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In this article, we have constructed a general model, where
the commodity-price-effect and the good-price-effect in a
Becker~Lancaster-Model are related, and the relevance of
factor-substitution in consumption technology can be verified.
A fivrst application is made to the allocation of time for

Belgian data.
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. 1. Introduction

In his book "The Harried Leisure Class" (1970) Staffan
Linder rejects the general idea of an eicess supply of coﬂsumgtion time in
the more developped countries today. He asserts, to the contrary, that,
by increasing labor productivity and economic welfare, and in spite of
decreasing labour time, people struggle with a shortage of consumption
time. A rational consurer acts as if he is equalizing tﬁe nafginal |
utility of all time units, in consumption and in labour, in order to reach

the optimal allocation of time.

Since higher labour productivity has inéreased the
marginal utility of labour timre, ﬁeasured by the hoﬁrly wage rate, con-
sunption time is forced to increase its marginal utility in order to équal
the wage rate, which is to be considered as the market price of leisure.
This means that the consumer has to be very economical with the available
censﬁmption time. He will try to consume as many as possible market goodé
per unit of time. With Belgian data we found that people are using nearly
five times as many non-essentials in real value per imit of leisure time
in 1975 compared with 1953. These non-essentials include the total

pPrivate consumption minus the social minimum income, calculated for Belgium.

In the Becker approach (1965) commodities (or consump-
tion activities) are produced by means of market goods and time, considered

as production factors or inputs. If the market price of time equals the

% We wish to thank prof. A. Rarten, W. Pauwels, W. Nonneman and A. Carlier
for helpful comments. Remaining errors are only mine.



hourly wage rate, it is apparent that in the last 25 years the price of
time hés increased much more then the price of private consumption goods.
One can ask whether this substitution between time and goods in the
consumption of commodities is due to the relative more expensive time,

i.e. a factor substitution effect. It is clear however that for many other
commodities, factor substitution willibe hardly possible, because time and
goods ‘are complementary. One cannot read a whole book in 10 minutes. So
the consumer will also drop commodities that are very time-intensive, since

they have trerendously raised in price.

We clearly have to distinguish two types of substitution,
commodity substitution and factor substitution. In a somewhat broader sense,
~ this can be considered as a separation of tastes and technology, which is
confounded in traditiocnal demand theory, where changes in demand, due to
changes in technology, are alsovdescribed as changes in tastes. The reason
simply is that the utility function in traditional denandrtheory represents
a combination of consumer preferences and consumption technology, since the

utility function in the commodity-space is translated into the good-space.

- In the following paragraph, we try to set up a general
model, where these substitution effects can be separated and introduce some
assumptions in order to simplify the exposition and to verify empirical

validity.



2. A general model

There is a need to relate the effect of a commodity
price change on the demand for that Qonnodity tb the effect of a price
change of goods on the demand for goods. This relation can expose to
what extend the latter effect is due to a commodity substitution or a

factor substitution.

Let us suppose a well-behaved utility function on m commodities :
ula) oy
These éommodities are produced by means of narket.goods(lj . This is
represented by m concave and differentiable productionfunctions on n
market goods :
a = a(x) : : (2)
The consumption of market goods is‘restricted by the budget equation
P, X =m (3)
where p, is the appropriate price-vector and m the budget.
The optimum conditions for the consumer, with given budget and prices,’
~are found by maximizing the Lagrangean :
u(a) + A'(alx) - a) + ulm - p; x) . )

The first order conditions are :

Ju _

= - A =0 (5.1)
(2ol . =0 | (5.2)
alx) —a=0 (5.3)
m - p; x=0 (5.4)

The shadow prices of conmodltles can be defined by the ratio of the.m¢gfa*i
(,L" KL\'\,C& \-—} Cemmrmech L‘Lb‘ o H\i

marginal utility of incore, i.e.

(1) For simplicity, time is considered as one of the market goods.



