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Nederlandstalige samenvatting

De fundamentele natuurwetten bieden een elegante en nauwkeurige beschrijving
van de beweging van individuele deeltjes en hun onderlinge interacties. Twee-
deeltjesproblemen kunnen hiermee exact worden opgelost, wat diepgaand inzicht
oplevert in de structuur van het universum op zowel microscopische als macroscopi-
sche schaal, gaande van de beweging van een enkel elektron in een waterstofatoom
tot de banen van planeten rond hun ster. De complexiteit neemt echter snel toe
naarmate het aantal interagerende deeltjes groter wordt. Zelfs het beschrijven van
een bescheiden veeldeeltjessysteem vereist het oplossen van een stelsel vergelijkin-
gen met een onoverkomelijk aantal vrijheidsgraden. Om het collectieve gedrag
van zulke systemen te kunnen begrijpen, ontwikkelden pioniers als Boltzmann,
Maxwell en Gibbs in de tweede helft van de 19e eeuw het kader voor de statis-
tische mechanica. Hun werk maakte het mogelijk om de sprong te maken van
wetmatigheden op microscopisch niveau naar macroscopische eigenschappen zoals
temperatuur, druk en entropie.

Hoewel de klassieke statistische mechanica bijzonder succesvol was in het beschrij-
ven van gassen, warmtemachines en faseovergangen, faalde ze bij bepaalde expe-
rimentele waarnemingen aan het begin van de 20e eeuw. Een opvallend voorbeeld
was de zogenoemde ultravioletcatastrofe: de voorspelling door de klassieke theorie
dat een zwarte straler bij thermisch evenwicht een oneindige hoeveelheid energie
zou uitstralen bij hoge frequenties. Deze paradox werd opgelost door Max Plan-
cks veronderstelling dat licht bestaat uit kleine, gediscretiseerde pakketjes energie,
of fotonen, en vormde het begin van een fundamenteel nieuwe theorie: de kwan-
tummechanica. Belangrijk in de ontwikkeling van deze theorie waren de waar-
nemingen van de golf-deeltje-dualiteit, waarbij uiterst kleine objecten zowel golf-
als deeltjesgedrag kunnen vertonen. De kwantummechanica verving het klassieke
deeltjesbeeld door gol [uncties en introduceerde een probabilistische interpretatie
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van fysische grootheden. Samen met het concept van ononderscheidbare deeltjes
maakte dit een radicaal nieuw denkbeeld van collectief gedrag mogelijk. Zo werd
de kwantumstatistische mechanica de natuurlijke opvolger van de klassieke versie,
en ontsloot ze de wereld van de kwantum-veeldeeltjesfysica.

In de afgelopen decennia hebben technologische ontwikkelingen het mogelijk ge-
maakt om een breed scala aan interessante kwantumsystemen te creéren en te
beheersen, wat heeft geleid tot de observatie van opmerkelijke fenomenen zoals
superfluiditeit en superconductiviteit. In dit proefschrift richten we ons op een
bijzonder rijk platform, dat van ultrakoude atomaire gassen. Een ijl atoomgas
ondergaat een faseovergang naar een Bose-Einstein condensaat wanneer het on-
der een kritische temperatuur wordt gekoeld. Deze unieke fase van materie ont-
staat uit een coherente wisselwerking tussen een macroscopisch aantal deeltjes
en vertoont kwantume [edten die normaal gesproken beperkt blijven tot het ni-
veau van individuele atomen over de gehele wolk. De eerste realisatie van een
Bose-Einstein condensaat in 1995 betekende een belangrijke mijlpaal, en sinds-
dien vormen kwantumfluida een veelzijdig testplatform voor kwantummechanica.
In tegenstelling tot andere systemen, zoals kwantumfluida van licht, zijn configu-
raties van ultrakoude atomen zeer controleerbaar en uitzonderlijk goed geisoleerd
van hun omgeving.

Systemen die onderhevig zijn aan significante interacties met hun omgeving worden
open kwantumsystemen genoemd. Traditioneel werden zulke interacties beschouwd
als bronnen van decoherentie die leiden tot het verlies van interessante kwantu-
me Ledten en dus als ongewenst gezien. Recente ontwikkelingen hebben echter een
genuanceerder beeld geschetst: door interacties met de omgeving op een gecontro-
leerde manier te ontwerpen, kan dissipatie zelf een krachtig hulpmiddel worden.
Zorgvuldig ontworpen verliesmechanismen kunnen niet-evenwichtstoestanden sta-
biliseren, dissipatieve faseovergangen aandrijven en algemeen leiden tot dynami-
sche fenomenen die ontoegankelijk zijn in gesloten systemen. In dit opzicht bieden
ultrakoude atomaire gassen een unieke mogelijkheid om de wisselwerking tussen
coherentie, interactie en dissipatie te bestuderen in een gecontroleerde en goed
begrepen omgeving.

In dit proefschrift onderzoeken we een specifieke opstelling van een ultrakoud
atoomgas: de dissipatieve Josephson keten. Ons doel is om meer inzicht te krijgen
in de mechanismen die aan de basis liggen van een reeks interessante experimentele
waarnemingen. Hiervoor lossen we verschillende wiskundige modellen op, zowel
theoretisch als numeriek, op verschillende niveaus van benadering en complexiteit.
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Door de expliciet geintroduceerde dissipatie, waarbij atomen geioniseerd worden
om ze uit de val te extraheren, is het vertrekpunt voor deze berekeningen steevast
de Lindblad mastervergelijking voor open kwantumsystemen.

Eerst introduceren we de Kerr resonator, een paradigmatisch systeem dat geken-
merkt wordt door een dissipatieve eerste-orde-faseovergang. Analytische oplos-
singen voor het beschrijvende model, dat slechts een complexe variable bevat,
zijn beschikbaar in de literatuur, zowel binnen de mean-field-benadering als in
een exacte kwantumbeschrijving, en bieden kwalitatief inzicht in de waargeno-
men fenomenen. Vervolgens bespreken we het dissipatieve Bose-Hubbard-model,
een benadering van de experimentele opstelling die zich richt op de longitudinale
dynamica. Een initiéle studie van de niet-evenwichtstoestanden in de mean-field-
benadering bevestigt een kwalitatieve gelijkenis met het Kerr-model, maar wijst
ook op belangrijke kwantitatieve verschillen. Hieruit blijkt ook al dat een extra
regio in het fasediagram relevant kan zijn, namelijk het donkere soliton. Op basis
van de mean-field-resultaten stellen we een e [edtief model voor dat de superflu-
Tde stromen in het rooster beschrijft via een incoherente aandrijving, en dat een
accurate weergave biedt van de niet-evenwichtstoestanden. Daarna verkrijgen we
een meer geavanceerd beeld via de getrunceerde Wigner-benadering die kwantum-
fluctuaties tot op zekere hoogte incorporeert. In dit formalisme reconstrueren we
de dichtheidsmatrix van het dissipatieve systeem en maken opnieuw de vergelij-
king met het voorgestelde e [edtieve model. We stellen vast dat het model met
incoherente aandrijving de fluctuaties in het systeem licht onderschat.

Hoewel het Bose-Hubbard-model waardevol inzicht biedt, blijft een kwantitatieve
vergelijking met de experimentele resultaten moeilijk. Een meer geavanceerde be-
schrijving van het experiment, waarin alle relevante vrijheidsgraden worden mee-
genomen, wordt verkregen aan de hand van het projected c-field-formalisme. Dit
model gebruiken we om de rol van coherentie in de verlieslocatie van de Josephson
keten bij lage dichtheden te onderzoeken, d.w.z. op de onderste tak van de hystere-
sislus. Het geidealiseerde geval wordt weergegeven door het multimodale analoge
model van de Kerr-resonator: een 2D harmonische val met een perfect coherente
aandrijving. Hier identificeren we verschillende eigenschappen die wijzen op niet-
evenwichtcondensatie in een geéxciteerde toestand van de val. Een soortgelijk
gedrag wordt ook in de Josephson keten waargenomen, waarbij de aandrijving via
interne reservoirs als een imperfecte laser kan worden beschouwd. Interessant is
dat de specifieke structuur van het systeem haaks op de richting van het optisch
rooster een cruciale rol speelt, wat duidelijk wordt bij variatie van de verhouding



tussen de val frequenties.

Tot slot onderzoeken we uitvoerig het deel van het fasediagram dat niet eerder
getdentificeerd werd: het stationaire donkere soliton. We tonen het belang aan van
fasefluctuaties in de Josephson keten en hoe dit leidt tot de vorming van een soliton.
Met behulp van het uitgebreide 3D-model reconstrueren we het fasediagram en
maken we een directe vergelijking met experimentele gegevens, wat sterk wijst
op de aanwezigheid van het donkere soliton in experimenten. Berekeningen voor
dit complexe 3D-systeem zijn echter zeer veeleisend. Daarom keren we nog terug
naar het kwalitatief goede Bose-Hubbard-model. Binnen dit model bestuderen we
deze nieuwe vorm van bistabiliteit en de bijbehorende eerste-orde-faseovergang.
We sluiten af met een studie van de dynamische instabiliteit van het soliton

een eendimensionale niet-lineaire excitatie  in een hoger-dimensionale omgeving,
waarbij we het eledt van een optisch rooster op deze instabiliteit bespreken.



Abstract

Over the past decades ultracold atomic gases have emerged as a highly controllable
platform for probing quantum many-body phenomena, including Bose-Einstein
condensation and superfluidity. These systems are particularly suited to explor-
ing the physics of open quantum systems where interactions with the environ-
ment, traditionally considered a source of decoherence, can be engineered to re-
veal new types of non-equilibrium behaviour. This thesis focuses on the dissipative
Josephson array, a setup of ultracold atoms subjected to a controlled loss mech-
anism.

The primary goal is to better understand a series of intriguing experimental obser-
vations by analysing a range of theoretical models. As such, the focus is put on the
dissipative Bose-Hubbard model, which isolates the lattice dynamics and provides
insight into the system’s steady-state properties. Our analysis reveals qualitative
similarities to the rather simple picture of a Kerr resonator, but also points to
significant di Lerences. To refine our understanding, we develop an e Ledtive model
for the internal reservoirs based on incoherent driving, which accurately captures
the observed non-equilibrium steady states. Additionally, signs of a previously
unexplored region in phase space are observed. The work culminates in the iden-
tification of this phase: the standing dark soliton. Using a detailed 3D model, we
reconstruct the system’s full phase diagram and perform a direct comparison with
experimental data, demonstrating the relevance of the dark soliton to the observed
phenomena.
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“The aim of science is to seek the simplest explanations of complex facts.
We are apt to fall into the error of thinking that the facts are simple
because simplicity is the goal of our quest.

The guiding motto in the life of every natural philosopher should be, ‘Seek
simplicity and distrust it’.”

— Alfred North Whitehead, The Concept of Nature
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CHAPTER

Overview

This thesis investigates the rich physics of open many-body quantum systems, a
class of systems where internal dynamics competes environment-induced e ects.
Of particular interest is a con guration consisting of a cloud of ultracold atoms
loaded into a lattice potential and subject to a highly localised, externally induced
loss process. The setup features phenomena typically observed in quantum optical
systems, but displays an even richer many-body phase diagram due to its coherent,
atomic nature. In this work we study the non-trivial out-of-equilibrium physics
that results from a balance between losses, tunnelling and interactions.

Part | sets the stage for the research that follows. First o, in Chapter 2 , we
introduce the concept of Bose-Einstein condensation in ultracold atomic gases.
After an overview of some fundamental notions, we discuss a number of ways in
which the medium can be manipulated and how this a ects the observed prop-
erties. Chapter 3 provides a brief review on how to treat a quantum system
coupled to a Markovian environment in terms of the Liouvillian superoperator.
After passing over the main steps in the derivation of the Lindblad master equa-
tion, we continue to discuss the spectral theory of the Liouvillian. The latter is our
key to understanding the emergence of a dissipative rst-order phase transition.
In Chapter 4 , we outline di erent methods that can be leveraged to treat many-
body (open) quantum systems approximately. Just like many great textbooks,
this begins with an introduction to the renowned Gross-Pitaevskii equation, fol-
lowed by a discussion of the Bogoliubov formalism. Next, we introduce the notion



1 Ovewniew

of a quantum mechanical phase space and how many-body states can equival-
ently be represented by quasi-probability functions. Here, emphasis is put on the
Wigner representation and the corresponding Wigner function. An approximate
method that utilizes a description in phase space is the truncated Wigner approx-
imation. Lastly, the projected c- eld formalism is introduced. The underlying
reasoning and assumptions are reviewed and we discuss the necessity of this class
of methods with regards to our work.

Having discussed the background in the rst part, we delve into the primary con-
tent on dissipative rst-order phase transitions in Part Il. As a frame of reference,
the paradigmatic example of a driven-dissipative phase transition in a single, op-
tical Kerr resonator is reviewed inChapter 5 . Both the mean- eld analysis and
the exact quantum mechanical solutions are discussed. IG@hapter 6 , a detailed
study is performed of the dissipative Bose-Hubbard model. Despite representing
an atomic con guration it interestingly displays many of the signature properties
of the optical resonator. The equivalent of optical bistability is rst examined
in the mean- eld limit, revealing both similarities and discrepancies. Based on
these results, an e ective description is proposed and evaluated with the goal of
furthering our understanding of the underlying physics. A more complete picture
is obtained in the truncated Wigner approximation that incorporates quantum
uctuations up to a certain degree. In this formalism we reconstruct the lossy
system's density matrix and again make the comparison to our proposed e ective
model. Finally, some preliminary results are shown on multistability in the case of
a similar con guration for a binary mixture. This mostly highlights the potential

for future scienti ¢ endeavours, both experimental and theoretical.

