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Abstract

In section 1 of this paper Walrasian and effective demands and
supplies are derived, based on a Johansen-type utility function and
a competitive short run C.E.S.-production technology in two labour
inputs: the number of employed people and the number of (average)
working hours per employed person. Since we have 3 markets, 8
quantity rationing regimes occur. The resulting spill-over effects
of these quantity rationing regimes are evaluated.

In the second section, an econometric estimation procedure for
a quantity rationing model with 3 markets is derived, based on
the 2-market e;timation method of Gouriéroux-Laffont-Monfort (1980 a).
It is proved that, in general, the model is not always statistically
identified. This problem is solved by taking one of the dependent
variables as exogenously determined (in our case: the labour force
participation or the supply of workers).

In the last section, it is assumed that the agents know in theory the
constraints perceived on the other markets, as was the case with the
derivation of the effective demands and supplies in section 1. Then,
the joint likelihood function of the 3-market quantity rationing mo-
del, derived in section 2, is evaluated by means of the spill-over

effects, derived in section 1. The result is a complete and statis-

ticalJly identifiéd quantity-rationing model for 3 markets.



Introduction

i

Under rigid and exogenous prices, a quantity rationing model (QRM)

is explicitly derived when the labour market has been split into

two submarkets: one market for the number of employed people and

one market for the (average) number of working hours per employed
person. The purpose of this splitting is,among others, to study the im-
pact of a shorter working time and of a growing unemployment in a
non-Walrasian economy.

In this paper we consider a closed economy withoﬁt any endogenous
treatment of the government. The decisions are taken by consumers
and producers. The (representative) producer supplies the commo-
dities and demands a number of workers and also an average number
of hours of work per worker. The (representative) consumer de-
mands commodities, decides whether or not he will enter the labour
market and supplies a number of hours of work. The representative
producer is supposed to maximise expected profits under a short
run C.E.S.-production technology in both labour inputs. The re-
presentative consumer is supposed to maximise a strongly separable
Johansen-type utility function in commodities, leisure and real
cash balances subject to a budget constraint. The supply of the
number of workers can be basedonalabour force participation model.

Since it is assumed that prices and wages are not sufficiently
flexible to bring the commodity and labour markets into equili-
brium, these may exist excess demand and excess supply in the dif-
ferent markets. Hence, we have to consider effective demand and

supply functions. Following Clower (1965), Barro and Grossman (1976%,
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Malinvaud (1977) and many others we define the "effective" demand (sup-
Ply) in a specific market as the demand (supply) taking into account

an economic agent's quantity constraints ("rationings") in all the
other marketsc*). If there is no rationing in the other marketg, the
effective demand (supply) will coincide with the Walrasian or "notio-
nal® demand (supply).

It is supposed that producers and consumers can be rationed in the
commodity market, in the market for the number of workers and in the
market for the average number of hours of work per worker. Hence,
eight disequilibrium on quantity rationing regimes can be derived (%) .

In section 1 of this paper, the effective demands and supplies for the

resulting rationing regimes are discussed, together with a functional
-evaluation of the occurring spill-overs, measuring the effects of a

rationing in an agent's particular market on the demand and supply in
“the agent's other markets.

In section 2, an econometric estimation procedure for a QRM with three -
markets will be outlined, based on the we]]Fknown Gourieroux-Laffont-
Monfort-paper for 2 markets.in Econometrica k1980 aj.

As was also the case for the 2-market model, the implied 3-market

QRM is not statistically identified. Therefore, the labour force par-
ticipation (supply of workers) is assumed to be determined exogenous-
ly in the system: this asymetry enta11§ statistical identifiability,
as will be shown in section 2.

Finally, in section 3, the results of the anrevious sections wi]l‘be
- combined. Assuming that each agent knows in theory the quantity con-
straints perceived on the markets: as is implied by the effective de-
mands and subp]ies in section 1, the joint sample likelihood function,

¥ The effective quantities are sometimes called "Clower effective de-
mands (and supplies)", in contrast to "Dréze effective demands (and
supplies"), where the quantity constraint on the agent's market con-
sidered is also taken account of (see Dréze (1975)).

¥%x As also remarked by Sneessens (1981) p. 2, the term "disequili-
brium" can be quite misleading since the Walrasian equilibrium is only one
very special case of equilibrium (with perfectly flexible prices), but
equilibria can also be defined under fixed prices (as was, in fact,
done in our previous paper (1980)).



derived in section 2, will be evaluated with the help of the spill-
over effects of section 1. A complete and statistically identifiable QRM for

3 markets results.
SYMBOLS

y quantities in the commodity market
X1 number of workers
X, average hours of work per worker

superscript D or S denotes Walrasian demand or supply
superscript D' or S' denotes effective demand or supply

W nominal wage rate
average coefficient to calculate the producer's contribution
to the Social Security system.

p wholesale price index

P, consumer price index

q average coefficient to calculate the consumer's contribution
to the Social Security system.

v ~average personal income tax rate o

z average cost per worker, being independent of the hours of work

M nominal money stock

Realised transactions are indicated by the superscriptj

1. Quantity Rationing Regimes, Notional and Effective Quantities
and Spill-over effects.

Considering three not necessarily clearing markets: a commodity
market with volume y, a market for workers with quantity Xy and

a market for average hours of work per worker with quantity Xp5 We
will advocate the principle of voluntary trade, i.e., in our case,
the realised transactions are taken to be the minimum of effective

demand and effective supply.

1.1. The different quantity rationing regimes

~N

As we have three markets, there will exist eight possible quantity
rationing (or disequilibrium) regimes which are assembled in the
table below.
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The above ‘eight quantity rationing regimes, describing the econo-
my when all the three markets are in disequilibrium simultaneous-
ly (otherwise, 27 disequilibrium situatidns) can also be characte-
rised respectively as:

case I : PCC, case II : PCP, case III : PPC, case IV : PPP,
case V : CCC, case VI : CCP, case VII : CPC and case VIII : CPP.

Here, the first letter indicates the (representative) agent, ji.e.,
consumer or prodﬁcer, who is rationed in the commodity market, the
second letter that agent being rationed in the labour force market
and the third letter the agent being rationed in the working hours
market. Hence, the first guantity rationing regime PCC, denoting
an excess supply in all markets, implies that the producer is only
rationed in the commodity market and that the consumer is being
rationed in both labour type markets. It is the situation of unem-
ployment and stock formation, i.e., a Keynesian underutilisation,
which can be restored by extra expenditures.

If there is now any rationing in a market, this will influence the
demand and supply in the other markets. This influence is called
the spill-over effect (See Patinkin (1949, 1956)). Hence, the con-
cept of a "spill-over" refers to a situation where an economic

agent is forced to revise his notional or desired level of trans-



actions in one market, once he meets at least one constraint on
the level of his transactions in another market.
axll)l Bxg'
market to the labour markets amount to -—— and —— respectively.
3y 3y
When the producer is confronted with a quantity constraint in the
commodity market, this means that he cannot realise his Walrasian
supply. As we have assumed absence of stock formation, the pro-
ducer will have to shift his production below the Walrasian out-
put. Therefore, he will need less labour input. The effective
demand for workers will be smaller than the Walrasian demand. The
“same holds for the effective demand for average hours of work per

worker.