_ A :
b, = y | (6)

So we can rewrite the first order conditions by

55 = HP, (5.1")
Substitution of (5.2") in (5.4) yields :
m - p! 3§;X) = 0 (5.4

If we suppose the production function (2) to be linear homogenous , the

Euler conditions says that :

aa(x)
T ox

(7
So (5.4") becomes :
m - pé a=0 | 4 (5.4'Y)
which is the budget constraint in terms of commodities.
The solution of equations (5.1') and (5.4'"), under the condition that

the prices of commodities are independent of the consumer preferences,

yields the demand equations for commodities :
a-= ak(pa,m) : (8)

Pollak and Wachter (1975) proved that absence of joint production and
linear hompgeneity of the production functions are the necessary and
sufficient conditions for the independence.

Under these conditions, (5.1"), (5.4"") and (5,3) can be rewritten as :

a(x) - a’%pa,m) = 0 (9)

which, together with (5.2")

Ba(x)] -0

form the first order conctions for an optimum.




To analyse the influence of a price change of goods, i.e. a factorprice

change, on the demand for goods, we differentiate both equations partially

with respect to p)'( B

% op :
-g—a-,—.é—?---gg, L= 0 (10.1)
p. " 9py Dy,
. 3P
da’l a 3% -
5% " T " Pmpr It 0

&
where the matrix Z of order (nxn) is
Z = A(pa &® In)
Here the matrix A is written as a row of m matrices :

2
3 .

3xax!

-

Alternatively we can write the matrix Z as :

m 32a |
z X ) .
kzl( Py 1, 1 ...n
9x.0X.
173 |
. . . .Bpa .
The solution of the model, after substituting EM from the first
X
equation into the second one, and solving for T%%(—— is
‘ x
_ -1
air -
Ix _ | 3a’ da” da (11)
5l " | 3x (Bpé> 3t 2

The matrix that has to be inverted on the right side of the equation

. 1s clearly composed of two terms. The first one is a function of the

commodity substitution( aak) » the second one is a function of the
op!

consurption technology, 2 vhere the factor substitution is of crucial



interest (2).

3. A 2 commodity - 4 good model

The price effect derived“iﬁ (11) is not very convenient
for further analysis. In order to get more insight iﬁ the relation between
commodity substitution and factor substitution, we will proceed on a more
specific basis.

One specific assumption is that each production-factor
can only be used for the production of one commodity. They cannot be used

alternatively (input separability).

Less restrictive is the assumption of only two commodities and four goods.

We then have the utility function on two commodities
and the linear homogeneous production functions,

a, = ai(xl,xz)

(13)
a, = az(xg,xq) |
with optimum conditions :
_ %
2, (x153) = a3 (p_ s 5D ,5m) |
. X%
az(x33xu) = a2(pa1’pa2’m) (1)
Ja %a
1 . 1 _
Pal 3y, P1 Pa1 3x, ° P2
_Baz\ 8a2
“Fa2 3x, T P3 Pa2 T, * Py
(2) In appendix I the relation between gﬁ and‘gi has been derived for
time-allocation problems, where m is the so called "full income" i.e.
m=wl +y

The sum of non-wage income y and the product of total available time
T and the wage rate w, being also the price of time.



Differentiating these conditions partially with respect to p, results

in a six equation model that can be solved, after a few substitutions,
based on the.property of linear homogeneity of the production functions
{cfr. appendix IT). The solution can be made more elegant by transforming

it to elasticities and using the following substitutions :

K P17 d P33 | (15)
R e =10 k. =
1 pyxg ¥ Py 2 PgXg * Pyxy

i.e. the share of the cost of Xy in the cost of producing commodity J.

The solution then is :

X

epl = klﬁll - (1 - ki)o1

x, .

ep1 = kl(n11 + Gl)

X

3

e = k. n

pp 1 (16)

Xy

“p, K4 Mpq

b_..

e al _ K,

Pq -

P

e 32 _ g (3)

Pq :
where o, is the elasticity of factor substitution in commdity 1 and

P 2a.
5 ° —5% ;-55— ! the price elasticity of the demand for commodities.
i aj ’
(3) 8pa2 because good 1 cannot be used for the production of
=0 ’

Bp1 commodity 2.