Although the Bose-Hubbard model provides valuable insights, quantitative pre-
dictions remain out of reach. In Chapter 7 , the projected c- eld formalism is
applied to include all degrees of freedom of the experimental con guration. The
question posed in this chapter is whether coherence persists in the lossy site of
the Josephson array even at low densities, i.e. on the lower branch of the hys-
teresis loop. The idealised case is again represented by the analogue of the Kerr
resonator: a 2D harmonic well with a perfectly coherent drive. Here, we identify
a number of properties that indicate non-equilibrium condensation in an excited
state of the harmonic trap. A similar trend can be observed in the Josephson
array where the driving of the lossy well from internal reservoirs can be deemed
an imperfect laser. Interestingly, the precise structure of the system perpendicular
to the optical lattice plays a crucial role. This becomes clear by varying the ratio



of trapping frequencies.

In the nal chapter of this part, Chapter 8 , we explore in great detail a region of
the system's phase diagram that has not been identi ed before: the standing dark
soliton. We start o with a brief summary of the dark soliton's signature proper-
ties, which substantiate the conclusions of the next section. Here, the importance
of phase uctuations is evidenced in simulations that take into account all exper-
imentally relevant degrees of freedom. A central result of this chapter, and of the
thesis in general, is the reconstruction of the phase diagram from rst principles.
It strongly indicates the relevance of the soliton in experiments. Calculations for
this intricate three-dimensional system are, however, very demanding. Therefore,
we continue with the qualitatively good dissipative Bose-Hubbard model. Here,
we take a closer look at this novel type of bistability and the underlying rst-order
phase transition. This chapter concludes with a study of the dynamical instability
of the soliton a one-dimensional non-linear excitation in a higher-dimensional
setting, discussing the impact of an optical lattice on this instability.

Lastly, in Chapter 9 in the third part, we conclude this thesis with a summary
of the results and a brief overview of possibilities for the continuation of the re-
search.
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CHAPTER 2 .

Ultracold gases in optical lattices

The concept of Bose-Einstein condensation has turned one hundred years old
around the same time as when writing of this thesis was completed. In the year
1924, Indian physicist Satyendra N. Bose put forward a statistical description for
identical and indistinguishable particles of light, now known as photons [1]. It
built on the notion set forth by Planck that light is only emitted in small discrete
packets of energy, calledjuanta It was however Albert Einstein who in that same
year, in the rst of three consecutive papers, extended the concept to an ideal gas
of massive patrticles [2]. In the subsequent paper, he showed that as a consequence
of the underlying statistics the gas should transition to a novel phase at su ciently
low temperatures [3], a fth state of matter. This phase appears when a macro-
scopic fraction of the atoms in the gascondensein the lowest energy state, hence
the name that was given to it later. Historically, the rst observations of mac-
roscopic quantum coherence occurred in liquidHe and superconducting metals,
before the underlying mechanisms were even theorized. For a long time, the super-
uid and superconducting properties were understood only at a phenomenological
level. The third medium, ultracold dilute atomic vapours, became experimentally
within reach many decades later, in 1995.

The uncovering of physics at low temperatures was accompanied by the emergence
of quantum mechanics. Bose-Einstein condensates (BECs) no longer behave clas-
sically, but provide the opportunity to study guantum mechanics on a macroscopic
scale. This chapter introduces the basic features of the quantum theory of bosonic,



2 Ultracold gases in optical lattices

ultracold gases, reprising solely those concepts most essential for the understanding
of this thesis. There exists however an abundance of excellent textbooks [4 7] and
review articles [8 12] available for the interested reader to further delve into.

2.1 From theory to reality: Bose-Einstein condensation

2.1.1 Wave functions

Imagine a small, point-like object with a certain massm moving for simplicity
in one dimension. Given that we know its positionx and velocity v at some
point in time, we can predict its future path exactly by applying Newton's second
law, F = ma. For a long time, the particles that build up the world around
us were viewed in this classical picture, but in 1924 Louis de Broglie proposed
in his doctoral thesis [13] a di erent view on the matter. Particles electrons
and atoms, but also even molecules should be regarded as little wave packets
of a certain frequency! and with a wavelength that scales with the temperature
T, s

2 -2
kaT,

B = (2.1)

the thermal de Broglie wavelength, much in analogy with Planck's theory on
qguanta of light. The main implication here is that particles are spatially ex-
tended, i.e. their position is subject to uncertainty. Fundamentally, all matter has
both particle and wave properties, the famous particle-wave duality. So what does
that mean for our atom moving in one dimension? Can we still predict its future
path, given its uncertainty now? Let us consider a dilute gas of atoms at high
temperatures, relevant in our day to day lives. Typically, the average distance
between particles in a gas of densityn is much larger than the uncertainty on
their position, n 1=3 ds. As a result, classical laws will hold up, allowing us
to treat the gas as a group of microscopic marbles bouncing around. An ideal gas
of particles at thermal equilibrium follows the Maxwell-Boltzmann distribution.
With decreasing temperature, the uncertainty on the position of each particle
grows asT 72 and eventually catches up with the inter-particle distance. When
this happens, the classical picture is no longer su cient and we have to resort to
a fundamentally di erent theory quantum mechanics. Generally, the threshold
where classical becomes quantum is taken at 35 & 1, wheren 3; is called the
gas parameter.



2.1 From theory to reality: Bose-Einstein condensation

In quantum mechanics a particle is described by itswave function (x;t;), a
complex mathematical object containing all the properties of the quantum state
at a given point in time. What this wave function would then look like in the

future can be determined by means of the Schrodinger wave equation [14]

@ _,_2r 2
@t 2m
The question still remains, what exactly is this wave function? The most intuitive
explanation is given by Born's rule [15], which comes down to saying that the
probability of nding (read measuring) the particle at a specic position x at
some timet is given by the amplitude of its wave function at that point in space
and time j (x;t)j2.

i +V 2.2)

In our macroscopic world, all objects can be labelled, like for example two identical
billiard balls. Despite their similar appearance, they occupy di erent places in
space and one can identify and track their paths individually, they aredistinguish-
able For fundamental particles there is, however, no meaningful way to track
or label them, they are truly identical. Quantum mechanics does not allow to
distinguish their individual identities. Taking two identical particles with their
respective positions labelled byx; and x», then quantum mechanics imposes in-
distinguishability through:

i (xux2)i® =0 (xarx0)i*: (2.3)

The total wave function for a pair of identical particles should remain unchanged
up to a global phase factor when the particles are interchanged. At this level, there
are only two types of fundamental particles: bosons and fermions. Bosons, which
have integer spin, follow symmetric wave functions such that (x1;X2) =  (X2;X1).
Fermions, on the other hand, have half-integer spin and follow antisymmetric wave
functions, meaning (x1;X»2) = (X2;X1).

2.1.2 The fifth state of matter

The symmetry requirement for fermions leads toPauli's exclusion principle [16],
which states that no two identical fermions can occupy the same quantum state
simultaneously. From this follows the Fermi-Dirac distribution for many identical
fermions. Bosons, however, do not su er this restriction. On the contrary, they
have a propensity to occupy the same quantum state. Identical bosons are dis-
tributed over the single-particle energy levels according to the Bose-Einstein dis-
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2 Ultracold gases in optical lattices

Figure 2.1 Schematic representation of the condensation process for
bosons in a harmonic trap. The top row represents the distribution of
particles in the energy landscape above and below the critical temperature,
and at exactly T = 0. As the temperature decreases, particles occupy lower
energy levels. At the same time the occupation of the ground state grows.
The same instances are shown on the bottom row in a wave function picture.
With dropping temperature, the de Broglie wavelength increases, causing
wave functions to overlap. Particles in the same state start to form the
condensate. Figure reproduced with permission from Ref.[17].

tribution: 1

n = —e(i ke T 1 (24)
wheren; is the expected occupation of energy level at a temperature T and for
a certain chemical potential . It follows from this distribution that the upper
bounds for the total number of particles in excited states decreases with tempera-
ture. As the temperature is lowered, particles therefore pile into the lowest energy
state, the only state whose occupation can be arbitrarily large. When cooled
enough, a macroscopic number of particles occupies the same ground state and
forms the Bose-Einstein condensate. The temperature at which this happens is

referred to as the critical temperature Te.

A schematic map of the road to Bose-Einstein condensation might provide more
insight than a list of equations. The panels in Fig. 2.1 indicate, from left to
right, the di erent steps in the cooling down of a dilute gas of bosonic particles.
At high temperatures, uncertainty on a particle's location is su ciently low such
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2.1 From theory to reality: Bose-Einstein condensation

that the classical laws accurately predict the physics at hand. An example is
air at room temperature, which has a gas parameten gB 10 7, well away
from the regime where quantum e ects play any signi cant role. The particles
are sparsely distributed over the higher energy levels. Cooling down the atomic
gas increases the spread of the wave packets, while also increasing the density
n T 1 bringing us closer to the thresholdn gB 1. At this tipping point,
individual properties are lost and the only valid description is in terms of quantum
mechanical wave functions. The thermal wavelength has grown to the same size as
the inter-particle distance, making the particles no longer distinguishable. As more
particles are forced to occupy the lowest-energy state, overlap of the wave packets
of the same quantum state result in the formation of a single, composite wave
function. Roughly speaking, the particles merge to form one macroscopsuper
atom, the condensate. AtT = 0K, all atoms have gathered in the condensate.
The condition represented in this last panel is, however, a theoretical ideal, since
absolute zero temperature is physically impossible to reach.

While liquid Helium has been fabricated more than a century ago, with Bose-
Einstein condensation underlying its phenomenology of super uidity, strong inter-
actions cause large di erences from the ideal Bose gas and ma&b initio theory
quite hard. It took until 1995 for the rst experimental realisations of weakly in-
teracting Bose-Einstein condensates from atomic vapours, due to very low critical
temperatures of dilute gases. Concurrently at JILA [18] and at MIT [19], the ex-
istence of this new phase was evidencédFor this achievement the lead scientists,
Eric Cornell and Carl Wieman, and Wolfgang Ketterle, were awarded the 2001 No-
bel prize in physics. Temperatures reached in experiments with ultracold gases are
typically of the order of nanoKelvin (10 °K), with a recent record coldest temper-
ature as little as 38pK (10 '?K)[20]. Pictures from an early experiment performed
at MIT (Ketterle Lab), shown in Fig. 2.2, clearly depict the grouping of atoms in
the condensate as the critical temperature is transgressed. Originally, proof was
provided through equivalent maps of the velocity distribution of particles [18, 19],
demonstrating the accumulation in the zero momentum state.

In addition to all particles occupying the same single-particle state, a condensate
features phase coherence. Compare this if you will to a large group of people:
a thermal gas is like a crowd at a festival, all excited and moving disorderly and
bumping into each other; a BEC would be a group of well-trained soldiers marching

Lwhile the group in Colorado utilised a vapour of rubidium-87 atoms, Ketterle's team at MIT
condensed a dilute gas of sodium-23 atoms.
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2 Ultracold gases in optical lattices

Figure 2.2  Snapshots of the particle density in real space at di erent
cooling stages of a trapped gas of’Rb atoms. Panels left of the vertical
line, representing the critical temperature T, show a thermal gas shrinking
as it is cooled down. Below the critical temperature a condensate is formed,
seen from the bright speck in the centre of the trap. At rst, there is still a
signi cant thermal cloud, but as the temperature lowers further more atoms
drop to the condensate. Figure reproduced from Ref. [21].

in a parade, moving in perfect synchronization. The soldiers are said to be moving
in phase. Phase coherence of the atoms in a BEC allows the description of the
cloud by a single macroscopic wave function:

(1)=i(nies": (2.5)

The absolute value of this complex, classical eld determines the density of particles,
n(r) = j( r)j2, while the phaseS(r) establishes properties like super uidity. A
consequence of the phase uniformity and a testament to the quantum-mechanical
nature of the condensate is the observation of interference patterns. When mixing
two separate BECs their amplitudes will interfere, creating the typical patterns in
the density as shown in Fig. 2.3.

2.1.3 Microscopic theory

Of fundamental importance in the theory of quantum mechanics is the Hamilto-
nian, the operator that represents the system's energy. When treating many-body
systems, the Hamiltonian is generally expressed in second quantization. This
framework treats the single-particle wave functions themselves as operators. In
terms of the bosonic eld operators “Y(r) and { r), the Hamiltonian for a Bose
gas is given by

z 2 2

A= d ") +v(r) T
zZ Z (2.6)
dr  dr™Y)™eOuer 19T 9T n):
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2.1 From theory to reality: Bose-Einstein condensation

Figure 2.3  Two atomic condensates, created spatially separated and with

opposing momenta, overlap and generate interference patterns, a purely
quantum-mechanical e ect. The top row shows experimental measure-
ments, while the bottom row presents numerical results. Figure reproduced
from Ref. [22].