Now, a specific QRM will be elaborated and Walrasian and ef-
fective demands and supplies will be derived.

1.2. Notional and Effective Demands and SUpplies

For the (representative) producer, we will consider a stochastic

short run pfoduction technology in both labour inputs and for the
(representative) consumer a Johansen-type expected uti]ity indi-

cator will be utilised.

We consider a representative producer (or body of producers) who
produces each period t (t=0,...,») according to a production func-
tion in the number of workers and in the average hours of work per
worker. We assume that the periods between sample points follow
each other fast enough to hold the capital stock fixed for each
period. \ : |

We use a CES-production function with Hicks-neutrality:

- -
Y = AeXt{lei + (l-s)xzi} p : (1.1)
with § a distribution parameter,p;ﬂ a substitution parameter andu“a re-
turns to scale parameter. We assume that the production is subject to stochas-

tic influences caused by weather components, deficiencies, breakdowns, etc. If



the stochastic component is additive we have

Yi = Y¢ t By v | (1.2)

where E(g,) is assumed to be zero so that E(y.) = y,

The producer is going to maximise the expected present value of
his net profit over an infinite time horizon. The after-
tax profit in period t is the result of:

i) - The revenue Pi¥t from selling the output Yi at the price Py-
ii)- The dabour cost.
The producer has to pay‘wages WiXqeXogs where Wy is the gross

hourly wage rate. He also has to pay payroll taxes. These
contributions are a fraction of the wages. They are calculated
according to coefficients determined by law.

‘e assume that on average the producer has to pay a

percentage St of the total wage bill WiXqgXog-

There are also employer's contfibutjons which are independent
of the hours of work, but vary with the number of workers(c—:ugﬁ.vs
education within the firm, holiday-allowances). We assume that
their average cost per worker is z. '

The total labour cost is

(1+st)wtx1tx2t + ZiXqg , (1.3)
iii)-Other costs,likecapital (maintenance) costs, net depreciation,
etc., are represented by Cys
iv)- Taxes to be paid over the gross profit pyy, - W (1+S.)X7¢X54

ZyX1p " Cy- We assume that the producer pays taxes accor-
ding to an average ompany) tax rate Uy
The aftertax profit in period t is given by:
(T-ugdppyy = wellesy)xgpXop = ZyXgy = gl (1.4)

Let kt be the discount factor for period t defined-as:

kt‘: =1 fort=20
t 1
e'T=TO 7 for t > 0,



with s being the discount rate at the end of period ©.

Then, the present value of the net profit amounts to:

tEO kt(l-ut){ptj_/t = W (I X X0y - ztx2t<-ct} (1.5)

and the expected value of this present value of net profits can

be written as:

E{ i ki (L=ug ) Py = wo(14s )X (Xop = Z¢Xqyg = c )M

t=0

=t§0"kt(1-ut){ptE(¥t) - W (145 )% oy - Z¢Xqg = &) (1.6)

o
=5 Kellrugpyry - wellesgdxypdy = 2¢O

To obtain the Walrasian supply and demand functions of the pro-

‘ducer, we have to solve the fo11ow1ng programme:

max. = = B ki (1- ut){ptyt - Wi (l4s )X Xoy - thlt - Cyl

(*)The order of the expectation and summaticn operators E and © may be

changed "because of the following general mathematical proper-
ties: .
- if X1see0sXy are summable in quadratic mean, then E{ 2'& } =
' t=0"t
T E{x¢}s
t=0 .
- a suff1cient (but not necessary!) conditions such that Xqoees

X; are summable in quadratic mean is that Z /E{g%} < o,
t=0

If, e.g., the error terms gy are independently identically dis-

tributed as €4 1‘l'd'N(o,cg) and if we define:
e o )
Cp @ = o +we(Iesy)xgeXor - ZyXgg
X¢ ¢+ % kt(l'ut)(pth = C%)s

so that, taking account of (1.2):

x§ = ki(1-up)®(piyi-2pyyqcy + cf?) and

E{x} = kz(l-ut)z{(ptyt - c')2 + pfol}. Hence
1/2

z /E{xt} = tzokt(l ut)(c -+ pto 2) l/t 1
o that, using d' A]embert S cr1ter1um, this sum is f1n1te g1m k; (l;u )f““

- 1
(C%2+pt1372f— < 1 (because kt<1 for t>0), so that the above propert1es are valid.

Ve




- :
= pett -p- _ayyTPy P 1.7
s.t. yy = Ae {éxlt + (1-8)x5%} (1.7)
The first-order conditions of the above programming problem are:
_p p+u _Apt o +1
ué A q Py Yy v @ n Xlép ) - wt(1+st)x2t + oz, (1.8)

-2 iy ARt i1y
p(l-6)A u pt‘yt o e u 2¢ = Wt(1+st)xlt (J-°9>

bad

- p—
Y¢ = Aext{leg + (1-6) xzi} 0

Since (1.8) involves a time-dependent additive term in a multi-
plicative expression and we are mainly interested in linearised
models for the further analysis of QRM's, we divide both sides
of (1.8) by the variable costs wt(1+st)x2t and approximate

Z !

t . .
Wt(I+St)X2t + 1) by a Taylor series expansion around a zero

Tn(

fixed cost”-variable cost ratio per wo%ker*), or

ﬁ ‘ n Zt
1 + 1) = : 1.10
n( wt(1+st)x2t ) thI+st5x2t ( )

Solving (1.7-1.9) wusing (1.10), would still entail nigh-

1y nonlinear equations however, so that‘it will be assumed henceforth, that fi-

xed ]abour_costs per worker are so small with respect to variable labour costs

per worker that they can be neglected without too great imprecision.

The Walrasian quantities in natural lTogarithms are then derived as:

1 sw _ 2 o M o -
"Yy oz M AT g 1N g 108 ey Tn(00) -
_ h(p+2 2\ . _ M u _H a
(70 In 2 + 2_.ut 7 Tnw, + T In p, 7o Tn(l+s,)

DW 1 -1 1-yu 1
1 = 1 1 1 - -
N Xpp = ogmp N A Y oo Inw ot Sy 10 S gy 10 (1-6)

*)

relative to the total variable Tabdur costs Wt(l+5t)X2t per
enmployed person.

Fixed labour costs during period t,z,.can be assumed to be small



bW _ 1 1 1-p
In Xo4 T In A+ T Tn pu + STZnT In (1-9) “51271) In ¢

_utp ; A 1 1 o1
o Z=1) Th 2 + 7 t T In Wy e In py YT In (1+s,)

(1.13)

from which it follows that the Walrasian commodity supply is(generally)an
increasing function of the commodity price and a decreasing function
of variable Tlabour costs and the demand for workers increases when
the variable lTabour costs decrease. Finally, the demand

- for working hours will decrease when wages increase.