Py is only dependent of the way x and x_ are combined

3 y
in the production of commodity 2 and this combination is

only dependent on the price ratio p3/pu ;



- The complete matrix of partial price elasticities is now easily derived :

gz

v

kin,li-(l—kl)o1 (1—k1)(n11+01) k2n12
ky(nyq*oq) (Tnig7hy0g Kongg

E; = | kqnoy (1K, 0npq KoM pe= (17K, 0,
Kqnoq (1=K Iy, Ko (npotay)

-

(1—k2)n12

(1-k,)n,7ky0,

ek

The price elasticity of the demand for market goods can be written as a

simple function of the elasticity of factorsubstitution and the price

elasticity of the demand for commodities

)

By Eulers Rule for homogeneous demand functions, this matrix also tells

us that the income elasticities (si) are :

81 =

€3

€2 =

&y

Ny -

N2

'ﬂéi = n

22

since these income elasticities simply are minus the sum of all price

elasticities.,

- This result can be extended in a straightforward way to more commodities,

where each commodity has only two inputs. In case of more than two

productionfactors, partial elasticities of substitution have to be in-

troduced (cfr: R.G.D. Allen, 1969). For the simple application to the

~ allocation of time in the next paragraph, we only need two production-

factors, consumption time and consumption goods.

(4) Part of this solution we also found in Gilbert GChez and Gary Becker
(1873), and in R.G.D. Allen (1969).

17)



4. Allocation of time

We introduce time categories in the model as production-

factors for commodities. The simplified model can be reformulated as :

i

a; = al(ql,tl) (18)

a, = a2(q2,t2)

with the appropriate time and income restrictions:

P13q * Pydy =Wt ¥y | a9

+t, =T

t 2

1

After splitting up the total wage effect in a sum of
a direct income effect and a price effect, the résulting price effect is
still of a somewhat different nature. Since the wage rate is the price
and a,. are both

1 2
directly affected. With the above matrix (17) in hand, this price effect

of both t, and t,s the price and the demand of a

of a wage change can easily be calculated by adding the colums 2 and

4 i.e
9 1
e, ° (1 - ki) oy * (1 - kl)nil + (1 - &z)niz
e, © —klo1 + (1 - kl)n11 + (1 - kz)n12 = e - 04
(20)
£y
- - - -1
e, (1 k2)02 + (1 ki)n21 + (1 ‘2>”22




10.

The wage effect in a time-allocation model seems now to be far from.
simple. There is first of all the direct income effect, since the wage
rate is a part of the income. The unconpensatéd pricé effect of a
wage change is composed of at least three terms. If only two production
factérs are involved for each conn;dity, the first term with o is a
function of the factorsubstitution between time and market goods. The
two other terms, if only two commodities are consideréd; aré‘functions
of the commodity-price effects. These commodity pricé effects can then
be sepafated in a classical (indirect) inconé éfféct and a compensated
price effect or substitution effect, following Slutsky. Then we are
still left with Houthakkers analysis of thé'consumér preférénces to find
the general and specific substitution effect. In this‘simplified model
we can end up with a separation of the total wage éfféct in eight sub-

effects.

5. An empirical exercise

As already mentioned iﬁ the introduction, the Belgian

eople are used nearly five time as many non essentials per unit of
leisure time in 1975 compared with 1953. We are interested whether this
shift is due to a factor substitution in consumption activities, i.e.
doing the same activities as befbré, but using 1éss timé and more goods
or to what extend this is due to a decrease in consumption of time-
intensive activities, where substitution is haidly possible. In this
very simple exercise however, we will only try to estimate the overall-

elasticity of substitution in leisure-activities.




i1.

Starting from the utility function
u(al,az) | (21

where a, is the leisure-activity and a, the semi-leisure-activity, like

1 2
sleaping, eating, transport and social obligations, we consider linear
homogeneous CES-production functions over market goods and time categories :
a, (q,,t,)
1t (22)
az(qz,tz)

The time-income constraint is
p1q1+p2q2+w(t1+t2):w‘1‘+y:m
where the difference T - (ty + t,) equals the labour time.