Di erent from the classical elds is that these eld operators satisfy the commu-
tation relations
[

h i h
Tt =05 Try™e9 = ¢ % (2.7)

In the expression for the Hamiltonian, V (r) denotes the external trap holding the
gas in place. The two-body potentialU(r r9 represents the interaction potential,
depending on the separation between two interacting atoms. Because interatomic
interactions are large at the scale of the kinetic energy of the atoms at ultracold
temperatures, this hamiltonian is hard to deal with in mean- eld or perturbation
theory. Fortunately, at low temperatures where the relevant length scales are
much larger than the range of the potential, it is only the scattering length that
characterises the atomic interaction properties. The true potential can therefore
be replaced by the e ective contact interaction

Ue (r r9=g(r r9; (2.8)

where g = 4 ~2agcar=m and ascat IS the s-wave scattering length. In order to
describe the properties of the macroscopic wave function, the actual shape of
the potential is unimportant. This e ective potential allows for a mean- eld and
perturbative description in the weakly interacting regime na3.,; 1. As a con-
sequence of neglecting short-range physics by taking this e ective potential, one
cannot evaluate the condensate wave function on a scale smaller than the scatter-
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2 Ultracold gases in optical lattices

ing length. Substituting (2.8) in the Hamiltonian results in
Z N 2y 2
H=dr ")

LV + 2Ot T, 2.9)

the starting point of all calculations in this work. A system's Hamiltonian not
only describes its equilibrium properties, but also drives the dynamics. The latter
can be tracked through the change of the eld operators, given by thédeisenberg
equation i~@"=[ ";H]. Making use of the commutation relations above, this
leads to an equation of motion (EOM) for the eld operators:

2¢ 2

o +V(r)+ g™ty T (2.10)

N
|~@t'(r,t)—

2.2 Sculpting with BECs

Bose-Einstein condensates are a popular platform to study quantum many-body
physics for many reasons. First of all, they bring the microscopic world of quantum
mechanics to a macroscopic level, allowing direct optical observation of phenom-
ena like super uidity and interference. Additionally, these systems are highly
controllable. They can be held stable for relatively long time$ and many sys-
tem parameters are tunable using external elds. Furthermore, experiments are
readily translated to theory thanks to a detailed understanding of the microscopic
Hamiltonian of the systems as they are realised in the laboratory. These properties
make them ideal for studying fundamental quantum e ects in a more tangible way
and to corroborate theoretical predictions.

Particularly interesting is the versatility of the traps that can be applied to hold
the atomic cloud in place. Complexity of these traps has come a long way since
the rst experimental realisations. Currently, the magneto-optical traps used in
the pioneering experiments are still standard practice, but many other possibilities
exist. In this context, lasers are widely applied for manipulating ultracold atoms.
Electric dipole interaction between the neutral atom's induced dipole moment
and the electric eld can attract or repel particles from regions of high intensity,
depending on the detuning of the laser frequency compared to the atomic resonance

2Depending on the quality of the trap, typical experiments with ultracold atoms can last from
hundreds of milliseconds to several seconds. This sharply contrasts quantum optics experiments,
were characteristic times are set by photon lifetime in the cavity and are generally in the range
of nanoseconds (0 °s).
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2.2 Sculpting with BECs

[10]. For example, a single laser su ces to introduce simple obstacles in super uid
ows [23 25]. Combining several lasers, most commonly blue-detuned (repulsive),
enable the construction of box potentials used to create homogeneous samples
[26]. These provide a more direct connection to elementary theoretical models.
Alternatively, a periodic lattice potential can be created with two identical, counter
propagating beams [27]. Here, we go into a bit more detail on those con gurations
relevant to this body of work.

2.2.1 Reduced dimensionalities

The ability to independently alter the force constants of trapping potentials along
di erent directions opened the possibility to study Bose-Einstein condensation
in lower dimensions. Freezing out motion in one or two dimensions through
highly anisotropic con nement, results in pancake shaped or cigar-shaped con-
gurations [28]. This can be achieved by increasing the energy-level spacing
in a given direction, such that it exceeds the thermal and interaction energies.
In this case, the rst excited state in that direction becomes unreachable. In a
harmonically trapped cloud, for example, the -th dimension is frozen out when
~I kBT;

Physics in these low-dimensional quantum systems is vastly di erent from their 3D
counterpart, particularly long-range order associated with Bose-Einstein condensation,
which is suppressed due to an increase in quantum uctuations. True long-range
order is absent in one or two-dimensional con gurations [29], leading to the notion
of a quasi-condensate This refers to the density matrix tending to zero algeb-
raically (2D) or exponentially (1D), but with a decay length still much longer
than the thermal de Broglie wavelength, instead of converging to a constant for
true Bose-Einstein condensation [4]. In a quasi-condensate, phase correlations are
small compared to system sizes, while still being large compared to microscopic
length scales. Interestingly, topological structures are more stable in lower dimen-
sional systems, like solitons in 1D or vortices in 2D, as we will see later on in
Chapter 8.

2.2.2 Optical lattice potential

Another tool that can be leveraged to sculpt ultracold gases is the optical lattice
potential. Two counter-propagating laser beams with the same wavelength that
overlap form a standing wave of periodd = =2 [27]. Depending on blue or
red detuning of the laser, atoms gather at the nodes or anti-nodes of this wave.
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2 Ultracold gases in optical lattices

Combining three of these identical standing waves, oriented perpendicular to each
other, imposes an isotropic 3D trapping potential:

V(r)= Vo cos(kx)+ cos?(ky) + cos?(kz) ; (2.11)

with the wave numberk =2 = and the lattice depth V, related to the frequency
and power of the lasers. This potential, known as an optical lattice, e ectively
discretize the physical space for the atom cloud wheN( is su ciently large.

We consider the Hamiltonian in Eq. (2.9) and substitute the periodic potential.

Because this potential is a simple sum of terms depending on one coordinate

each, the Hamiltonian readily decouples into independent equations fox, y and

z. Choosing to analyse thex-direction, we start from the non-interacting case

(g=0): 7
H=dx "Y(x)

2

Vocog(kx) T x): (2.12)

Bloch's theorem states that the exact single-particle eigenstates are given by Bloch
functions,
ng(X) = €% unq(x); (2.13)

plane waves modulated by a periodic functioru that has the same periodicity as
the lattice. These functions, known from solid state physics, are characterized by
a discrete band indexn and a quasi-momentumgq in the rst Brillouin zone, and
are highly delocalized, meaning they extend over the whole lattice.

The eld operators, that create and annihilate particles, can be expanded in any
arbitrary, complete basisff; g,

Tx= X fi(x)8; (2.14)
j

with Bloch functions being one possibility, but not the ideal one in our case.
An alternative, especially convenient basis is provided by the Wannier functions
Wh(X  Xj), connected to the Bloch functions through a Fourier transforma-
tion: X _

nig(X) = wh(x  xj)ePi: (2.15)

j

These functions also form a complete basis, given that a convenient normalization
is chosen [10]. The gaps between consecutive energy bamdgrow rapidly with
increasing lattice depth. For a dilute gas of cold, weakly interacting atoms the gap

16



2.2 Sculpting with BECs

between the rst and second Bloch band quickly surpasses all other relevant energy
scales [27], i.e. occupations of the higher energy bands are vanishingly small. As
such, an expansion in terms of the lowest-band Wannier functions,

X
Tx) = wolx xp)a; (2.16)
]
su ces and results in the discrete Hamiltonian
X
H= alay +ale (2.17)
hij i

It represents a grid where single particles can hop between sites at a given tunnel-
ling rate J, de ned as
z 2.2
J= dx wo(x  Xj)

Vo Cog(kX) Wo(X Xj+1): (2.18)

r
2m

The Wannier functions depend solely on the relative distancgx Xx;j and are
well-centred around the minima of the periodic potentialx;, at least for the lower
bands. This means that atoms are therefore tightly con ned around the lattice
sitesxj = d j with only limited tunnelling between sites. The summation in (2.17)
therefore only goes over all nearest-neighbours pairs, meaning particles only jump
one site in the grid at a time. Contributions to the kinetic energy from particles
tunnelling between next-to-nearest neighbours and further is neglected in what is
called the tight-binding approximation.

Considering now the interacting case ¢ 6= 0 ), described by the Hamiltonian in
Eq. (2.9), application of the substitution results in the derivation of the famous
and celebrated Bose-Hubbard model (BHM):

X u X X
H= J &a+ > aaay +  Vvialy: (2.19)
hij i j j
The dominant contribution to the interaction energy comes from collisions between
particles on the same site. This stems again from the vanishingly small overlap of
the lowest-band Wannier functions in su ciently deep lattices. In this case, the
on-site interaction strength is given by
Z
U=g dx jwo(x)j* (2.20)
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2 Ultracold gases in optical lattices

Shifting the Wannier function from the choice x; = 0 does not change the result,
because their shape is independent of the lattice site. Lastly, the potentiaV,
originates from any other external trapping, V;(x), possibly applied to the system

and can be de ned as
Z

Vi = dxwo(x  xp)Vi(X)wo(x  xj)  VA(X): (2.21)

Here, V;(x) is assumed to be varying slowly ovex in comparison to the lattice

potential, so that we can still approximate the Wannier functions to be orthonor-

mal and neglect non-local contributions of this term. Given the lattice depth Vg

in a certain experimental setup, it is in principle possible to calculate all Bose-
Hubbard parameters in good approximation. We discuss this in more detail in
Appendix A.

2.2.3 Many-body phase diagram

Despite its elegance, the BHM is not exactly soluble, even in 1D. This contrasts its
continuous counterpart, the Lieb-Liniger model, which is exactly solvable [30, 31].
Nevertheless, a lot of its key properties are well understood. The Hilbert space
dimension D is nite, but rapidly grows with increasing number of sites L and
total particle number N as

_(N+L 1)

= NIC D (2.22)

The Bose-Hubbard Hamiltonian models the competition between the kinetic term,

that attempts to have all atoms delocalized over the lattice in an extended Bloch

state, and the interaction term, which for U > 0 aims to minimize the number

uctuations of the atoms on each site, counteracting phase coherence due to the

noncommutativity of the number and phase operators. When the tunnelling term

is dominant, in the limit U=J! 0, energy is minimized by having theN particles

delocalized over theL lattice sites. In this super uid (SF) phase, the state of the

system is well described by a macroscopic wave function, with long-range phase

coherence over the lattice sites. For a homogeneous system, in the absence of

additional trapping potentials V; = 0, the many-body ground state is then given

by [32] 0 1y
b

j il @ aA joi: (2.23)

i
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2.2 Sculpting with BECs

This state is excellently approximated by a product of coherent states at each
lattice site. In the opposing limit, J=U ! 0, when interactions are dominant, one
recovers theMott-insulator (MI) phase, with a xed, integer number of particles
per site n. The ground state is then given by a product of Fock states
Yoo
j Ml = ajy jOi : (2.24)
j

The most intuitive case is the one with unit-lling m = 1 on each site. For any
nite value J 6 0, the ground state is no longer a simple product state, like
in (2.24). However, as long as the gain in kinetic energy is smaller than the
interaction energy U, atoms remain predominantly localized. As soon ad & U,
gain in kinetic energy can outweigh the repulsion due to double occupancy of a
well. The systems undergoes a sharp phase transition from a Mott-insulator to a
super uid. Fig. 2.4(a) shows a sketch of the zero-temperature phase diagram as a
function of the parameter J=U and varying density set by the chemical potential .
A key signature are the Mott-insulator lobes at small values ofJ=U that become
smaller with increasing density. At large values ofJ=U the system always becomes
super uid. Experimentally the ratio J=U can be tuned by changing the depthVy
of the lattice potential, which has led to the observation of this quantum phase
transition [32].

2.2.4 Bose-Hubbard dimer: Josephson oscillations and self-trapping

Inthe limit m 1, the BHM is equivalent to an array of Josephson junctions with
coupling energyE; = 2nJ [10]. WhenE; U, the ground state is characterized
by a uniform order parameter, meaning equal density at each site and a vanishing
phase di erence between the sites. The smallest possible unit, a single Josephson
junction, consists of two weakly coupled BECs, which can be described by two
connected order parameters. A bosonic Josephson junction exhibits interesting
dynamics when brought out of balance [33], as shown in Fig. 2.4(b) through a
series of density snapshots. A relatively small di erence induces an alternating
current leading to the peak in density switching between the two wells, referred to
asJosephson oscillations These oscillations grow as the onset di erences becomes
larger. However, when the initial di erence exceeds a threshold, the population
imbalance remains xed over time, apart from small oscillations. This is a mani-
festation of macroscopicself-trapping, which occurs when the interaction energy
is much larger than the kinetic tunnelling energy and super uid currents become
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2 Ultracold gases in optical lattices

Figure 2.4  (a) Schematic of the zero-temperature phase diagram of the
Bose-Hubbard model. Dashed lines indicate integer lling fractionsN=L.

Figure reproduced from Ref. [10]. (b) Dynamics of a BEC in a double-well
potential following an imposed population imbalance. The top row shows a
Josephson oscillation due to an alternating current, while the bottom row
displays quantum self-trapping. The latter comes about when the initial

imbalance exceeds a critical value. Figure adapted from Ref. [33].

suppressed. Josephson physics is commonly observed in systems that describe
two macroscopic coherent wave functions separated by a thin barrier. The most
common implementation of a Josephson junction consists of two superconductors
connected by an insulator or non-superconducting material.

2.3 Atomtronic applications

Due to the advancement of experimental techniques for handling ultracold atoms,
a new research eld has emerged, the eld ohtomtronics [34, 35]. The primary
objective of this domain is to design analogues of electronic components, based on
coherent currents of ultracold neutral atoms instead of electron ows. Studies in
this eld aim to leverage quantum-mechanical properties in matter-wave circuits,
both for fundamental research as well as for technological applications. Through
the use of magnetic and light potentials, networks of functional units connected
through atomic waveguides are designed to coherently control and manipulate
matter waves. On the one hand, the eld focuses on exploiting the similarity
with the ow of electrons in an electric circuit, but it is not restricted to merely
creating analogues of existing components. The hope is to leverage the quantum
mechanical nature of ultracold atoms to create useful devices that have no direct
electronic analogue.

The importance of optical (lattice) potentials in this emerging eld can not be
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underestimated. With the e ective 1D dynamics that they bring about, these
are ideal traps to create waveguides directing atomic currents, mimicking elec-
tron ows in solid-state crystalline materials. Lattice based devices, like diodes
or transistors, have been theorized by leveraging the Mott-insulator phase and
superimposing additional potentials that modify the lattice at individual sites
[36 39]. Circuit dynamics is always driven by a battery, an applied voltage that in
an atomtronic setting corresponds to an e ective di erence in chemical potential
[38, 40, 41]. Furthermore, ring-shaped lattice potentials deep in the super uid re-
gime can serve as the atomic counterpart of a SQUID, a superconducting qguantum
interference devicé [42, 43]. Such Josephson junction necklaces, containing one
or two links, have a clear potential of being used as rotational or magnetic eld
sensors [44 46]. The aim of this section is not to propose the direct relevance
of this body of work to one or the other atomtronic device, but rather to con-
vince the reader of the general interest in this domain. Besides the search for new
and possibly better circuit components, atomtronic systems have proven useful for
probing a diverse range of many-body quantum regimes.