To obtain the effective demand and supply functiohs we have to con-

sider the rationing schemes separately.

i) The producer is rationed in the commodity market (only).
Then, the effective commodity supply coincides with the Wal-
rasian supply and the effective demand for workers and for .
hours can be found by-:solving the following pro- :.
gramming problem, assuming that the producer knows his res-
trictions on the commodity market (then, he will produce

without ]ngentory)*)
= £ . - ] **
?ix. ™ i t§0 kt(l ut){ptyt wt(1+st)__x1tx2t cyt
ekt T
s.t. yy = {Gx + (1 ) XZt} p R (1.14)

Vi = Yy

This yields as effective factor demand equations:

x)In section 2 of this paper we will also assume: that inventaries are:
allowed (e.g. when the producer does not exactly know his restric--
tions on the commodity market). See also the approach followed

by Gourieroux,Laffont and Monfort (1980 a).

x%) The term c} stands for c +z;xq; in problem (1.7). o
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D' _ 1 = _ 1 1 1 A
In X1t = 7 Tny, y In A + 5 In 2 + In § n t (1.15)
L G 1 1 I
'1n Xot = 3 Tn y, Y Tn A + 5 In 2 + Tn (1-6) 5 t (1.16)
In yi = In yi

It is found that spill-over elasticities are equal for both labour

demands:
D! D!’

olmxpe 1 3™ (1.17)
- ]J -

Slnyt 31nyt

ii) The producer is rationed on the number of workers. "Then the
effective demand for workers is equal to the Walrasian demand
and the effective demand for average hours of work per worker
and the effective commodity supply are found as:

{Y1i§;1}= tio Kp(mug) tPeve - wt(1+st)xlt 2t " Cé)}

B
@ o)

s.t.oyy = A etaxd 4 (1-8)x5¢. (1.18)

X1t , )

Using Lagrange multipliers o,-and o, we get as first order amd?ﬁonsﬁa

Py =0

-1 _ptp

' . P -p=1
' )\t - = T - .
Wt(l+5t)X2t = oqRe”"us {s xlg + (1-8) ng} ] 1t -0,
. “Htp
At - -py- B -p-1

wt(1+st)x1t =oq Ae p(1-8) {8 xli + (1-6) x2@}~ , xzi

~

H
b (1.19)

Ygo= Aext{ﬁxii + (l-d)xgg}

X1¢ T *1¢

e



11.

<=>

_utp -5-1
— At - - - - Pt .g
wt(1+st)x2t = piAe u6{6x1t9+ (l—é)xzi} P X1t 2
. e

- )\ - - - -n=1

wt(1+st)xlt = ptAe p(l—é){dxltp+ (l-é)ng} P xzi
- '

ye = Aett{ex P+ (1-6)x,:°) ° (1.20)

We will use the last two equations to find yi and xgt,

We will have to use first order approximations for {321;p+
e o oL

(1-8)x501 P and for(s %P+ (1-8)x,:"1 °

- ~p,THYR
(1) Approximation for {axlt +((1-6)x2t} 0

‘ , X<, -p
LUED ez =P - Py - : _BAp qprs 1t _
= in {5x1t + (1 (S)xz_t } p+p In Xo4 5 1n{6(x2t.) +1-68}
Let
X © Xqg P
f(1nl) = -ute Tn {s(E) ~ + 1-5)

X2 2t

A first order Taylor ,approximation around X1¢ = %pp ( Kmenta-

approximation) gives SRR \
X X
1 1t
f(ln—=) = §(u+p) In —
, X2" X2t
This yields
‘ p+p
- 8 (u+p)
8% TP Py P Y g (1-8) (u+p)
. _J:‘_ \\ ’
(i1) Approximation for'{dilzp + (l—é)xzzp} P
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. )—( -0
= - - 1t, -7 + 1-8¢
2 IR P+ (1-6)x,1P) = w Tn xpy - B s () }

t x2t

>

X =P
g{1n2t) = - L {5(Y%%) £ 1 - 8}

X2t

A first order Taylor approximation for ilt = Xoy gives

X X
1t 1t

g(In—) = 8§y In —

X2t - Xot
Hence, we have:

K .
- - - 5 v -, us 1-8§

(67,77 + (1-8)x,3° P ¥ &y, M x,i(1-6) (1.22)

Assuming equalities, we have to solve the following two equations:

- - 5(u+o) =p=1  pa.
wt(1+st)xlt = ptAu(l-d)xltyipfp)g‘? 1, {31=6) (u+p)

2%
yi = Ae*tx . us x2¥(1-6)< o (1.23)
This yields:
4 D! 1 1 1 1
In Xop = 3 In We + 3 In (l+sy) = = 1In Py = F InA - = In
_ A 1-8(u+p) -
sttt [URSE (1.24)
nyS' = A28 qn p o LSO gy g L80u gy oy (20D qg (145,
_ (1-8)u 1+p$¢ pll-6(p+2)} =
——E-L Tn pt )\T—t + Tn X].t (1.25)
with fa: = (u+p)(1-6) - p - 1

Hence, the spill-over elasticities for the effective demand for
hours pek worker and for the effective commodity supply are respec-
tively:

D! '
81nx2t ) 1-8 (u+p) and : N

31nX., ;- 1-8)-p-1
nX;¢~  (u+p)(1-8)-p (1.26)

) §
a]nyi uil-8(p+2)}
?]nilt_ (u+p) (1-8)-p-1




13.

iii) The producer is rationed on the average hours of work per
worker. »
Using the same approximations as under ii) we find:

D! 1 1 1 A 1
1nX1t -B]HA-E]nu-E1n6——5t+B—]nw

to(1.27)

L1 _ 1 1-(1-6 -
+_B In (1+s.) - 5 In Pyt (lb ) (u+p) Tn Xo4

s' _ p(8-1)-1 _ 8u _ Syp Cp(8-1)-1
]nyt —JTZ—1nA F]n].l E—'lnc3+>\-—(—-b——)——-t
ué ué _ ué
+ 5 In Wy + 5 1n(1+st) = In Py (1.28)
u(sp + 28 - p -1) "
+ B Tn Xo 4
with

.b:= §(u+p) - p -1

so that the spill-over elasticities are’respéctive]y:

D ]
3 1In X7t ) 1 - (1-8)(u+p)

9 1In Xot § (utp)-p-1

and

3 In yi u(dp+28-p-1)

3 In iZt. 6(u+p)-p-l

iv) The producer is rationed on the commodity market and on the
number of workers.
Using the Kmenta-approximation we have

In ¥y, = 1n A+ At + us In Xxg + p(1-8) Tn xy4

~

<=2

~

D 1 A L1 . -
]n X2t--m)‘-‘nA'°u(1_6)t Ip(l-d)]n yt “Fa‘-in Xlt (1029)

with two spill-over effects involved.
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v) The producer is rationed on the commodity market and on the
average hours of work per worker.

Then, the effective demand for workers is also directly derived
from the CES-production function also using Kmenta's approximation:

=D _ 1 A 1 = _ 1-6 =
In x1t = 7S In A'_ﬂg t + o5 In Yy = 5 In X0t (1.30)

~also involving two spill-over elasticities.

vi) The producek is rationed on the number of workers and on the
average hours of work per worker. '

Tny$ = Tn A+ At + s Tn Xy + u(1-6) Tn %y, (1.31)

where the spill-over elasticities are simply the (linearised) out-
put elasticities with respect to the number of workers and the
average hours of work per worker respectively.