We now make the assumption that semi-leisure good q, and semi-leisure
time t, are conétant over the sample period, since they only represent
the most essential consurption goods and tﬁe time striétly.needed to
consure them.
So we are left with a two equation demand model"aftér'maximizing the
utility function subject to the technology and thé‘budget restriction.
Since the model is also sum-constraint, we are allowed to drop one more
equation, such that there is only one left for estimation.
Taking it in log-linear form :
Int;=a+BInm+ vylnpy +6 Inpy + A Irw + u (24)

where : vy = kl(n11 + 01) |

§ = Xy

A - - + -
= (1 kl)nll kO (1 - k)N (24"




T ek i B

This results in :

Int,=a+Blnm+n, [k Inpy + (k) Inw ]

+n,[ k) Inpy + (1K) Inw ] + 03[ ky(lnpy = Inw] +u

h 5 P49, 4K Pydy
where T e et e an = e
1 pyqy * vty 2 Dy, + Wi,

We further notice that by our assurptions Npqo Moo and g, havé to equal
zéro in the model. |

The data we used are time series (1953-1975) from.thé’Belgian Natioﬁal
Accounts; the vdata on leisure time we received from the Planning Bureau
and are completed by information from the "Socialé Statistiekén" (N.I.S.).
The total available time (T) we put on 8 736 hours a ye-ar‘.' 'Ihé' semi-
leisure time we estimated Y4 368 hours; based on a soéial invéstigation
for Belgium (Van Mechelen, 1869). The average amount spénd on essentials
was estimated on 110.000 BF & year in 1970. The price index of essentials
is based on a basket of essential goods and services. (Food, clothing,
houserent, Energy and Transport) cfr. appendix III. Most of other data
are taken from caléulations, made in an earlier study on time-allocation

(Késenne, 1979).

Under the usual assumptions about the error term, the
above relation was estimated by 0.L.S. Because of the serious auto-
correlation in-the errors, we did a reestimation in first differences.

The results are given in table 1.



TABLE 1

B

(standard er*bors between brackets)

2
B N1q 17 oy R D.W.
.85 -1.82 T 1.73 Ty 1.72
(.31) a2y () (.40)
TABLE 2
(standard errors between brackets)
B Y 8 A
.85 .02 .20 -1.10
(.31)  Goow) ‘[(.o&) : (.33

13.



Considering the good fit and the significant estimates, the results are
very satisfying. The factorsubstitutioneffect (01) between leisure-time
and leisure goods is very high. This néans that consumers aré véry sen-
sitive for the tremendous rise in price of leisuwre-time in the last
decennia and are adapting their consurption behavior, in the sense that
more consumption goods are consumed per unit of timé. waevér, this
highly restricted and simplified model cannot tell us very much about
the commodlty substitution between lelsure act1v1t1es, since only one

‘leisure activity is taken into account.

In table 2 we have calculated the paraneters in relation (24) using the
estimates in table 1; k1 and k2 were put equal to its average value over

the sample i.e. ]21 = 20213 k, = .2711.

The wage elasticity A is an unconpensatéd pricé elasticity; which is
clearly negative for the demand for 1éisure tiné. The diréct income
effect of a wage chénge has to be addéd to yiéld the total wage efféct.
Since the direct income effect of a wage changé is only soméwhat smaller
then the i%cone effect, we see that the total wage élasticity is still

negative, but not significantly different from zero.

The importance of the price effect of time is verified in this exercise.

The income effect of a wage change has never been denied, but also the

price effect clearly has to be taken into account. Its strong negativity

follows, as seen in (24'), both from substitution between time and goods
in one or more consumptionactivities and from substitution between time-
intensive and good-intensive consumptionactivities, where this factor—

substitution is technically iﬂpossible.




1s.