In this thesis, focus lies on a particular setup that has been investigated in a
number of experimental studies [47 51]. Itis realized by loading a gas of rubidium-
87 atoms into a highly anisotropic, harmonic trap and cooling it down till below
the critical temperature, resulting in a so-called cigar-shaped BEC. While this
puts the focus on the physics in the elongated direction, the cloud still retains
a signi cant radial size. Additionally, a 1D lattice potential is applied in the
longitudinal direction, e ectively breaking up the system into an array of small
quasi-2D condensates linked in sequence. A schematic representation is given in
Fig. 2.5. Each link in the array represents a Josephson junction between two BEC
of roughly 700 atoms harmonically trapped in the transverse directions. Atoms
can move in the z-direction, through the lattice, by hopping between adjacent
sites at a tunnelling rate J. The nal ingredient is a very precise external loss
mechanism. With a focused electron beam, atoms at one speci c site in the centre
of the array are ionized and this way extracted from the setup [52]. The rate at
which particles are lost from the trap can conveniently be tuned by the intensity
of the electron beam.

This setup, that tends towards an equal distribution of its atoms over all sites?, is

3These tiny devices are extremely sensitive magnetometers, capable of measuring magnetic
elds of the order 10 8T.

4The kinetic energy in the lattice dominates over the interaction energy. This corresponds to
the super uid phase in the Bose-Hubbard model.
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Figure 2.5 Schematic representation of the (dissipative) quasi-1D
Josephson array. The con guration is realised by superimposing a lattice
potential in the z-direction and harmonic trapping in the transverse di-
rections. A focused electron beam can kick atoms out of the system with
single site precision. Focus lies on the centre, where the beam is focused.
The large sequences of wells on the left and right act as reservoirs. Figure
reproduced with permission from Ref. [53].

driven far from equilibrium by this engineered dissipation. In the rst experiment
of the series, losses are turned on temporarily to create a local density dip, after
which the relaxation dynamics in the closed system was tracked. This led in
Ref. [47] to the observation ofnegative dierential conductivity (NDC) in the
atomic currents towards the centre. More precisely, this means that in the regime
of large voltages, i.e. large chemical potential di erence, the current is inversely
related to the voltage, contrasting the regular Ohmic relation at small voltages.
Interestingly, the AC Josephson e ect characteristic of a two-mode Josephson
junction is absent here, marked by the lack of oscillations on top of the DC current
into the initially emptied well.

It stands to reason that this observation sparked even more interest in this speci c
con guration, given that NDC is not uncommon in semiconductors’. Follow-up
experiments [48, 50, 51] considered the setup under continued losses, prohibiting
the system from relaxing. In this case, the central site is drained relentlessly, while
super uid currents from the left and right internal reservoirs try to counter these

%In the context of semiconductor physics, NDC is sometimes referred to as negative resistance.
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losses. It is exactly this competition between driving and dissipation that gives
rise to interesting non-equilibrium steady states, drive dissipative phase transi-
tions, and generally give rise to rich dynamical phenomena inaccessible in closed
systems. The aforementioned experimental works have instigated a number of
theoretical studies [53 56], including the work that we are about to present here.
Before we do so, however, it is important to brie y discuss the framework of open
guantum systems, serving as the foundation for our understanding of the physics
at hand.
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CHAPTER

Open quantum systems

The idealistic representation of a quantum system like an ultracold gas as com-
pletely decoupled from its environment is practical, because it allows a description
of the dynamics in terms of a unitary time evolution. Nevertheless, any phys-
ical setup is in reality part of a bigger system and as such constantly subject
to decoherence, particle losses, heat transfer, etc. due to interactions with their
surroundings. Furthermore, an additional coupling is introduced every time one
performs a measurement of the system of interest. This can induce non-unitary
dynamics and might even lead to the destruction of the exact quantum mechanical
e ects one aims to observe. It is therefore crucial to develop a framework that
includes the e ect of the environment on the regular Hamiltonian dynamics at

least up to some degree of accuracy.

The study of open quantum systems is interesting also from a fundamental point
of view, as they feature a wide range of out-of-equilibrium phenomena that are
generally out of reach in isolated systems. Studies in recent years have shown that
for some systems a well-chosen coupling to their environment can be bene cial and
drive them to desired highly entangled states [57 60]. Combining such engineered
dissipation with internal or external driving has led in a variety of systems to
exotic nonequilibrium steady states (NESSs) that otherwise cannot be reached in
closed systems [48, 61 65]. Properties of these NESSs often greatly di er from
the thermal equilibrium states of the Hamiltonian. Increasing control over open
guantum systems is also of key importance for the application in a number of

25




3 Open quantum systems

guantum technologies.

3.1 Dynamics of open quantum system

Our system of interest S is thus a subsystem of a larger whole that includes the
environment E, where the combined system can generally be assumed closed. The
Hilbert space of all states of the entire system is then simply the tensor product
of the two subspaces,

H= HS H = (31)

with the properties determined by the full Hamiltonian
H@)=Hs 1e+1s He+ H @1): (3.2)

One can distinguish the system and environment Hamiltonians together with the
interaction term describing the coupling. In principle, evolution of the complete
setup S+ E can be tracked by means of the Liouville-von Neumann equation,

A M

=5 "= (t);~ (3.3)
The reason we make a distinction of the sub-systens from the whole stems
from the fact that all our observations will refer solely to this subsystem, i.e. all
observables of interest to us are of the form& = As Ig. Here, operator Ag
acts on the Hilbert spaceHs, whereaslg is the identity operator for the space
of all environment states. As a result, when the state of the combined system is
described by a density matrix #, the expectation value for any observable acting
on the subsystemsS is determined by

n 0
Mi=Trs Arg ; (3.4)

where s = Tr gf g is the reduced density matrix obtained by integrating out
the degrees of freedom of the environment. For the purpose of monitoring the
open system, we're not interested in the enormous amount of possible states of
the environment, but merely in its e ect on the dynamics of the system. The
equation of motion for the density matrix "s is found similarly by taking the trace
on both sides of the von Neumann equation for the entire system:

h i

i“%/\g =Tre H@);"s : (3.5)
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3.1 Dynamics of open quantum system

The above equation is exact and remains too elaborate to solve. Luckily, in many
practical settings the system is only weakly coupled to anarkovian environment.

A number of convenient properties can then be leveraged to derive a viable frame-
work for determining “s(t).

3.1.1 A Markovian environment: the Lindblad master equation

The dynamics of the reduced system, represented by Eq. (3.5), can be reformulated
when it weakly couples to a very large environment. The e ect of weak interactions
from a much smaller system on the environment quickly becomes negligible with
increasing number of environmental degrees of freedom. Additionally, for such a
large system correlations generally decay over a time: that is much smaller than
R, the typical time over which interesting dynamics occurs in the system. In other
words, memory of the environment is lost much faster compared to the resolution
at which we resolve”s(t). Applying these assumptions, referred to as théBorn-
Markov approximation, leads to a more convenient, simpli ed representation in
terms of a linear di erential equation
h [
Hs;%s + D("s); (3.6)

d

a/\s(t) =
called the Lindblad master equatiort [66, 67]. The second term, referred to as the
dissipator or damping operator, is given by

1 X
D(%s) = > 2" ’\SAJy AJij s "SAJij : (3.7)
j

The Lindblad or jump operators "jy and Aj capture the e ect of the environment
on the system. Their exact form will depend on the type of interactions. If we
omit the interaction with the environment Eq. (3.6) reduces again to the regular
von Neumann equation, representing the system's unitary dynamics.

Because the di erential equation is linear in *g, it can be written in terms of the

Liouvillian L [67]:

d N

— = L .
at S S (3.8)

Formally, this equation is readily solved for any initial density matrix, i.e. ~(t) =
exp(Lt)”(0). The Liouvillian is a superoperator acting on operators to produce

ICredit where credit is due, the equation is also known under its full name, the
Gorini Kossakowski Sudarshan Lindblad equation.
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3 Open quantum systems

di erent ones. It is a trace preserving and completely positive map, ensuring that
the requirements on the density matrix remain satis ed [68]. In analogy with
the Hamiltonian for a closed system, all properties of the open system can be
determined through diagonalization of the Liouvillian [69, 70]. From here on we
will drop the subscript S and simply refer to the reduced density matrix as the
open system's density matrix .

3.2 Dissipative phase transitions

It is clear from the master equation in Lindblad form, Eqg. (3.6), that the evolution

of the density matrix is governed by a competition between unitary Hamiltonian
dynamics and the e ect of the dissipator D(#). This interplay can lead to novel
phenomena, inaccessible in closed systems. Particularly interesting is a new type
of phase transition that is brought about, a dissipative phase transition. We
provide a short summary of the general framework of dissipative phase transitions
in terms of the spectral properties as it was reported in Refs. [63, 69], with the goal
of providing insight in the results presented in the second part of the thesis.

3.2.1 Thermal and quantum phase transitions

One can generally di erentiate phases of matter based on just a few macroscopic
observables. States of the system are uniform in these macroscopic properties
within the same phase. A phase transition takes place when a drastic change
occurs in a certain property as a consequence of some external parametarossing

a critical point .. A general classi cation exists for theorder of a transition based
on the manner in which the parameter(s) change. Arst-order phase transition
features a discontinuous jump in some observable, while aecond-order phase
transition is characterized by a continuous change in some quantity that is not
continuously di erentiable. Common examples of the former are the freezing or
evaporation of water. The density of (pure) water makes a discontinuous jump at
0 C as well as100 C, relating to the exchange of latent heat. An example of a
second-order or continuous phase transition is the ferromagnetic transition across
the Curie temperature.

An insightful phenomenological theory of phase transitions was introduced by Lev
Landau, originally to better understand second-order transitions [71]. It describes
the free energy of a system in terms of amrder parameter , an extensive and
experimentally accessible parameter that should be zero in one phase ¥ ()
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3.2 Dissipative phase transitions

Figure 3.1 Landau theory of a rst-order phase transition. As the para-
meter crosses the critical point , the global minimum switches from
=0to = ;.

and non-zero in the other ( < (). The Landau free energy functionalL ( ),
parametrised by the relevant parameter , presents an e ective potential whose
minimum the system seeks to reside in. Including the lowest orders in an expan-
sion of the free energy su ces to accurately describe phase transitions. Fig. 3.1
schematically shows how the Landau free energy changes for a rst order trans-
ition as the criticality  is crossed. The local minimum at a nite value for
suddenly becomes the new global minimum, resulting in a discontinuous change
of from zeroto ;. Here, one can also notice the local maximum in the centre of
the potential. When the system resides in the elevated local minimum, it has to
overcome this barrier in order to relax to the state of least energy. This makes the
higher-energy phase anetastablestate, a state with nite lifetime. A metastable
state can be long-lived, but never eternal, since thermal or quantum uctuations
will generally be su cient to overcome the barrier in the long run. The presence
of metastable states naturally leads to the display othysteresis an e ect that is

of key importance in this work.

Di erent types of phase transitions can occur, depending on which quantity takes
up the role of Landau free energy. A classicalthermal phase transition (TPT)
occurs for thermodynamic systems at equilibrium, whose phase is determined by
minimizing the Helmholtz free energyF = E TS [71]. Competition between
the system's internal energyE and its entropy S due to thermal uctuations
can drive a phase transition, with temperature T as a control parameter. In
contrast, a quantum system atT = 0 has no entropy and occupies the ground
state, minimizing its energy. A quantum phase transition (QPT) can still take
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3 Open quantum systems

place, as a result of competing noncommuting terms in the Hamiltonian [72]. A
QPT is generally related to an avoided level crossing in the Hamiltonian's energy
spectrum, i.e. the ground state and an excited energy level approach as function
of a Hamiltonian parameter. The system's ground state is changed from one
con guration to a qualitatively dierent one when going through such a level
crossing at the critical point.

An open quantum system interacting with a Markovian environment is, as we
have seen above, governed by the time-independent master equatiaf=dt =

L( )*. The unique steady-state should satisfyL( )*( ) = 0. In analogy to the
considerations above, we can say that this state minimizes the norfnkL kq,,

implying that the Liouvillian plays somewhat the role of free energy. Changing
parameters in the Liouvillian, e.g. the strength of the unitary part relative to the

dissipative processes, can induce dissipative phase transition(DPT).