1.2.2. The consumer s s1de of the model

We consider a representative consumer (or a body of consumers)
who has for every period t=0,...,o an instantaneous utility function

v O o
B vyl By x2t "2 B3 Mi/pc 3
Uy = 5= (g2) -5 (=) + 5 () (1.32)
1. "1 @2 3 3
where 01, Gp, Qg <1
The budget restriction is given by
pé,tyt + My o= {wt(l—qt)x2t + NH(1-vy) + My g ©(1.33)

with Pe.t the consumer price index
t the nominal money stock at the end of: period t

qs the average coefficient for ca1cu1at1ng the employee's

"share of the payroll taxes.
Wi the nominal wagegrate per hour of work
Nt non-labour income

Vi average personal income tax rate
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The utility function for the consumer over tne period G,..... 5@

is given by

u= 1 1.U

t=0 ©

t

The factor ]t is a discount factor which gives less importance

to future utilities. L.
provisionally

The labour force participation (LFP) isVassumed to be exogenous.

X1¢ = LFP, (see also Meersman and Plasmans (1980), pp. 20-32
' and section 2of this paper).

In order to determine the Walrasian commodity demand and the
supply of average hours of work, we have to solve the following
programming problem:

. B y. %1 B, x,, %2 B, M./p a3
Max U = T 1t{_l (_E) .2 (—EEZ + 3 (_Ew_SLE) }
| B0 Toy By oy By o3 B3
 (1.34)
s.t. Pe.,tY¢ My o= {wt(l—qt)x2t + Nt}(l-vt) + Mt~1
This yields the following functions:*)
B l-a, l-a M
In yg = 1n By - 3 1n By + 3 Tn( t )
1"(!1 1“’0.1 Dc,t
l-a w
n xS, = 1n B, - —3 1n g, - - Tn{l— (1-q.)(1-v,))
2t 2 - 37 1. o t t
2 2 e, t
(1.35)
l-a M
+ 3 In t
L-a, pc,t
In x5, = InLFP
1t t

The effective demand and supply functions are derived under the
various consumer's rationing schemes.

~

i) The consumer is rationed in the commodity market. Then, the

x)Under the assumption that the (Walrasian) money stock is known.
See also footnote %) on p. 19. ‘



16.
effective commodity demand is equal to the Walrasian demand®,
%3 M
Tn B, + In (— ) (1.36)
l-q 3 l-a ]
1 1 c,t

1 l—OL 1"
In yE = 1In yg = In Bl - 3

In order to derive the effective supply of hours of work we
make the following assumption. '

The rationing on the commodity market is reflected in the money
stock and-we assume

In !E = In (HE— )w + v,(In D qn Yy)
o 1 Yt t
c,t. - - c,t
= In{— ) +Y1 In Bl - Y In 83
Pe,t Loy
1-0g M, M - (1.37)"
+ Yy In b;—-) " Yy ]nyta":“
1-ay c,t

This expression wil now be substitutéd into the effective supply of
average hours of work:

w .

| 2
: st 1-a3 1-a3 (l~a3)
n Xp. = n Bo *+ ¥y = Tn By - { + Yy }in Bq
1-a2 l-a, (1-&1)(1-a2)
W l-a l-a , M
- an e (1eq) (v —3 {14y, —3) Tn ()
1-a; Pe.t o 1y 1-ay PeLt
1-a3 _ #%) B}
l-az ' ‘
Also

s' «
1nxlt = InLFPt

%) The demand formoney is 1in this case always equal to the Walra-

~ y W X

sian quantity(pz )
c,t

£%) Assuming that the real Walrasian money demand can be appro-
ximated by an adaptive expectations model , we can write:

M W ‘ M, . W, n
(== ) T A t-1 4y wi 20, Iwg=1 (1.39)
Pe,t ‘ - 4 RS

cyt=i, . i

(3

B == o

0

hY
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The spill-over elasticity is Yy

i1) The consumer is rationed by his Tlabour force participation.

/Assuming that the number of unemployed people influences the money
stock in the following way:
My M, -
Tn(— ) = In(— ) + Yz(]n LFPt - 1nx1t) (1.40)
Pe,t Pe,t

where an increase in unemployment leads to a decrease in the money
stock, Yo < 0. The resulting effective commodity demand and
effective supply of working hours are:

W

B , l1-a l1-a M l1-a
ny? = ng, - —2tns, + —2 () +y, —3 1nLFp,
bmoy 1o PeLt 1-a
l-0
- Yz-l 3 Tn Xyt
. l-a4 1 o
n x5, =1ng, - Tn By - Tn { (1-q4) (1-vy)} (1.41)
l-a l-a D
, 2 2 “c,t
l-aq My W 1-a3 l-ag _
+ In( ) 4y In LFP, - v > 1n X
l-a D 2 l1-a t 2 l-a 1t
2 “c,t 2 ) 2
and also:
]
In x>, = In Xit = In LFPt

1t
If Yo is negative, the spill-over elasticities are both positive.

iii) The consuuer is rationed by the average hours of work.

‘The effective supply of hours is the Walrasian one. To find the
effective commodity demand we will make an assumption that is
analogue to (1.40):

M,
Tn(-%

) = In(
pc,t pc,t

)+ y3(ln xgt - In X)) (1.42)
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Then, the effective commodity demand satisfies:
W

l-a l-a M l-a
Tn yDI = In B, - 3 1n B, + 3 1n ( t ) oty 3 1n xS
t 1 1-o 3 1-a b 3 1.0, 2t
1 1 “c,t 1
1-a
3 -
T Y3 o M et
2
1-a l-a (1-04)
= In By + v4 3 1n B, -1 3, - 3 } 1n 8,
l-a l-a 1-a M W
-y —2 Tn{—t— (1-q,) (1-v,)} + —= {1 + y;—=}n( t
(1-a)(l-ay)  Ppc ¢ 1-04 -0, c,t
= 'Y 1-a3 - -
3 X Tn X, - (1.43)

so that the spill over elasticity is _Y31~a3’ which is generally po-

e ——

sitive.
Also
st _
Tn xlt = ilnLFPt
s' s
Tn x2t = In x2t

jv). The consumer is rationed in the commodity market and by /the la-
bour force participation rate. '

The effective commodity demand is the same as in (1.41). For the
effective supply of working hours, we make the fq]]owing assumption:

W
M M ; : - |
Tn ( .t ) o+ y4(1n y% = In yt) + YS(]nLFPt - 1n Xlt) (1.44)

) = In(
Pe,t Pe,t

~

Then, the effective supply of hours of work becomes:
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W
In Xop = In By - In B3 - In { (1—qt)(1-vt) + In ( )
1oy lag et oy PeLt
l-a, - 1-a : 1-a l1-a
3 , - -
+,'Y4 3 In yE + Yg 1nLFPt- Yq 3 Tn Yy = Yg 3 In X1t
l-az ' 1-a2 liQZ 1-a2 -
I-a, (1-a5)° | 1-a
= 1In By -{ Yy } ]n.B3 + Yy In Bq
1-a2 | (l-al)(l—az) ' l—az
) Wy 1oy 1-o, M,
- ~ In { — (l—qt)(l-vt)} + {14y, } In (—)
1-a2 pC,t 1—&2 l-al Pe,t
l-a, : 1-a i 1-a _ A
t¥5 3 InLFP - v, - 3 1n Vi - Y n X4 (1.45)
l-a, t 1-a, l-a,  °
We have two spill-over elasticities now:
3 In xSI 1-0 3 In xs. l-q
2ty = S and —2E - -y (1.46)
9 1In Yi l-a2 3 In Xqt l-az

v) The consumer 'is rationed in the commodity market and on the avérage
hours of work.