6. Conclusion

The separation of the commodity substitution and the
Factorsubstitution seems interesting enough to investigate. We have shown
tﬁat under fairly widespread assun@tions on preferences and technology,
these substitution effects can be estinafed.without specifying exactly
the activities that are considered. The difficultiés of specification
and measurement of commodities has always been one of the strongest

objections against the new approach to consurer theory

In a more detailed empirical application, it must be
possible to estimate both the factorsubstitution effects and the commodity

substitution effects or -price effects between dlfferent consumption

activities.




Appendix I

In time allocation problems, where the nominal wage
rate is considered as the market price of time, the time-income budget
is the "full income"

m=wl+y

which is exogenous in the model.

Fquation (10.1) then becomes :

dar . 31:’a + RE! (am )' _2%a 3x _ 0 (10.3)
» ° ¢ [ N ®
Bpa BpX am apx Ix BpX ,
where a . .e oM . e, Tif consurption time is the first good in the
p, 1w 1 g

vector x. A change in the nominal wage rate always causes a direct

income effect on the demand for goods, equaling

X
_ - T . $
dpa =0  om

Ix
oW

From the solution of (10.2) and (10.3) we can easily derive that :

s -1 -1 s -1

d9x _ |9a' (da’y " da ., 4 2atday T 24

om ox 9P ox' 3x oD: om
_ a : a

The solution of (10.2) and (10.3) also reveals that solution (11) is

perfectly general and applicates to the time allocation model if we

clearly distinguish the price effect of a wage change.

16.



Appendix IT

The six equation model, after differentiating the

optimum condition (1Y4) partially with respect to Dys is :

Bal Ix Ja 8‘3'(2 »r331 ‘BPai - day - 9Py
x "—a o —a‘—- +o_— —8— - 5 . - 5 . 3p -0
T Pa1 %P1 Pa2 P1
% 8a2 8x3 . 3a2 ‘,axu _.4aa2 ’apal .,3,32 ._apaz -6
3y T 8py 9%y T 9Pq P4y 9Py Wap P
0a 9%, 37a 9% . .9a, ..9p
£ Par T, el T +5§1_é%l =1
2
3 aq 3x1 _ 82a % S day D4 )
* Pa1 “ps "Pa—i - 2 TE%, D 0
o B YA Py
2 2 g L
x p A2 e D iR 93 P
a? axg 3P1 a28x3axu api 3X3 3Py
2 2
b4 D iflz_ =—+D ._a_ Taz V _a__)f.,i 4 E_Eiz apaZ =0

For linear homogeneous production functions

can be written as :

da

1

da

Bxi

and :

_1
'37‘2

(Allen R.G.D., 1969)

the elasticity of substitution

17.



such that all second order partial derivatives can be written in function

of the elasticity of substitution.

If we further write :

a1 Py 33 %y Py %X Py %
K "MNyy =™ o« =5 = N4y =™ - P — et =,
1pyy %y T2y %Py Pyyl 9Py Pyy 9Py
won, 2 a2 P e T
21 pyy %Py 22D, 9py Pyp 9Py  Pgy 9Py
*® a,o apal - i{z p .?3-(—1- + p _3_}2 =G
1%1 Tp, x, FP7ap, © Poop,
. BPal Bxl Xy 8x2
% a5, —o= $ Dt = — Dt
171 8p1 18p1 X5 18p1
8§ | : -X 9% 9%
% a0, —22 o 2 p et
272 opy Xy 43Dy 43p,
ap X X 3
£ ag az 3 3 Xy

2%2 Top, " PiRp, X, T3%D,




Solving this system by elementary operations yields :

9%; X3 Pgq 8y (% Dy gy - X, D,y 0y)
Ip, 2
1 Py (x1 py * X, p2)
9%y Pgq 2y (ngy +09) x %
op, 2
1 (p1 Xy ¥ Dy x2)
9%y ___%3%1 M9 3 Py
op
1 (Pl Xy * P, X2) (p3 Xy * P, xu) .
%y _ %%y Myg 3 Py
p ;
1 (py % + 1y %) (py x5 + 1y %)
- 9P,q *1 Paq
op '
1 (x1 Pyt X p2)
8pa2

19.
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