3.2.2 Spectral theory of the Liouvillian

Although there are signi cant di erences, the analogy between the quantum and
dissipative phase transition follows through quite far. More speci cally, the concept
of an (avoided) level crossing has a counterpart in the spectral theory of the Li-
ouvillian. Similar to the properties of a closed system being determined by the
eigenvectors/values of the Hamiltonian, the dynamics of the open system is fully
determined by the spectral decomposition of the Liouvillian. A convenient basis
is given by the eigenmatrices of the Liouvillian, de ned as

LA =i (3.9)

where a typical Liouvillian spectrum is shown schematically in Fig. 3.2(a) [66, 70].
The existence and uniqueness of a steady-state density matri%ss / 9, corres-
ponding to the eigenvalue ¢ = 0, can be proven under quite general conditions
[74 76]. When L is diagonalizable, its set of eigenstates provides a convenient
basis for any density matrix att =0,

X
NO)="ss+ G (3.10)
i1
hp [
*The tracenorm is de ned as kAk,, Tr = AYA: [73]
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3.2 Dissipative phase transitions

(b)
(@)

Figure 3.2  (a) Schematic representation of the Liouvillian spectrum.
Apart from the generally unique steady-state, corresponding to ¢ =0, all
eigenvalues have a negative real part. Figure reproduced from Ref. [70]. (b)
Mechanism of a dissipative rst-order phase transition. In the thermody-
namic limit the Liouvillian gap = jRe[ 1]j closes at the critical point .
At this point the steady-state is a bimodal mixture of the system's physical
state before ( ) and after (~*) the criticality. The interrupted lines rep-
resent the behaviour of around the critical point for nite systems. Figure
adapted from Ref. [69].

and consequently at any ensuing time under evolution by the Liouvillian:

Nt) = e-IN0) = Ngs + X ce ''A: (3.11)
i1

Because generalljRe ( ; 1)j < 0[66], it is easy to see that the eigenstate$; are
probed over nite times in the transient dynamics, except for ~y. Contributions in
the density matrix decomposition decay exponentially, with the longest relaxation
time determined by 1. The slowest relaxation dynamics occurs on a characteristic
time scale that is the inverse of theLiouvillian gap, = jRe( 1)j. Itis important to
highlight that the eigenstates # are not physical density matrices, i.e.Tr[*;] =0
if Re[ ;] 8 0. Due to the trace preserving property of the Liouvillian and the
requirement that the limit limyy  €-'0) = A & is satis ed for any initial density
matrix, the steady state must be given by ss = " o=Tr["0].
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3 Open quantum systems

3.2.3 Dissipative first-order phase transition and metastability

A rst-order phase transition in an open quantum system is characterized by a

discontingous ¢hange in the expectation value of an observable in the steady-state,

hOi = Tr 7O , when some parameter passes a criticality ¢. A formal de nition

is given by [69] .
@ h i

lim @Tr ()0 =1 (3.12)

for the system in its thermodynamic limit. Because of the observable's inde-
pendence of , the non-analytic behaviour is due to a discontinuity in the non-
equilibrium steady-state. In close vicinity of the critical point, two distinct steady-
states can be identi ed

!im Ns() N BT |Iirrl+ "ss(): (3.13)
It can be inferred from this that at the critical point the steady-state has a double
degeneracy,L( ¢)® =0, implying that lim, . 1( )= o = 0. Consequently,
both "( ¢) and " ( ¢) belong to the linear span off g, more speci cally “o( ¢) /
Mo+~ oand M( o)/ N M [69]. Note that this satis es the respective trace
conditions for both eigenmatrices. From this we can conclude that the steady
state at the critical point is bimodal; an equiprobable statistical mixture of the
states before and after this point. A schematic of the gap closing is depicted in
Fig. 3.2(b), from which the analogy with a level crossing in the spectrum of the
Hamiltonian, related to a QTP in a closed system, becomes clear.

Metastability can occur when a number of low-lying modes in the Liouvillian
spectrum become separated, i.e. when for the-th mode holds that jRe[ n]j
jRe[ m+1]j. This leads to a natural separation of timescales in the relaxation dy-
namics [73]. In close vicinity of the rst-order critical point, where the Liouvillian
gap closes, this is the case for the lowest eigenvalues and ¢, so for m, = 1.
Time evolution of the density matrix from an arbitrary initial state ~0)=  ¢*
can then be written as

Nt)=" st e+ ellgh: (3.14)

i=2

Evidently, all contributions in the summation become negligibly small at times
t 0= 15Re[ 2]}, assuming that the coe cients ¢ » of the initial state de-
composition are not too large. The timescale ° characterizes a short relaxation
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3.2 Dissipative phase transitions

transient. Concurrently, given that 1 is real in a nite region around (3 and
for times t = 1=, the exponential in the second term can be expanded to
give X
M) [Nss+ ™)+t ™t e'lgh: (3.15)
i=2
The separation of two di erent levels of relaxation become clear from this notation
and more peculiarly a window of metastability appears. After an initial transient,
where the system relaxes into themetastable manifold [73], dynamics remains
seemingly stationary when © t and the last two terms in Eq. (3.15) are
negligible. The state is approximately described by“ns = "ss + €171, determined
in full by the initial density matrix. In a nal stage the dynamics exhibits a further
relaxation towards the unique stationary state, at timest &

This result also relates back to a system in the vicinity of a rst-order phase
transition. Indeed, from the requirement of continuity we can deduce that

MO (3.16)

not only at the critical point, but also in close proximity to it. In this region we
nd for the spectral decomposition of any initial density matrix that c¢; 2 [ 1;1]
[69, 73]. Consequently, any metastable state is a statistical mixture of the two
extreme metastable statesy,, and ", Which we can readily identify as

“ems = " AR (3.17)

To put it di erently, if we were to initialize the system below (above) the crit-
ical point in the physical state ~* (~ ), it would remain stationary for a time
O(1= ) before relaxing further, resulting in the typical hysterical behaviour at
nite times.

Phase transitions are strictly speaking only de ned in a system's thermodynamic
limit. Systems with a nite number of degrees of freedom will never know any true
non-analyticity in their properties. For a nite system the phase will still change
when crossing ¢, but with rounding of the discontinuity. For a dissipative rst-
order phase transition this means that the Liouvillian gap will become small, yet
never truly zero. This is represented by the interrupted lines in Fig. 3.2(b), again

3Because complex eigenvalues ; appear as conjugate pairs, 1 can only approach zero over
the real axis. If Im[ 1]60 for ' ., thenalso 2 = ; would go to zero in the critical point,
resulting in a triple degeneracy [69].
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3 Open quantum systems

resembling an avoided crossing for a QPT. The steady state will then be a bimodal
statistical mixture in a region around ¢, with the weight gradually moving from
one solution to the other. For a large enough system, () will generally come close
enough to zero at the critical point that the argument on separating timescales
still holds. The transition often becomes visibly steeper as the thermodynamic
limit is approached.
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CHAPTER

Theoretical methods for simulating
many-body quantum systems

Treating any many-body system, open or closed, is a challenging undertaking. Due
to the exponential scaling of the Hilbert space with particle number/system size,
exact analytic solving of the von Neumann or Lindblad master equations is limited
to only a hand-full of small systems. More often than not, one requires methods
of approximation to gain more insight in dynamics or ground state properties. In
this chapter we elaborate on those methods relevant to the research covered in this
thesis.

4.1 Mean- eld approximation

A macroscopic number of particles populating the same single-particle state€ r)
and behaving collectively justi es the introduction of the order parameter or con-
densate wave function o(r) = Nézz( r). In the mean- eld approximation the
eld operator { r;t) is replaced by this classical eld o, equivalent to disregarding
uctuations on top of the mean value o(r;t) = h{ r;t)i. Here, the noncommu-
tativity of the operators is neglected and one describes elds with purely classical
functions. Remembering that the eld operators ful | the Heisenberg equation
(2.10), taking the expectation value results in the generalized, time-dependent
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4 Theoretical methods for simulating many-body quantum systems

Gross-Pitaevskii equation (GPE)

i~@ 0 _ ~2r 2
@t 2m

+V(r)+ g o(r;t)i®  o(r;t): (4.1)

For stationary wavefunctions the right hand side equals ¢, with the chemical
potential = @E=@Nresulting in the time-independent GPE. To retain con-
sistency, the time evolution in the case of a stationary solution takes the simple
form

o(r;t) = o(r)exp % : (4.2)

The ground state is found as the lowest energy solution to the time-independent
GPE and is often real-valued, whereas excited states like a solitonic state are
usually complex. Formally, the GPE describes a (non-uniform) dilute Bose gas
at zero temperature. However, the mean- eld approach generates quantitatively
accurate results even at low temperatures when the interactions are su ciently
weak. A general condition is a negligible occupation of modes other than the
condensate mode, the thermal occupation, relative to condensate occupatid¥g.
Throughout this work, the GPE will be employed consistently to obtain a rst
estimate of the ground state properties or dynamical behaviour of a systems of
interest.

4.2 Bogoliubov-de-Gennes formalism

The mean- eld approach can be regarded as the zeroth-order approximation in an
expansion of the eld operator in a mean part and quantum uctuations around
this mean: h i
Trty=e'®~ o)+ Tt ; (4.3)
where the uctuation operator can be expanded in terms of elementary excitations,
represented by the bosonic particle operator§ ﬁy as
X h i
Trin= umbe " t+v(fe . (4.4)
|

When the complex amplitudes satisfy the orthonormalization conditions

z
d®r wi(nu () vi(v () = i (4.5)
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4.2 Bogoliubov-de-Gennes formalism

substitution of (4.3) into the Hamiltonian for a uniform Bose gas (V(r) = 0)
results in a diagonalized Hamiltoniart

X
HO =" 1 (4.6)

This procedure, known as theBogoliubov approximation treats a weakly interact-
ing Bose gas as a gas of non-interacting quasi-particles, fundamental excitations.
The elementary quantum uctuations can also be interpreted as classical, small-
amplitude oscillations, which means that solutions of the eigenfrequencids, and
amplitudes u; and v;, are equivalently obtained in the Gross-Pitaevskii picture. In
analogy with the uctuation operator, the classical uctuation eld is

X h _ i
(r;t)= ui(ne " it+ v ()it 4.7)

Functions u;(r) and v;i(r) are obtained by solving the time-dependent GPE in the
linear limit. One obtains a coupled set of equations,

! !
o i) - B ui(r)

| - 4.8
") wi(r) (4.8)
with the Bogoliubov matrix
" #
(2=2m)r 2+ V. +2gj o g3
B = (4.9
o o) (2=om)r 2 v+ o2g g2 Y

Solutions of the Bogoliubov equations are thus found as eigenfunction@s;; v;)'
of the Bogoliubov matrix B with eigenvalues ; = ~! ;.

One can see that for each solution with eigenvalue;, a corresponding eigenvalue
; exists with eigenfunction (u;; vj)T = ( v;; u;)T. From Eq. (4.8) it
also follows that [4] b

(i) &y viv)=0 (4.10)

j =

should hold. This tells us that if an oscillation mode has a complex eigenvalue the
norm, de ned as 7

d3r (juij® j vij?); (4.11)

1Here we have left out the constant terms corresponding to the ground state energy.
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4 Theoretical methods for simulating many-body quantum systems

vanishes. A mode with complex eigenvalue will grow exponentially and therefore
indicates a dynamic instability of the stationary solution o(r). If, on the other
hand, all eigenfrequencies for a given solution are real, but there exists a mode
with negative norm, the solution is energetically unstable. This implies that the
stationary solution is not the ground state, but does not necessarily mean that
the state is unstable [77]. Because the (real-valued) condensate wavefunction
satis es the GPE, the presence of a zero eigenvalue modes; vi)' =( o, o)"

is evident. This mode, with a norm equal to zero, is consistent with a global
phase rotation of the condensate wavefunction and is inseparably linked to the
spontaneous breaking of the continuous) (1) phase symmetry that occurs over the
transition to a condensate. This zero-mode is referred to as th&oldstone mode
Throughout this work, the above mentioned formalism is leveraged to determine
corrections to mean- eld solutions as well as determine their stability under small
perturbations. These solutions can be obtained through real or imaginary time
evolution of the GPE.

4.3 Phase space methods

Essential in the treatment of a system in classical mechanics is the notion of the
phase space. This collection of points, each corresponding to a unique state of the
system, spans all possible states, with each axis representing a degree of freedom.
For quantum systems, described by a density matrix, an analogous concept exists,
where states can be de ned in the space of coherent phases. Unlike in classical
mechanics, quantum states are prevented from being portrayed by a single point
in phase space due to the Heisenberg uncertainty principle. Consequently, even a
pure quantum state corresponds to ajuasi-probability function with a nite spread.

Di erent phase-space descriptions have been developed over the years, each with
their own merits and drawbacks. Initially applied in quantum optics [67, 78, 79],
these methods are now e ectively adapted to atomic systems [53, 60, 80 82]. They
are particularly of great use due to their compatibility with classical noise theory,
enabling more intuitive analyses.

4.3.1 Coherent states

In second quantization, each bosonic mode is treated as a harmonic oscillator,
acted on by the creation and annihilation operators analogous to the ladder oper-
ators of the harmonic oscillator introduced in rst quantization. For a single mode,
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one can introduce in a similar way the hermitian amplitude operators [78]

/\+/\y

X = ;
2 (4.12)

N /\y

2

that serve as dimensionless position and momentum operators. These operators
satisfy the commutation relation

h P
X; B = > (4.13)
implying a minimum uncertainty product:
X P %; (4.14)

where the variance of an operatoi® is denedas O = (O h &i)2 . Coherent
states not only have minimal uncertainty, but also have equal uncertainties in both
quadrants ( X = P = 1=2) and are therefore the quantum mechanical state
closest to a classical state. Coherent states, denoted @si, are generated from
the vacuum by application of the displacement operator [78, 79]:

ji=D()j0i=zexp VY E (4.15)

where is any complex number. Coherent states can contain an inde nite number

of particles, but possess a well-de ned phase. Despite their non-orthogonality,
coherent states form an overcomplete set and can therefore be used as a basis for
expanding more complex quantum states.

4.3.2 P-and Q-representations

Two representations widely used in quantum optics are thé&lauber P - and Husimi
Q-representations, which are both obtained by expanding the density matrix in
the basis of coherent states. Moments of thé>- and Q-function correspond re-
spectively to expectation values of normally and anti-normally ordered operator
products [67, 79]. These ordering conventions are crucial to account for the loss of
noncommutativity when transitioning from quantum operators " to classical vari-
ables . Both representations have their particular strengths and limitations. For
certain states the P -function approximates a classical probability, though for some
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quantum states no valid P-representation exists [79]. In contrast, theQ-function

is always non-negative and exists for those states lacking R-distribution. Both
representations are mathematically connected [67], and while both are central to
phase space analysis, a detailed description of these representations would bring
us too far from the core of the matter. We kindly refer the interested reader to
the references mentioned at the beginning of this section for more details on these
and other phase space representations.