No influence on LFPt, since it is assumed exogenous.

v{) The consumer is rationed on the LFP and on the average hours of
work. Assuming that;
Mt | Mt ! = | S =
Tn (- ) = 1n ( )+ yg(InLFPL - Tn X ) + Y7(ln Xop = 1N Xpp) (1.47
Pe,t - PeLt

the effective commodity demand can be written as:



D| 1'0. 1'&3
Iny, =1InBgy +y In By=- {
t 1 7 1 a 2 1o
1 1
1-a W
-y, 2 (1 (2
(lap) (1)) P,
_ l-a3 1- g
+ ys-l - INLFP =-yg ——In- xlt
-0q 1-04
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In the next section, an econometric estimation procedure for an
identified QRM with three markets will be outlined,

Gourieroux-Laffont-Monfort (1980a).

1
1

based on

(1-a3)2 '
+yy ——>—} Tn B,
(1‘a1)(1‘az)
l-q l1-a M
W)Y 3 {14y, —3In(—
t 1- 7 1-a p
a]. 2 Cst
1~a3 _
=Yy - In Xog - (1.48)
l'al

2..An Econometric Estimation Procedure for an identified QRM with

3 markets.

)

W

Consider again three not necessarily clearing markets with volumes

Ys X4 and X and assume that the realised transactions are equal

to the minimum of effective demand and effective supply.

the estimation procedure runs as follows.

2.1. General outline of the estimation procedure

Then,

In a first step, the effective demand and supply functions are
specified as functions of the realised transactions according to

the different quantlty rat1on1ng reg1mes

*)

So, for our 3-market case, we have for each reg1me i (i =

-»8):

1,2

*)Noticé that, in general, the supply of workers (LFP) is assumed

to be endogenous.
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DI
Yit Soit
SI
Yit Aot
ol = FilTgs Xyps Rpp) + |8
ilt ivwtr "1t T2t 1it
s (2.1)
Xi1t Mit
D* '
Xj2t S2it
Sl
Xjot ‘it
with yt . ilt and">'<2t the quantities transacted of commodities,
workers and working hours respectively, and sjit and Ajit (j =
0, 1, 21 =1, 2,..... 8, t =1, 2,...,T) functions of prices

(as, e.g., the nominal wage rate Wis th§ wholesale price index
pt, the consumer price index’pc’t, the producer's and consumer's
relative contributions to social security St and 9t the average
personal income tax rate Vis the average cost per worker being
independent of the hours of work Zt) and other exogenous va-
riables (as, e.g., income, weather indicators, instrumental va-
riables, etc...).

ji and kji (3 =0, 1, 2, 1 =1,
2,...,8) around the corresponding Walrasian quantities and the

Linearising the functions Fi’ §

exogenously given prices and variables resbective]y, the right-
hand side vector of (2.1) can be written in simplifying notation
as:

i1t %)
it s (2.2)

) 1
Yjit] 5 =0, 1, 2

where Bi is a matrix of unknown parameters, Xit is a vector of

~

%) Note that 0 stands for the commodity market, 1 for the workers'
market and 2 for the number of working hours' market.
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(known) exogenous variables including prices and Us g is a 6-
dimensional random vector which density g.

In a second step the realised transactions are derived from the ettective
demands and supplies through the application of the minimum-conditions.

)' (3 =0,

The whole set of equations is solved for (§jit’ }jit
1, 2):
DI
Jit
Sl
Yit
D' '
- X
-jit -ilt = 2.3
J - f, ( 5 ) B X.p + Uiy | (2.3)
4iit 151t
D! ‘
| X2t |
S!
%i2t
S <t

Third, starting from the density of Eit; the density ¢i of
p* .S D' S! D*
(Yigs Yier X1ite X1ite %29t
the Jacobian matrix which corresponds to the underlying trans-

xgit) is derived. Let |J;| be

formation, then

D! : S ' 7 .
d)-i = g(f-i(y-itQ'--':xz-i ) - B'IXTt))lJ'Il (1=1,2, ..... ,8) (2.4)

The joint density of the transactjons“(y, X1 22)”j§"thaihé§;;_ﬂ\
by nhme?itai"integratioh-dVer the excess quantities of all --
8 regimes:

“is 8
8
i 8

ht()’:xla'xz) = {g(fl(st9X1:X1s;(29X2)l = lelt) I‘Jll

:x.
[

+ g (Y Y XXy XoX0) " = ByXyy) 1 J,|
ByX34) |J3| (2.5) .

+9(Fh(¥sYaX1uX X0, %0) " = ByXay) |9y

(3T Y XX Ky, X))

+ g(fs(Y,y,xl,Xl,xz,Xz)' - BgXgy) |Jg)
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+9(fg(Y,YaX X0 %00 %,)" - BeXgy) [
+g(f7(Ya7. Xk %00 %) " - ByXgy) |9y
+ g(fg(Y,ysXyaXgaXp,X,) ' - BgXgy) |Ig|}

.deX1dX2

Assuming that (9t,§1t,§2t),t = 1,...,T,are independently dis-
tributed for all t, we can construct the likelihood. function L
T ) _.4 ) ‘ .
L = It ho(Ys Xq5 Xo) (2.6)
£ o= 1 tvWe 71 2
Finally, this function has to be maximised in order to find the
ML-estimates of the parameters.

Now, we have to specify the fi—functions (i=1,2,...,8) for each
of the eight regimes. We will only carry out this exercise for the
first regime . For the other regimes the same procedure should
be followed, which can be found in Meersman and Plasmans (1982).

2.2. A detailed specification of the lst quantity rationing regime
] ] ] L] ] ]
(general excess supply: yD < ys R x? < xi s xg < xg )

In section 1 of this paper, examples of effective demand and sdp—
ply functions which are linear in natural logarithms of the reali-
sed transactions can be found (under the hypothesis that the agents
know the constraints existing in the various markets). Of course,
alternative specifications (e.g., if inventories are allowed in the.
model) may be considered here. Therefore, we will use a more ge-
neral notation. As the consumer is rationed in this regime on the
number of workers and on the average hours of work, and as the pro-
ducer is rationed in the commodity market, we can write according
to (2.1-2.3):



24.

D' - _
ay1Xy * agy%y + Sp9

y =
[
ys = ys .
D' Y o+ 6
1 = fo1Y 11
S - . ,
Xy = dyyXp + Aqy | (2.7)
D' _ -
Xo = e01y + 621
S'_ .. = ‘
x5 = F11%9 * Apg

. - Dl - D¢ - Dl .
with Xq1:= X7 3 Xoi= Xo and y:= y .

N

The Walrasian demands and supplies are found by replacing the realised

transactions by the Walrasian quantities in the effective demand
(and supply) funqtions“(fundamentai identity property).

