(0)
n (z)
�H(0)n �

= z
n + bn−1zn−1 + ⋅ ⋅ ⋅ + b1z + b0
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formally orthogonal polynomial:

� ∶ z s → fs , s = 0,1, . . .

� ∶ exp(�ixs) = ⌦s

i → n�
i=1
↵i⌦

s

i = fs

� ∶ z i H
(0)
n (z)
�H(0)n � → 0, i = 0, . . . ,n − 1

H
(0)
n (z)
�H(0)n � ⊥� z

i , i = 0, . . . ,n − 1

[Henrici, 1974]
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roots of
H
(0)
n (z)
�H(0)n � from GEP:

H
(0)
n =

�����
1 . . . 1
⌦1 ⌦2 . . . ⌦n⋮ ⋮
⌦n−1

1 . . . ⌦n−1
n

�����
�����
↵1 �

↵n

�����
�����
1 ⌦1 . . . ⌦n−1

1⋮ ⌦2 ⋮⋮ ⋮
1 ⌦n . . . ⌦n−1

n

�����
= V

T

n D↵Vn

H
(1)
n = V

T

n D↵

���
⌦1 �

⌦n

���Vn
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det�H(1)n − �H(0)n � = det���V
T

n D↵

���
⌦1 − � �

⌦n − �
���Vn

���
= 0 for � = ⌦i , i = 1, . . . ,n

[Hua and Sarkar, 1990]
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finding �i :

exp(�i) = exp(R(�i))eiI(�i)

�I(�i)� < M

2
∶

arg(⌦i) = arg(exp(�i!))
= I(�i) 2⇡

M
∈ ]−⇡,⇡[
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finding ↵i :

n�
i=1
↵i⌦

s+j
i
= fs+j , s = 0, . . . ,n − 1, 0 ≤ j ≤ n

���
⌦j

1 . . . ⌦j

n⋮ ⋮
⌦j+n−1

1 . . . ⌦j+n−1
n

���
���
↵1⋮
↵n

��� =
���

fj⋮
fj+n−1

���
remaining interpolation conditions are linearly dependent
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finding n:

N < n ∶ �H(r)
N
� �≡ 0, r = 0,1, . . .

N = n ∶ �H(r)
N
� ≠ 0 if ⌦i ≠ ⌦j for i ≠ j [Kaltofen and Lee, 2003]

N > n ∶ �H(r)
N
� ≡ 0, r = 0,1, . . .
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Example: exponential

�(x) = 4∑
i=1↵i exp(�ix)

↵1 = 1 �1 = 0

↵2 = 2.4 �2 = −5 + 19.97i
↵3 = −2.1 �3 = 3 + 45i
↵4 = 0.2 �4 = 5.3i

evaluate at xs = s
2⇡
100 , M = 100, �I(�i)� < 50

sequence f0, . . . , f7, . . . is linearly generated
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Example: exponential

2 4 610−16

10−10

10−4

102

Figure: H
(0)
N

singular, N = 6

�⌦̃j −⌦j ��⌦j � ≤ 2 × 10−12,
��̃j − �j ���j � ≤ 2 × 10−12
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