4.3.3 Wigner function

The Wigner W -function, originally designed by Wigner in 1932 [83], was histor-
ically the rst distribution. It was initially formulated as a quasi-probability in
position and momentum space for a single particle and is most conveniently de ned
through the characteristic function,

n )
w(; )=Tr ~exp vV N (4.16)

the expectation value of the displacement operator. Similar to classical probability
distributions, the Wigner function is computed as the Fourier transform of the

characteristic function:
Z

1
W(; )= 5 d® exp( ) w(s ) (4.17)
whered? =dRe[ ]dIm[ ]. Moments of this phase space density function corres-
pond to expectation values of symmetrically ordered operator products,
Dn o E Z
"()® = & T )PW( ) (4.18)
sym
One can show that aW -function exists for any density matrix [67]. Using the
de nition of the characteristic function it is possible to relate this function to the
other representations like for example theP -function [84]:
2 z
2
W(; )=Zed1” ddYP(; Vexp 2 +2 Y 2 Y : (4.19)

A few examples oW -functions of important states are considered in Fig. 4.1.

" From the density operator for a pure coherent state™ = j ih j it follows
that 5
We(; )= Zexp 2] i? (4.20)
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The shape of a coherent state in phase space does not change from the
vacuum j0i, but is simply a displacement to a new complex mean value.
Coherent states are fully isotropic in phase space, i.e. they have the same
uncertainty in X and P.

P
" Athermal state, .y = 1 e ™ ,jnihnje ™ = corresponds to a sim-
ilar Wigner function (= 1=KT) [67]
2 h i
Wr(; )= Ztanh( ~1=2)exp 2j j*tanh( ~1=2) : (4.21)

Although it retains the phase symmetry, the function is more spread out due
to the addition of thermal uctuations on top of the vacuum uctuations.
The limit T! O recovers (4.20) for =0, the vacuum.

From the thermal state Wigner function an expression can be derived for
the Fock number statejni. An example forjn = 3i is plotted in Fig. 4.1(c)
showing the highly non-classical nature of these states. Although this dis-
tribution is still circularly symmetric, it oscillates radially and has regions
of negative probability.

Figure 4.1  Wigner representations of common quantum states like a
coherent statej =1=2+ i=2i (a), a thermal state at temperature ! =1
(b) and the Fock state jn = 3i (c).

4.3.4 Truncated Wigner approximation

A straightforward proof demonstrates that a Wigner function exists for any dens-
ity operator [67]. In addition, it is possible to express the evolution of the Wigner
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function in time under the e ect of the system Hamiltonian in the same way that
the master equation quanti es this for the density matrix. An equivalent dif-
ferential equation governing theW -function can be derived from a master equa-
tion by applying a set of operator correspondences These relations are given by
[67, 81]

1 @ L. 1 @
/\j,\$ P+ 5@ W( ; ) /\jy/\$ j 2@, W( . ),
Ty (4.22)
1 @ A 1 @
AMUS = W) AYS  + = W( )
] J 2 @ J ( ) j j 2 @ J ( )
for a multimode bosonic system where=(  1;:::; L)' is the vector of complex
phase space variables. The Wigner function is then de ned as
Z d2L
W(; )= ——exp 7 Y oow( ) (4.23)

Taking the Bose-Hubbard model (2.19) as an example, from the von Neumann
master equation then follows the PDE

s " #
QW ; ;1) @ @
~——" = —F+ —F W(; ;t
@t e T W
i " # (4.24)
+E @ @ @ i W( 5 )
4 i @j@j @j @j
for the Wigner quasi-probability function. The drift term
h i
Fi=id(ja+ 0 vV UGIP Dy (4.25)

is associated with the deterministicmean- eld time evolution. This is where a
powerful tool central to this approach emerges. Equation (4.24) in its current con-
dition is quite di cult to solve. Things can be simpli ed when the terms containing
third order derivatives are left out of the equation. Fortunately, these terms scale
as/ UN ! and can at rst be neglected in the weakly-interacting, large mode
occupation limit. This is exactly the Truncated Wigner Approximation (TWA). In
this case, (4.24) reduces to a multivariate Fokker-Planck equation, here without
diusion term. Crucial here is that if the initial distribution is strictly positive
valued and can be described by a Fokker-Planck equation, it can equivalently be
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4.3 Phase space methods

described by a set of di erential equations [85]
~d j = Fjdt (4.26)

Quantum uctuations are contained in this approach in the sampling of the phase-
space variables from the initial Wigner distribution. Moments of the W -function,
which can now be interpreted as a true probability function, correspond to aver-
ages over the deterministically time evolved phase space variables, denoted by the
subscript W. Taking into account the symmetrization we nd for example for the
density

L

hi ji%iw bt Y% gsymi = Mi + (4.27)

é.
One can see here that even in the vacuum, wherthi = 0, each mode of the
system has a half particle occupation, the vacuum noise, due to the nite variance

on complex phase space variables.

We conclude this section with a couple of important remarks. The TWA is ex-
tremely useful in that one can rely upon concepts of classical noise theory to access
guantum mechanical time evolution. Nevertheless, it remains an approximation
and as a consequence excludes negative Wigner functions, like superpositions of
Fock states or cat state$, that arise for certain processes. We cannot easily sample
an initial W -function with regions of negative probability and due to the absence
of third order derivatives in Eq. (4.24) any positive function will never become
negative. It should be noted that these phenomena are very rare in the case of
weakly interacting BECs. Lastly, the interpretation of TWA results deserves a
small remark. Technically, only large ensemble averages of stochastic quantities
can be compared with the corresponding correlation functions obtained through
experimental measurements. It is however not surprising that single noisy trajec-
tories bear great resemblance to single experimental realisations. In the same way
that the GPE is a good predictor of the classical limit of a quantum evolution,
each Wigner trajectory seems to correspond to one plausible outcome of the given
experiment at least for highly occupied elds.

2Cat states are superpositions of macroscopically di erent coherent states [79]. A modest
example is the linear superposition of two coherent states with opposing phases,jcati j i+ .
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4 Theoretical methods for simulating many-body quantum systems

4.4 Projected c- eld methods

In Chapters 7 and 8 of this thesis we will consider two- and three-dimensional
BEC con gurations. With rapidly growing system sizes the limiting factor for
numerical simulations of these systems will be the computational cost. Unraveling
the time evolution, even at the lowest order, can become demanding in higher-
dimensional settings. In the most obvious approach, one can consider a discrete
spatial grid of equidistant points on which to evaluate Eq. (4.1),. The box, with
sizesl_Q in the dimensions = Xx;y;z and a total volume V = L , contains
N = N grid points. For this discrete grid to be a good representation of
reality, some requirements should be fullled. Naturally, the step size in each
direction should be smaller than the physical scales, i.e. the healing length or
the de Broglie wavelength 1. The lower bound, on the other hand, is set by
the s-wave scattering length as, leaving room for a wide range of grid spacings.
Naturally, we want to minimise the number of grid points, to reduce computational
cost, without compromising the accuracy of our calculations. The projected c-
eld methods provide a framework that further relaxes the requirement put on
the energy cut-0 Enax, directly related to the smallest length scale included in
simulations.

4.4.1 Projected Gross-Pitaevskii equation

Central to these approaches is the subdivision of low-energy subspace, set by as-
suming an e ective contact interaction (2.8), into two more regions. A distinction

is made between a delimited coherent or c- eld region, containing not only the
condensate, but all highly degenerate modes, and the incoherent region consisting
of the remaining, sparsely occupied modes. This is made clear in the schematic
view in Fig. 4.2, for a harmonically trapped system. While all individual modes

in the incoherent region are sparsely occupied, the overall occupation of this re-
gion can still be signi cant, depending on the temperature. Nevertheless, their
in uence on the coherent dynamics remains small so that their exact evolution
can often be disregarded. The idea of introducing a cut-o to the coherent region
represented by the GPE was rst coined in 2001 by Daviset al. [86] and clearly
reviewed in Ref. [81]. We use these and other references [87 90] to summarize the
projected c- eld methods in this section.

The split between coherent and incoherent region is implemented by means of the
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4.4  Projected c-field methods

Figure 4.2 Delimitation of the low-energy subspace L in a harmonic
trap energy landscape, and further subdivision into an incoherent regiori ,
and a coherent regionC. Generally, only the latter requires a microscopic
description using classical elds. Figure reproduced from Ref. [81].

projection operators Pc and P, , which are de ned as

X z
Pc[F(r)] = n(r)  d3% L (rYF (@Y, (4.28)
;(ZC 7
PIF()]=1 P c= n(r)  d3° L(rOF(r9: (4.29)
n2C

The coherent regionCis the collection of all low-lying energy modes below a certain
energy cut-o ¢y and the setf g denotes the basis in which the single-particle
Hamiltonian diagonalizes. We de ne respectively the coherent- and incoherent
eld operators

R h i X h i
(N=Pc Tr) = &) and A)=P Tr); (430
n2C
that together make up the original eld operator
Tr)=(Pc+P) T )= "(nN+"(r): (4.31)

The cut-o for the coherent region is determined by the requiremeng that M4y
1, meaning that the matter eld for these modes will behave rather classically al-

3The coherent region may also contain modes of low occupation that are still crucial to the
dynamics, as we will see later on.
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4 Theoretical methods for simulating many-body quantum systems

lowing us to drop the operator character and write

N X
()t (r)= Ch n: (4.32)
n2C

The commutator of the coherent eld operators is given by

h i
"9 = oY (4.33)

where the kernel of the projection operator

X
or;r9 = n(r) o(r9 (4.34)
n2C

acts as a Dirac-delta distribution for any function in the coherent region:
z

)= d&° 9 (r;r9: (4.35)

Evolution in time of the coherent eld is obtained by applying the projection
operator P to the GPE (4.1). Neglecting interactions with the incoherent region
entirely, the equation of motion (EOM) reduces to the so-calledprojected Gross-
Pitaevskii equation (PGPE):

. 2
i~@ éc;’tt) = %r 2 V(@) (rt)+gP j (r;v)j? (r;t) (4.36)
The requirement for the inclusion of a certain mode , in the coherent region is, as
stated before,jcnj2 > n cut, Where the cut-o occupation is often of the order 1 to
10. However, when a system contains a large thermalized coherent region, an even
larger incoherent region will be present whose e ect will be signi cant. The PGPE
cannot capture the full dynamics for an experiment with a Bose gas at some nite
temperature. Yet, one can expect the equilibrium state of the microcanonical
system, simulated by the PGPE, to be similar to that of the coherent region when

it would still interact with | . For su ciently many degrees of freedom, uctuations

of energy and particle number of the grand canonical system will in fact be small
[86 88].
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4.4.2 Truncated Wigner formalism

In this work we will predominantly treat systems residing at temperatures well
below the critical temperature, in which case even the coherent region will contain
many lowly occupied modes. Although this means that the incoherent modes are
more or less unoccupied and have no signi cant contribution, the e ect of quantum
uctuations on the coherent elds is all the more important. In this case, an
adaptation of the TWA to the projected c- eld theory can bring salvation. The
de nition for the coherent Wigner function W¢(; ) is the same as in Eq. (4.23)
for a system with L modes in the coherent region and a vector of mode amplitudes

value for the eld density to be

z c(r;r)
2

d® j (iPWe(s )= hY(r) ()i + : (4.37)
which immediately indicates why a cut-o had to be introduced. Half a quantum
is added to each mode inC to mimic quantum uctuations, but this would lead
to an ultraviolet divergence if all physically possible modes would be included in
the theory. Projection involves only a nite number of modes, making the second
term a well-de ned addition.

Similarly as before, the von Neumann equation for the density matrix of the co-
herent region, .
. @c _ hlq al

I~@ = c'c o, (438)
can be mapped onto a time evolution equation foW¢. This does require a slightly
di erent set of operator correspondences that implement projected functional de-
rivatives [91]. To maintain the overview we do not list them here, but instead
jump straight to the Langevin-type equations that follow in the truncated Wigner
approximation [81]:

. n h ' o
i~@gﬁt)=Hsp (MO+P g (MO o) () @ (439)

Here, Hsp = ~?r 2=2m + V/(r) is the single-particle part of the Hamiltonian.
Treating this multimode system is intuitively not much dierent from the L
coupled modes of the Bose-Hubbard system in the TWA (see Sec.4.3.4), apart
from the interactions which couple each single-particle mode to all the others. A
detailed explanation on how to evaluate the matrix elements of the non-linear
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interaction term for a harmonically trapped system can be found in Appendix
A.

4.4.3 Finite temperature

Egs. (4.36) and (4.39) are approximate descriptions of the coherent eld evolution.
In all generality, the EOM still contains cross-terms that couple to the incoherent
eld [86]:

@ 2%, e °

=Hsp +0P jj° +gP 2 Phi+ 20V
@ ) o (4.40)

+gP WM +2 YA+ YA

This equation describes the exact evolution of the coherent eld and is referred to
as the nite temperature projected Gross-Pitaevskii equation (FTPGPE). It gives
a more complete picture, but is rather complicated to implement numerically and
goes beyond the scope of this work. A detailed account on the FTPGPE is found
in Ref. [87]. When the regionC is large, at temperaturesT  T¢, uctuations
in total particle number and energy due to the cross-terms will be small and a
description of the coherent region as a microcanonical system is justi ed.

4.4.4 Spectral basis

This brings us to a last important point, the choice of the single-particle basis. Care
should be taken that the numerical representation of all basis modes brings about
a faithful representation of the physics that one aims to describe. In practice,
modelling is performed by numerically solving the time evolution of the mode
amplitudes in the coherent region:
T R (4.41)
dt
with the eigenenergies , < . The diculty now lies in the evaluation of the
matrix element of the interaction, de ned as
z
Foo o dr w(i (i (1) (4.42)

which requires the transformation of the spectral eld to a quadrature grid in

real space. For a homogeneous Bose gas for example, where an expansion in
plane waves is appropriate and commonly used, the cubic interaction can lead to
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momenta up to three times larger than those included in the coherent eld. An
accurate portrayal of the coherent region therefore not only requires the explicit
application of the projection operator, but also to retain su ciently many points in
the quadrature grid above the cut-o energy to insure that the non-linear elements
are evaluated exactly for the states in the coherent region [81, 89, 92, 93].