For the Walrasian commodity supply we may write:

D D . .
> = bypxy * byp Xy + Ag | (2.8)
so that we have
s .S |
y0 - ayyx] * az1% * gy
D
v = bllx? t boyyXy + Apq
: _
X1 = CorY * 8y !
s .5
Xy = dyyxp o+ Ay o (2.9
D _ - .S :
Xo = €Y + 85y
S . .S o
Xp = f11"15+ 221
Solving for y~ gives
/S - byp811 + bp18p1 * Agg | | (2.10)

1 - by1¢51 - b21%01

We finally have the following mode1v



- 311x2| * a21xg' * 801
: y;-; TR T TR T
1 - bj1c91 - P21%01
x?' = C01YD| o1
S d1%p * My
Xgi ‘,EolyD' * 833

IR L

—

: R £ DS ‘
Solving for XJ ‘gives
jl 3=0,1,2

with

B 1 0
(by1¢01*P21%1)(1"P11017P21%01)
. -C 0
i 01
Ay = |
0 0
-1 0
0 - 0

(Al = (1= byycoy = P23t = 221501 7 *11%1)

“411

-bll

!
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(2.11)
(2.12)
1

—a21 0

0 0

-dyy 0

1 0

0 i
(2.13)
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In Meersman-Plasmans (1982), pp. 8-14, the evaluationsof the A,-
matrices (i = 2,3,...,8) with corresponding determinants are given.
The first necessity of the resulting model is the proof of statis-
tical identifiability. We will prove in the appendix of this pa-
per that the simpler 2-market model of Gourieroux-Laffont-Monfort
is not identified. This is, by analogy, also true for the above
3-market model, which is not worked out in detail, however, in
order to avoid unnecessary elaborations.

Since the identification problem is caused by the similarity be-
tween some regimes, it is argued in the appendix that a sufficient
condition to obtain statistical identifiability of the 3-market
QRM is the exogenisation of the labour force participatibn rate.

In the sequel of this section, the 3-market QRM will be respeci-
fied with exoggnousisupp1y of the nUmber of workers.

2.3. Estimation Procedure for an identified 3-market QRM

Assuming that the labour participation (LFP) is determined exo-
genously, the effective demand and supply functions, containing
at most two spill-over components and a component being a func-
tion of prices and other exogenous variables, can be derived
following the lines set forth in the first part of this section.
Hence, the set of equations (2.3) can be replaced by:ﬁ -

Tl
Aoit | yi'
811t T P B N N (2.18)
Spie| | xg; | (i=1,2,....,8)
22t <§§£'

. oS LSt
with LFPt = X7 X1gs and where
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$ A A are functions of prices and

oit> Moite S1its S2its it
other variables,

C. are (5 x 5) matrices of unknown parameters,

k. are 5-dimensional vectors of unknown parameters belonging

to the impact of the workers' supply,

doit

Aoit

é AX

l1it itit ¥ € (2.15)

it

Soit

2t

with A, a matrix of unknown parameters

X a vector of exogenous variables, including prices

it
€i¢ @ 5-dimensional random vector with probability densi-

ty g.

The simultaneous density of the transactions yt’-ilt and §2t can
be written for each observation period as (see (2.5)):

- 8

helys Xq, X5) = S,f)-({;(' [o.{ Cp-(Fy,%q5Xp,%p) +kyLFP=AyXY |C4]

~N

| + 9 { Cqu (oY sXqoRooXy) +hglFP-AX} |C4]

L

g { C-(¥.Y5%qs%p5Xp) +koLFP=RsX} |Cy]
+ g { C5.(y,§,§1,§2,x2f.+k5LFP-A5X} |Cs |
% g { c6(y,5/;§1,x2,>‘<2 ) +k6LFP;A6X} ICql
- +g { C7(y,§,x1,§2,x2):+k7LFR- A;X} ‘|C7| ‘
+ g { CB('y,9,x1,x2,§2)"+k8LFP- AgXY 1CglT
dy dxjdx, (2.16)
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Again assuming that (¥, Xi» Xoi) (t = 1,...,T) are serially
independent,the joint-likelihood function of the sample becomes:

T
L = Il

" ht(.Y: X1 XZ) (2.17)

1

Repeating the procedure of the second part of this section and
]

it - x?t = LFP,, so that the

workers' supply equations are omitted, we can specify the various

taking into account the property that x

Ci-matrices and corresponding determinants, together with the
unknown k;-vectors in (2.16) for each regime i=1,2,...,8 as
follows: ' ' '

_|P11%1P218%01 (1-b11€g3-Poicey) Py by 0 )
Cy= s ky={0}
-eg, 0 0 1 0

o (2.18)
0 0 -1, 0 1
with
[Cq] = (1= byychy = byyepy) (1= 31807 - 311%01)s
- _
1 0 -2y, 0 0
0 1 0 0 -b,,
Cy= k,=10)
-C 0 1 0 -C
02 22| (5 10,
T \ 0 0 1 0
0 0 -f 1y 0 1

with

[Cal = 1 - F19Cpp = 212C02s



| -C
Cqy= 01

“€03

“fo3

S

with

fos2az  1-fo3223 L

|C3l= (1 - ap3fyg) (1 - 3p3803):

1

€47} ~C02
| %03
with

o

ICql = 1 - Tg3apy:

1

0

with

|Ccl = 1 - by1cs5805 = C05825

0

~Cos5

05

~fos

"8

-b1q
1

“®15

-f15

<

21 ~

“323

1

“a21

bay

~Cos

by1805 = P11€05 = €25%15°

~824
“bog

€22

29.

(2.20)

(2.21)

(2.22)



1 0
0 1
0 0
0 “€os5
0 -fos

{0}, with ICgl= (1 - eggbyy -

with

1 0

0 1

0 “Cos
0 0
0o ~fo7

“812

1

“€15

-f1s

-0

|C51 = 1 - cpgbyg = Ca5817

1 0
1, 1

0 0
‘|o 0
0 ~fo7

0

0

0 .

(1-cggbq37Co5817)

0

(1-eggbpo-e15Cog) (€g5Ppate 5Cye)

0
e15C26) (1
0o 0
~Cos 0
1 0
0 1
0 ~394
0 -b24
0 "'C26 s k
1 0
0 1
i

- b

2205

L.

30.

-bso

“€26

1

e

f - C26

“by3
Co5P13%¢25%17
€17
0

“e1q

~byg

.F

(2.23)

15) >

(2.25)
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If we choose the parameter values such that all the above deter-
minants are different from zero, we say that the resulting sys-
tem of equations is complete (since, in general, the coherency
conditions are fulfilled, see Gourieroux-Laffont-Monfort (1980b)).
We already know from the appendix that the above system is sta-

tistically identifiable in that case.