Using a grid method based on plane wave basis states, that bear little resemblance
to the harmonic oscillator modes, to model a trapped g%s is extremely challen-
ging. Even the optimal plane-wave representation. = 2 ~N =m! , which
has a cut-o consistent in real and momentum space, will include inaccurate high
energy modes displaying anomalous dynamics [92]. Fig. 4.3 displays the di erence
between the phase space covered by the optimal plane-wave and the harmonic
basis. A classical particle in a 1D harmonic trap generally describes circular tra-
jectories in momentum-position space. A circular projector is therefore deemed
ideal. Although the optimal plane-wave basis covers nearly the same region, it also
inaccurately incorporates high-energy modes. The poinA in Fig. 4.3 should cover

a clockwise trajectory, but instead seemingly iterates counter-clockwise through
the points A-D due to running into the edges of the plane-wave projected region.
Moving further away from the optimal plane-wave basis, even more modes will po-
tentially su er this anomalous evolution. Using a plane-wave basis for the PGPE
is expected to result in an inconsistent representation of these corner regions, lead-
ing to e ects like Umklapp scattering Additionally, a plane-wave basis requires a
much ner quadrature grid to determine matrix elements in (4.42) accurately. In
Appendix A we provide a detailed outline of the e cient numerical scheme based
on an expansion in harmonic oscillator states.
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4 Theoretical methods for simulating many-body quantum systems

Figure 4.3  Phase space coverage by an optimal plane wave (dashed), a
sub-optimal plane-wave basis (dash-dotted) and harmonic oscillator basis
(shaded). Figure adopted from Ref. [92].

4.5 Other approaches

The overview of theoretical methods in this chapter was limited to those relevant
that will be of use later on in this thesis. A much larger list of exact and approxim-
ate methods to treat (open) quantum many-body systems exist in the literature.
We shortly mention a few related techniques here.

Exact solution exists for several models, mostly for discrete lattice systems [61, 94
99]. Any Hamiltonian (or Liouvillian for an open system) can - in theory - be writ-
ten in matrix representation and solved through numerically exact diagonaliza-
tion by means of di erent software packages. This approach is limited, however,
to small system sizes given the quadratic scaling® of the computational costs
with the already exponentially increasing Hilbert space dimensionalityd.

Avoiding the need to time evolve the full density matrix of sized? are the quantum
trajectory approaches in which dissipative dynamics is unravelled through the
stochastic realizations of pure states - of sizd only - in which the density matrix
can be decomposed [100 103]. In return, large samples have to be gathered for
small statistical errors. Any real gain is only obtained when this sample size is
smaller than the size of the Hilbert space. It is a powerful method that mimics the
continuous measurement of the system, but, despite the reduction, computational
complexity remains a bottleneck for these numerically exact trajectory methods.
Because the expansion of the density matrix in pure states is not unique, di erent

50



4.5 Other approaches

unravelings are possible relating to di erent measurement schemes. We emphasize
the di erence with the classical trajectories in the TWA, which occur in phase
space rather than Hilbert space. Because phase space dimensionality increases
only polynomially it has a computational advantage, which comes at the expense
of getting only approximate solutions.

A long-established class of techniques in the study of closed quantum systems are
the variational methods , both for determining ground-state properties as well
as tracking the dynamics in a time-dependent variational principle. In general, the
state of the system is limited to a region in Hilbert space and indicated by a set
of variational parameters found through optimization. More recently, variational
methods have been successfully applied to open systems where, instead of the
system energy, the norm of the full master equation is minimized in search of an
approximate steady state [104 106]. Approaches to study open quantum system
are more often than not combinations of di erent approaches. Interesting works on
systems somewhat related to those that form the subject of this work for example
focus on variational quantum trajectories [107 109].
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Part 11

Dissipative rst-order phase
transition

53






CHAPTER 5 .

The single-mode non-linear resonator

The dynamics of a quantum many-body system signi cantly changes when one in-
corporates environmental interactions, revealing a range of novel phenomena that
are typically inaccessible in closed systems. Of particular interest are properties
of the steady states, which arise from the balance between an engineered drive
and dissipation in open systems, as well as the relaxation towards these states.
At the centre of this work are dissipative atomic systems, for which most features
are highly tunable, including often also the connection to the environment. How-
ever, a lot more studies have been performed in the context of optical systems
that are inherently lossy and generally require the inclusion of the environment in
their theory. One particular phenomenon, initially studied in a quantum optical
setting, is that of the rst-order driven-dissipative phase transition. Because of its
relevance to our results in the following chapters, we discuss this property here in
its original setting.

There exists now a vast body of theoretical studies detailing the emergence of
such phase transitions in a plethora of systems including but not limited to spin
models [63, 110 112], photonic systems [94, 113 115], polariton condensates [116]
and superconducting cavities [117]. Related to the physics of dissipative phase
transitions are phenomena such as hysteresis [118] and critical scaling [116]. This
chapter contains an overview of these concepts in an out-of-equilibrium setting
based on the description of a paradigmatic model, the single-mode non-linear
resonator. This minimal model for a dissipative phase transition has been studied
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5 The single-mode non-linear resonator

extensively over the past decades and is therefore a suitable benchmark for future
results.

5.1 Single-mode optical cavity

Consider a single-mode, weakly interacting bosonic eld, inherently lossy and sub-
ject to an external coherent drive. The Hamiltonian governing the unitary dynam-
ics is then given by

U h i
H =~ aa+ an2a2+ Fe "d'& + hic: ; (5.1)

whereas the single-particle losses can be well described in the Born-Markov ap-
proximation by means of the Lindblad master equation,

d h [

i~—"r= B~ +i- 2am aar A (5.2)

dt 2
Here, the operator&¥ (4) creates (annihilates) a bosonic excitation in the cavity
with mode frequency! ¢, while U quanti es the interaction strength and F the
intensity of the driving at a frequency ! 4. The dissipation rate, the average rate
at which photons are lost from the cavity, is given by . A more convenient frame
of reference is the one rotating with the driving frequency. Transforming to this
frame removes the explicit time dependence of the driving term and introduces

I =14 !, the frequency detuning between the cavity and the drive.

This generic model characterizes a class of systems that exhibit hysteresis around
a critical point. It can be obtained for example for semiconductor micropillars
driven by a laser [119 121] as well as in a circuit QED context [122, 123]. Analytic
expressions for the out-of-equilibrium steady states in the classical limit together
with a fully quantum mechanical treatment were discovered by Drummond and
Walls [61]. To this end, it is convenient to introduce the scaling parameten so
that

U=UN; F=F= N (5.3)

This parameter does not correspond exactly to the particle number, but is of the
same order of magnitude. As such, a well-de nedzero-dimensional thermody-
namic limit exists for N' 1 1, that keeps UF? constant. It is re ective of a
system's spatial size going to in nity while keeping the chemical potential xed.
In this limit quantum uctuations on top of the mean- eld dynamics become in-
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signi cant (see later) and the system behaves classically.

5.2 Mean- eld analysis

The mean- eld equation of motion for h &i is obtained from Eqg. (5.2) by
assuming all expectation values of operator products factorise:

d
Y- _ ' + L2 i ~4 ; )
[ . gjTj°c i > F; (5.4)
P—. . . : .
where "= = N is the rescaled eld amplitude. Notice that this GP-like equa-

tion is invariant under scaling by N' and depends, for a given loss rate and detuning
only on the value OF? = UF?2,

For the system to be in a steady state, the phase has to be locked to the driving
frequency and as such the stationary solution of Eq. (5.4) should be of the form
~= " ne ,wheren and are constants in time. Substitution in the di erential
equation leads to equations for the rescaled steady-state density [53, 61],

2

n On ~ 1 + = F?; (5.5)

2
4
and the phase lag,

=arctan ——— + ~ 1 0On : (5.6)
On -~ !
Real and positive roots of the former give the steady-state densities that together
with the phase rotation frequency and the phase lag, obtained from the latter,
amount to the full solution. Critical points in the cubic function for n, given

>y P12
2 1 34
n = R (5.7)
30
delinegte the boundaries of the region where three solutions exist. When >
2 !=" 3these values become complex, meaning Eq. (5.5) will have only one real

root. Straightforward application of the stability analysis outlined in Sec. 4.2 tells
us that only two of the three solutions in the nite range Fi F(ny) < F<
F F(n ) are stable. Steady-state lling levels can be divided in a stable
upper and lower branch, indicated by the full lines in Fig. 5.1(a), and an unstable
middle branch, marked by the dashed lines. As a result, the system is bistable in
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Figure 5.1  Steady state solutions for the driven-dissipative single-mode
resonator with interaction strength U = 1:0 and frequency detuning ! =
0:5. (a) Rescaled photon density in function of the driving amplitude for
di erent loss rates. The curves correspond from left to right to = ! =
0:25;0:75; 1:25. Dashed lines indicate dynamically unstable solutions. (b)
Phase lag againstF for the two lowest values of plotted in (a) for which
bistability occurs. The upper branches close to correlate to the low density
phase. (c) Phase diagram inF( )-space. The bistability region (shaded)
is bounded by the turning points in the cubic equation (5.5). The dots
indicate the same critical points in all three gures for the speci c value of
= | =0:25

the mean- eld limit and exhibits hysteresis when varying the driving amplitude.
Starting at a small driving amplitude and gradually increasing F the lling level
will remain on the lower branch until the critical point n is reached. A sudden
jump to the upper branch, the only possible steady state, will then be observed.
Subsequent decrease of the driving strength will not immediately lead to a reverse
switch down, but rather a decrease of the lling level along the upper branch in
Fig. 5.1(a). At the second critical point, n,, density will suddenly drop, closing
the hysteresis loop.

The full phase diagram inF- space is shown in Fig. 5.1(c). Interestingly, the range
of values for the driving for which the system is bistable is maximal at = 0, with
the bistable phase persisting down toF = 0. With increasing dissipation the

bistability region shrinks, nally closing at the critical point = ! =2= 3. At
the cusp, the two stable branches merge into one continuous solution(F).

5.3 Exact guantum-mechanical solution

The bistability predicted in the mean- eld approximation is apparently in contra-
diction with the uniqueness of the quantum state and all observables (like particle

58



5.3 Exact quantum-mechanical solution

number) derived from it. A full quantum mechanical treatment of the Lindblad
master equation in (5.2) quickly brings clari cation. In the regime of mean- eld
bistability the exact steady-state solution reveals a bimodal structure, i.e. the
true state is a statistical mixture with probabilities of observing di erent densities
clustered around the mean- eld stable predictions. It is the lack of thermal or
quantum uctuations in the mean- eld approach that made these solutions' come
across as stable. The approach for solving Eq. (5.2), set out in Ref. [61], is based
on the transformation to the equivalent complex P -representation. The ensuing
Fokker-Planck equation is exactly solvable for the steady-state quasi-probability
function. Alternatively, the solution for the quasi-probability distribution can
be converted to a Wigner function, resulting in the relatively elegant expression
[84]

Js 1 P 16 F=U

( )(s 1)=2 , (5'8)

W[: :F]=Ae 237

where A is a normalization constant, s = 2( ! + i=2)=U and J (2) is the
Bessel function of the rst kind. These expressions, because they are positive
valued over the whole phase space, resemble actual probability functions and allow
for explicit, interpretable phase space pictures. The second panel in Fig. 5.2 for
example clearly illustrates the bimodal character. Outside the bimodal region the
statistics becomes similar to the classical limit, i.e. a single peak around the only
stable mean- eld solution. The exact quantum state thus forms an interpolation
between the two steady-states by gradually converting the statistical weight from
one solution to the other.

This is re ected in the observable properties of the system as well. From the
steady-state P -function an analytic expression for the normally ordered operator
moments has been derived [61, 84]:

g (9)(s)oF2 m+sm+s;8E 7
Ymami = — 5 (5.9
U ' (m+s)(m+s)F, sis:85

with oF, the hypergeometric function de ned as

R (9(d 2"
ho (ctn)(d+ n) n!’

oF2(c;d; 2) = (5.10)

In the framework of the Liouvillian spectral theory discussed in Chapter 3, the mean- eld
solutions are the extreme metastable states
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Figure 5.2  Examples of the exact steady state solutions of the Lindblad
master equation (5.2) represented in Wigner phase space. The plots show
the solution at F= =0 :40; 0:44 and 0:50 respectively with = ! =0:25,
UO=1! =05and N =2.

The uniqueness of the stationary state is evident from the plots of the rescaled
photon density n = MYai=N" and the second order correlation functiong® =
haY?a4%i=n in Fig. 5.3. For small values ofN" the transition from low to high photon
density is smooth. In the crossover regime the system probes two regions in phase
space resulting in a wide peak ing@®, i.e. large uctuations. With a growing
scaling parameter an increase in the sharpness of the transition can be seen, while
at the same time the width of the peak in Fig. 5.3(b) decreases. The region where
the Wigner function is bimodal shrinks. Consequently, in the thermodynamic limit

N 11 the transition is a discontinuous jump at a single point, the critical point

F¢, indicative of a rst-order phase transition.