In the last section of this paper, we will evaluate the C,;- ma-
trices (i=1,2,...,8) and the corresponding determinants accor-

ding to the effective supply and demand functions, derived in
section 1. It is well understood that this evaluation is valid
only in the case that both producers and consumers know the restric-
tions perceived in the various markets. If they do not know their
quantity constraints and, hence, all kinds of stocks will general-
ly occur, a similar evaluation can still be performed straight-
forwardly. Of course, the various specifications would then not be
derived from programming problems as in, e.g., in (1.14), but could
be characterised by a more ad hoc specification in such a case.
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3. A Functional Evaluation of the Sample Likelihood

In this section we evaluate the likelihood function (2.17), where
the parameters involved in the effective supply and demand functions,
derived 1in sectién 1, are used for the Ci-matrices (2.18-25).

As stated previously, the basic assumption is that the agents know
the restrictions perceived on the (other) markets, then. Since

we have used Taylor approximations in the expressions for the pro-
ducer's effective supply and demands (see (1.21) and (1.22)),
fundamental identity property cannot straightforwardly be applied
by writing the Walrasian quantities as effective functions where
the realised transactions are substituted directly by the Walra-
sian quantities.

In order to have Walrasian demand and supply functions which con-
tain Walrasian quantities, we adopt the following procedure.
Deriving Inp, from the Walrasian ”tbmmodify supp]y'(lill);lﬁ,wtwfrom__, ’
_the Walrasian demand for working hours (1.13) and substituting these expressions
"1n the Walrasian demand for workers (1.12), we get:

D _ 1 s D 2 ) w1 )
In xlt -ﬁ]n yt+1n X2t ﬁ—z—z—-—)—]nA -2———1nu+m) Tn (1 (S}

3- -y p + 2 : 1 o1
5TZ=0) In § + o (Z=n) In 2 + yom Tn wy ??Emln Pt

+

A
2..

- 2 t +

nesn) In (I + s

¢) ) (3.1)

Simi]ar]y, deriving 1In W from 1In x1t (1.12) and 1In pt
from In yi (1.11), we get the following expression for the Wa1ras1an
demand for working hours.

D

1 D 2
Tn X4

s . 1
-i'lnyt+]nx1t m)]nA-m—]nu

2 p + 2 1 '
+ 1 T
5T7oT) n § + o (20T In 2 + = Tn Wi

1 1 2 >
-Z'_U— In pt + 2—_—1—1-—171 (1+St) - m t (3,2)
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Finally, deriving an expression for 1In Py from In x?t and for

D
1n wt from 1In Xpps WE get

2

Tn yt = u 1In x?t + 1 1In xgt + —él——) In A - ?B— In u -

- 20 ans - BT T (1-8) + HIPTOT2) 1 2 + S Tnwy
L 2(1-u ~

- g Tnpy e T (1esy) "7'5_1 At | (3.3)

If the agents know the restrictions, perceived on the other mar- .

kets, we can replace the general functions of the QRM
of section 2, by the corresponding effective supply and demand

functions of consumers and producers.of section 1 (and (3.1-3).
The determinants |C,[(i=1,2,...,8) can also be computed with the
help of these functions. '

the - .
Regime 1 was characterised by/following simultaneous equations
system (see (2.11) and (2.18)):

"‘Dl ' D'
y = allx? tayX; tdgy
s . .D. D
y© = byyxp ¥ BayXp * R
xDl = C, ' + 9§ |
1 01y 11 (3.4)
D D! )
Xp = egpy  t+99
SI - Dl - .
1% = fix 1 A ) N

Aftertreplac1ng\thésé equations by the corresponding log-linear

functions derived-preVibu$1y,‘we'have

Dl . 1’_ 0 _ 1 Dl o _>
Iny” = - yg I:%% Tn x; - ¥y T 0"3 In x, + §51 (from (1.48))
1nys = p 1n x? + u 1In xg + Agy (from (3.37))
nxD = Lan W0 s, (from (1.15)) -
. u . | | N (3.5)
]"fg =3 Tn y" + 85 ‘ (from (1.16)) '
' o 1- D'
L]nx2 = —72(17%3) Tn Xy o+ Ay (from (1.41))
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The determinant |C1| was found to be equal to (1—b11c01-b21e01)
(1-a518017211%1) (see (2.18)).

Substituting the parameters1nV01ved in (3.5), we get:
1 1- -0 (3.6)
C1=-11% 7 T=5; (v7tvg) ) -

which is always different from zero*)

Proceeding in a similar way for the other regimes, we get respec-

tively
l1-a l-a

| 1-5 3 1 3 A

Gl =1 - T T, Y2 fus Tea; V2 (3.7)
. l-a 1-a 1-a

_ 3 1 . LTeg 3 .
I3l =11+ =5 Y1 ypr=ey? U7 1, 1 Tee, e (3480
l-ag vy (3.9)

|Csl = -4 S | | (3.10)
IC | =1 - 2(69"'5“0)' - u(l1-¢) ' \(3_11)‘
6. T Su+dp-p-1
’ (n+p) (1-6)-p-1 )
A l-a . ‘
—1-"‘12

A1l the above determinants are seen to be different from zero. Hence, we have
obtained a complete and stat1st1ca11y identified QRM which will be estimated
emp1r1ca11y in a subsequent paper.

*In Meersman and P]asmans (1982) -it has been derived that the determ1nants of
the transition matrices belonging to regimes 1,5 and 7 are“zero (|C |—]C5|-]C |

=0)- when the producer's problem is described by a Cobb-Douglas techno]ogy. In
such-a case the corresponding 3 systems of (linearised) equations cannot be solved
uniquely and the system is said to be incomplete. It was found in the above ci-

ted paper that the assumption of a Cobb-Douglas product1on technology is respon-
s1b]e for this "degeneration".
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Conclusion

In this paper we have derived a complete and statistically iden-
tifiable QRM for 3 markets based on a Johansen-type utility maxi-
misation process for the consumér anda (short-run) C.E.S.-production
technology in two different labour inputs under competitive pro-

fit maximisation for the producer. The procedure we have used is

a generalisation of the estimation method for two markets in dis-
equilibrium of Gourieroux-Laffont-Monfort (1980a). The latter method
is proved to be non identifiable in general. The identification
problem is solved by taking the labour force participation as an
exogenous variable.

In a subsequent paper, this 3-market-model will be statistically
estimated for the Belgian manufacfuring sector.
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Appendix: Statistical identifiability of the Z2-market model in Gou-
rieroux-Laffont-Monfort (1980a)

Gourieroux-Laffont-Monfort are giving the following relationship
in their notation:

S

(1t 1t
A 4 S
< 1t , = I AfﬂT~ 4 1t = AX, + u, (see also (2.3))
s - i
52t i=1 DZt
S Aet” SZtJ
with ‘
Git’ Ait functions of prices and other variables
Xt a vector of exogenous variables
A a matrix of unknown paraméters
Uy a (4x1) random vector having a density g
Clz = {Dl>51’ DZ>52} 'Dl » S1 effective demand and supply
in market 1
CZ: = {Dl>sl, D2<Sz}
Cqt = {D1<Sl, D2<Sz} D, 5 Sy effective demand and supply
‘ in market 2

1C(iX)= 1 <=> x&C,

Ai are matrices of spill-over coefficients

Ja | 0 §
*GIBZ a182 -0y
A1= 0 =Gy »1-@281 a,B4 (compare with (2.13))
0 -4 W )
o () 21
- b2 - 1
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1 0 -0y 0
A _ O 1 "Bl O
, =
0 -a, 1 0
0 -8, 0 1
_ -
1 0 -ay 0
Lo |%2f 1-a,8 By 0
3 -a, 0 1 0
-82 0 alBZ 1‘0’:182
1 0 0 -ay
0 1 0 -B
Ay = 1
-8, 0 0 1 .|
L i
Q¢ = mf"‘{Dl’ Sq}
Q2 = min {DZ, 52}

The density of Ut is given by g(ut)
The density of (Ql’ Q2) is

[o:e]

ht (Ql’ QZ) = le fQZ {lAllg(Al{Ql’ X s QZ’ y}‘

AX )

+ IAZIQ(AZ{QIQ Xs Ya Qz}l AXt)
+ |A3lg(A3{X: Q13 Q29 y}l - Axt)

+ |A4IQ(A4{X, Q15 ¥, QZ}' AX¢)} dxdy} (see
also (2.5))

The likelihood function Lg(X) satisfies: .
T

Le(x) = tE1 ht(Ql’ Qz)
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with
0: = (a3, 0y, Bys By, A, E)° e (W)

®

= {6|1—a182>0; 1-a,81>0; 1-0;0,>0;
l°8182>03 O‘tlsa2381,82>0; A is a
4xk matrix with k the number of exogenous variables:;£€Z1}l,
g is the parameter, defining the probability density of Ug-
Let P: = {He Q¢ (D}, where He is the distribution of the sto-
chastic vector with density L@ (X). The class, @ is said to be
identified by @ if
Yoy, 0, €E@:o; £ 0, Lel (X) # Lez (X)

<=>

e (Q1s Q) # Mg (0. Q)

2

When we write out he'(Ql, Qz).with
1
A1Xt + first row of AXt

A2Xt ~ second row of AX,

and 91: = (al,Sl,uzaBZ,AlsA2,A3sA4:£)

h Q,,Q =
el(_l 2) |

[ [Q1-0qQp-R1 %
0pB1Q+(1-B1ap) x-B10p=AoXy ;

Jaofa 1 (1-a,8 )kl-e a,)(1l-a0,)9¢
Q;°Q, 172 1 2A 1%2 Q40 hg¥

LBy B0+ (1-850y )y =Xy

o B RN
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Qy-oq QA Xy
#(1-0185)9 | x=Bi0p-A %y
mapQ Y -Agky

B2t e

dm -
x=a7Q,-81 Xy

Q1-8105-4p%¢
rapQy+Qp-Agky
B0ty -AgXy
L A

(1-018,) x+a18,0; =1 Qp=1 X 7)
, 11Q.-8,Q,-A,X o
F(1-018,) (1-810,) (1-8,8,) g | |11 P10 A%t | vy
"apQyt(l-asBq)y+ayByQy-AgXy |

128201 +Qp Ay Xy R

If we consider a .parameter set 6,7 6,
827% (B1sa15B000:0500151y213)

Then we must have, in order to obtain a statistically identified model, that

~

HoweEr,hel(Ql,Qz) = hez(Ql’QZ) as ( - \

Qy-BqQp-AX;

’ 2 - - _ X
b (Q1.0,) = fo Fr 4(1-Bya,) (1-aqB,) (1-B,8,) gi P21t {1-a1Bo) X0y QoA Ky
0,(21-% 0,7 {(1-8,10,) (1-ay8,) (18, 2 <'82Q1+Q2'A4Xt

e

L—azq 1+B 1(!2Q2+( 1"0,28 l)y-ABXtJ
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01‘5102'A2th
x=01Qy-Ay Xy

"Bty A Xy

~a,Q,+Q,-ALX

~ayQy+Qy-AgXy
- .
X=B1Q,-ApX, 7]
Qq-ayQ,-47 X
~BoQy+0p- Ay Xy
~ayQpty-AgXy

+(1‘81a2)g

+(1'Bzal)g

[(1-B10p)x + 81,0y = By0p - MKy ||

F(1-810p) (1-0,8,) (1-amy ) gll171 %2 A% | raxdy
| B2+ (I-Bpog)y F Bpg@p = AgXy

-0,Qy + Qp - AgXy

= %

o

=

which is equa]tohe (QI’QZ)’ if we change the parameters in the argu-
ment of the error density g by permuting the role of the first

and the second component on the one hand and the role of the third
and fourth.component on the other hand. |

The conclusion is that the 2-market-model in Gourieroux-Laffont-
Monfort (1980a) is not statistically identified. Hence, exchanging
the demand and supply equations on each market, we have the same den-
sity for the realisations (Ql’ QZ)' A statistically identified QRM
could,however,be obtained if the set of exogenous variables is not
the same in both equations. This could, e.g. (a fortiori) be reached
by making either endogenous variable exogenous. '

Since a similar (but more elaborate) proof can be followed for our
3-market QRM in section 2, we propose to exogenize the labour force
participation rate determining the workers' supply of labour (which
is already principally determined by exogenous demographic factors
(see Meersman and Plasmans (80), pp. 22-24). Note, however, that
exogenising the workers' supply is sufficient, but in no way neces-
sary for statistical identification of the 3-market QRM!



41.

References

BARRO, R.J. and H.L. GROSSMAN (1976), Money, Employment and
Inflation, Cambridge University Press, Cambridge.

CLOWER, R.C. (1965), "The Keynesian Counterrevolution: A Theo-
retical Appraisal", in Hahn and Brechling (eds.), The Theory

of Interest Rates, London.

DREZE, J. (1975), "Existence of an Exchange Equilibrium under

Price Rigidities", International Economic Review, vol. 16,
pp. 325-348. ‘

GOLDFELD,S.M. & R.E. QUANDT (1979), "Estimation in Multimarket
Disequilibrium Models", Economdic Letters, vol. 4, pp. 341-347.

GOURIEROUX,C., J.Jd. LAFFONT & A. MONFORT (1980 a), "Disequilibrium
Econometrics in Simultaneous Equations Systems®, Econometrica,
vol. 48, no. 1, pp. 75-96.

GOURIEROUX,C., J.J. LAFFONT & A.MONFORT (1980b),fCoherency Con-
ditions in Simultaneous Linear Equation Models with Endogenous
"Switching Regimes", Econometrica, vol. 48, no. 3, pp. 675-695.

MALINVAUD,E.(1977), The Theory of Unemployment Reconsidered, Basil
Blackwell, Oxford. : ’

MEERSMAN, H. & J. Plasmans (1980), "A Disequilibrium Analysis of the
Commodity Market, Employment and the Hours of Work", Seso Re-
port 80/105, Univ. of Antwerp, UFSIA (mimeographed).

MEERSMAN, H. & J. PLASMANS (1982), "An Econometric Three Market
Quantity Rationing Model®, Discussion Paper, University of

Antwerp, UFSIA (mimeographed).

PATINKIN,D. (1949), "Involuntary Unemployment and the Keynesian Sup-
ply Function", Economic Journal, September, pp. 360-383;

PATINKIN, D. (1956), Money, Interest and Prices, Row, Peterson and
Company, I1linois, New York.

~

'SNEESSENS, H. (1981), Theory and Estimation of Macro economic Ra-
tioning Models, Springer Verlag, Berlin,