Attributed to the bimodality is a typical switching of observable values between
the two mean- eld predictions driven by uctuations. This can be observed in
individual experiments or single numerical simulations of the time evolution that
include quantum- or thermal uctuations [120, 121, 124]. The switching rate quan-
ti es the characteristic relaxation time, set by the Liouvillian gap, that undergoes

a critical slowing down towards the transition point. Moving away from this trans-
ition point, one of the two branches becomes increasingly stable at the cost of the
other becoming more unstable. It is exactly this divergence of the relaxation time
around the phase transition that gives rise to hysteric behaviour. In the ther-
modynamic limit, equivalent to the limit of large photon numbers, the Wigner
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5.4 Cavity lattices

Figure 5.3  Properties of the unique steady-state density matrix. De-
pendence of the average rescaled density (a) and the second order correlation
function g (b) on the rescaled driving amplitude are shown for = 0:5,

U=2 and ! =4 . The rescaling parameterN is varied. From light
to dark N =1;2;10. The density is compared to the mean- eld prediction
(black lines).

function becomes single peaked for all values of the driving amplitude, except at
the critical point where it features two peaks with equal weights. In this limit
the e ect of uctuations becomes negligible resulting in extremely long relaxation
times compared to the natural time scales of the problem, i.e. when initialized in
one of the two (meta)stable states, the other region in phase space will only be
probed at very late times. The mean- eld picture can thus be reconciled with the
unigue steady state in the sense that for large occupations and at nite times the
system will exhibit apparent bistability.

5.4 Cauvity lattices

Recent advancements have allowed also the experimental consideration of spatially
extended systems in the available platforms, which in turn has driven theoretical
advancements. Originally, ultracold atomic gases were the preferred candidates
to experimentally validate the celebrated Bose-Hubbard model (see Sec.2.2.2),
but for quite a while now this physics has also been within the reach of optical
systems. Conventional platforms include semiconductor microcavities [125 129],
circuit QED architectures [130 132] and photonic crystal nanocavities [133, 134].
The minimal model, the Bose-Hubbard dimer, consists of only two lossy coupled
resonators, which, despite its apparent simplicity, supports a wide range of addi-
tional non-linear phenomena. Under symmetric excitation results are qualitatively
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the same as for the single dissipative resonator [124, 135], but asymmetric driving
in combination with the possibility for self-trapping allows for a more elaborate
mean- eld phase diagram [103, 114, 128]. Larger driven-dissipative lattices in one
and two spatial dimensions have been widely studied as well [108, 136 140]. The
Bose-Hubbard phase diagram with its typical Mott-insulator lobes is drastically
altered due to the combination with the single resonator bistability. In the next
chapter, we treat a hybrid version that still features Bose-Hubbard dynamics and
(localized) single-particle losses, but lacking the external coherent drive typical for
laser driven optical systems.
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CHAPTER 6 .

Dissipative Bose-Hubbard array

The majority of the results presented in this chapter were peer reviewed and
published as [141]:

Nonequilibrium steady states and critical slowing down in the dissipative
Bose-Hubbard model
R. Ceulemans & M. Wouters, Physical Review A, 108, 013314 (2024)

Contrary to photonic systems, ultracold atom con gurations are typically ex-
tremely well isolated from environmental interactions. Intrinsic losses from three-
body recombination can often be neglected over experimentally relevant times-
cales. As a result, continuous replenishment of particles is in most cases unne-
cessary, and the relative importance of any externally engineered dissipation over
Hamiltonian dynamics can be more nely tuned.

In the following chapters, we will explore the physics of a dissipative Josephson
array, a spatially extended super uid con guration which is treated as perfectly

isolated apart from an engineered localized loss process at its centre. Interest
for this particular system has grown over the past decade, following a series of
experiments where it was realized using an elongated atomic BEC loaded into a
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6 Dissipative Bose-Hubbard array

unidirectional optical lattice [47, 48, 50, 51]. In this setup, a focused electron
beam introduces loss to a single site in the lattice at a rate , adjusted via the
beam's intensity. The surrounding sites, una ected by the beam, act as a reservoir
by providing re lling particle currents. Notably, this system features only losses
without compensating driving, meaning that in the true steady state ast ! 1
the system becomes trivially empty. However, for su ciently large arrays, quasi-
stationary states can persist for extended periods of time [48, 50]. Signatures of a
rst-order dissipative phase transition have been observed experimentally and are
investigated from a theory point of view in this and the following chapters.

Although the multimode nature of each site is essential for any quantitative com-
parison with experiments, this chapter simpli es the description to an array of
coupled single-mode cavities. Having reviewed the physics of the single-mode
driven-dissipative resonator in the previous chapter, we now break down the prop-
erties in the BHM with loss. We thus begin by focusing on the longitudinal dy-
namics before considering the e ect of the system's transverse extent in Chapter
7.

6.1 Bistability in the mean- eld approximation

Unitary dynamics of the closed system is governed by the Bose-Hubbard Hamilto-
nian, detailed in Sec. 2.2. The process of individual particleseaking or being
kicked out is best modelled through the Lindlbad master equation (3.6) with jump
operators

=Py (6.1)
that annihilate a single particle from the j -th site. We are speci cally interested
in the situation where the average loss rate is zero for all loss channels except for

one, j = j;0-

Typically, quantum uctuations play an important role in 1D systems [82, 142
144]. An appropriate treatment of the master equation, taking into account uc-
tuations, is therefore given in Sec. 6.3. Nonetheless, we know from analysing the
single-mode resonator that for weak interactions and large particle numbers the
main features can already be understood within the classical limit. In the mean-
eld approach, dynamics of the dissipative BHM is represented by a set of coupled
di erential equations for the complex amplitudes j h & i. Transforming to the
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6.1 Bistability in the mean-field approximation

frame rotating with g=~, the initial chemical potential, results in

i~—L = J(; 1+ )+ U2 kO (6.2)

2
Remarkably, the mode that is subject to lossesj( = 0), satises Eq. (5.4) ex-
actly, with a driving term F(t) = J[ 1(t)+ 1(t)]. It is e ectively a driven-
dissipative single-mode resonator, but with a more complex pumping mechanism
that is subject to back-reaction. Amplitude and phase of the driving term are
directly coupled to o itself. Given this resemblance, one can expect similar phe-
nomena as for the Kerr cavity. Indeed, the central mode occupation will relax to a
nonequilibrium steady state (NESS), similar to the optical cavity. Large sequences
of highly occupied sites will constitute a continuous ow of particles from both
sides to compete with the losses at the centre, as becomes clear in Fig. 6.1(a).
Starting from a fully coherent array with large particle occupation, set by the
chemical potential (nj j jjz = Rr=U), a density dip is quickly formed around
the dissipation. While the depth remains xed for long times, the width increases
with time, indicating the loss of atoms from the reservoirs.

The rate of change in particle number of the lossy site is given by

o= 1o no 63)

with the incoming current given by
2J . .
|j (t) = — P n; n; 1 sin( iii 1) + P Nj Nj+1 sin( iii +1) (6.4)
found by applying the Madelung transformation ; = pWe‘ I and taking  j;

i j. Itis clear from (6.3) and (6.4) that besides the trivial empty steady state,
j =0, the model also supports a stationary solution with equal llings and a xed

phase dierence = | | j+1] between neighbouring sites that satis es
i = . 6.5
sin 3 (6.5)
The predicted critical point that follows here, Jg = = =4, indicates the break-

down of super uid ow and is consistent with the single-mode resonator. Below
this critical point, incoming currents can not account for the losses causing the
relative occupation ng=ng to equilibrate close to zero, as shown by the dashed
lines in Fig. 6.1(c). A large population imbalance between the lossy site and the
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6 Dissipative Bose-Hubbard array

reservoirs persists inde nitely. Because the occupation in the centre is close to
zero, but does not vanish completely, the total rate of particles being lost from
the system is very small. Abovelg , the setup can support large particle currents
that drive the relative occupation in the lossy well closer to one. However, in the
vicinity of this critical point J & Jg, a large initial population di erence with
the reservoirs can still be sustained due to the Josephson self-trapping e ect. The
prohibition of super uid currents over a Josephson junction was described earlier
in Sec. 2.2.4. Full lines in Fig. 6.1(b) and (c) depict the dependence on the initial

condition in this regime.
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Figure 6.1 Relaxation towards the NESS in the mean- eld approxima-
tion. (a) Rescaled spatial density pro le at di erent times after a sudden
quench of the loss rateQ ! . Time evolution started from a completely
uniform array with J=~ = 0:85. (b) Relaxation of the dissipative mode
visualised in phase space fod=~ = 0:85 (full) and J=~ = 0:45 (dashed).
The NESS that is reached not only depends on the value of lBhe tunnel-
ling amplitude, but also on the initial lling fraction 0(0) = " fongr of
the lossy site. We compare for the same tunnelling strengths the evolution
when foq = 1:0(blue) and fo = 0:2(red). The arrows indicate the direction
of evolution in phase space in the frame rotating with frequency r=~. (c)
The same time evolution as in (b) depicted by the rescaled density of the
central well. The remaining system parameters areU= = 0:25, = 3:0
and r=-=10.



6.1 Bistability in the mean-field approximation

6.1.1 Mean-field phase diagram

There clearly exists a region where the system displays bistability in its out-of-
equilibrium steady states, analogous to the single-mode model [61] as well as to
experimental measurements at short evolution times [48]. Ensuing hysteresis in
the NESS is illustrated in Fig. 6.2(a), where we show the rescaled occupation
of the lossy site for a range of values of the tunnelling strength at a xed loss
rate. For a given set of parameters the array is initialized in a fully coherent,
uniform state, set by the chemical potential g, except for the central well where
the starting occupation is varied. The central well either has the same occupation
as the reservoir sites (full) or is nearly completely depleted (empty). This is in
correspondence with the experimental protocol in Refs. [48, 50, 51]. Before the
start of each measurement the system is kept at a much higher lattice potential,
e ectively decoupling all the sites (J ! 0), whilst one site is depleted using the
electron beam. Subsequent ramping down of the potential to the desired value for
J signals the start of a measuremerit

At zero tunnelling, all sites are decoupled and the dissipation will simply empty
the central well on a timescale of the order 1. In contrast, when the tunnelling is
very large, particle currents easily compensate for losses, resulting in a high steady
state occupation. At intermediate tunnelling rates, the occupation depends on the
system's history. Starting from a central site with only a few atoms, the large in-
teraction energy di erence between the central site and its rst neighbour inhibits
large particle currents in the same way as in the self-trapping regime of the bo-
sonic Josephson junction [33, 145 147]. Reservoirs on both sides of the dissipative
system remain mostly undepleted. Conversely, starting from a central site with an
occupation similar to its neighbours, driving is close to resonance, and the relative
occupation remains closes to one. In this regime the reservoirs are drained more
rapidly. Fig. 6.2(b) shows plots of the phaselag = ¢ 1j against tunnel-
ling, emphasizing the qualitative resemblance to the driven-dissipative single-mode
resonator. Notably, the lower lines, representing the super uid branch, align pre-
cisely with Eq. (6.5).

An overview of the steady-states inJ- parameter space is represented in Fig. 6.2(c).
The full non-equilibrium phase diagram is obtained by numerically determining

11t was shown in Ref. [56] that the dephasing of the individual sites relative to each other
during the hold time has a signi cant impact on the short-time dynamics. In this chapter, we will
assume for simplicity that coherence is quickly restored and does not in uence the steady-state
properties. We start all simulations with two fully phase coherent reservoirs. Furhter on, in
Chapter 8, we will study the dependence on relative phase in more detail.
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6 Dissipative Bose-Hubbard array

Figure 6.2  Mean- eld bistability in the open Bose-Hubbard array. (a)
Steady-state lling level of the central well in function of the tunnelling
for initial lling fraction 0.05 (red) or 1.0 (blue). (b) Steady-state phase
di erence = jo 1jinfunction of J for =1 (full lines) and =4
(interrupted). The bottom curves follow relation (6.5) exactly. (c) J
phase diagram indicating the parameter regions of low occupation (red),
bistability (hatched) and unity lling (blue) in the steady states. It is
derived by numerically determining the boundaries of the hysteresis loop
for di erent values of

the boundaries in Fig. 6.2(a). In the upper region, the central well evolves to a
steady-state with relative occupation close to one, regardless of the initial state. In
the bottom right region the steady-state occupation is always small. Similar to the
driven-dissipative optical resonator, the region of mean- eld bistability, denoted
by the hatched area in the phase diagram, is maximal for = 0. With increasing
dissipation this area shrinks and eventually closes in a bifurcation point as well.
The lower threshold of the bistable region is linear with , in analogy with the
optical system. Although an extensive quantitative comparison of the experiment
with the 1D BHM is of little signi cance, the di erence at this lower boundary is
still remarkable. The linear relation was also recovered experimentally in Ref. [48],
but with a much steeper slopelJ=~ =
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6.1 Bistability in the mean-field approximation

6.1.2 Instability of the lower branch

So far, driving of the dissipative system from the two reservoirs, the left and right
half-chains, has been identical and the above analysis also rests on this assumption.
However, this does not necessarily need to be satis ed. In addition to the two
symmetric solutions with large and small occupations of the lossy site described
above, a third antisymmetric state of the system can be reached. It is characterized
by a phase di erence between the two reservoirs, leading to perfect destructive
interference of the two tunnelling currents. As a result, density in the lossy system
drops to exactly zero. Because the density in the centre vanishes, dynamics is no
longer a ected by the dissipative part, and it is, at least in the classical limit, a
dark state of the Liouvillian. Particles are no longer lost from the system, despite
a nite . Moreover, a formal stability analysis shows that the steady-states on
the lower branch of Fig. 6.2(a) are actually unstable. A small perturbation is
su cient to destroy phase coherence between the left and right reservoirs and
drive the system to the dark state, as demonstrated in Fig. 6.3. It displays the
phase of each site evolving in time, while the system resides in an NESS on the
lower branch. A slight perturbation is applied at time t, in the form of a site-
dependent multiplicative phasee’ %911 where ; are normally distributed with
unit variance. This very small excitation makes the system collapse to the dark
state after some transient dynamics.

It might be clear already that the dark state described here is a stationary dark
soliton, a speci ¢ instance of a family of excited states, ubiquitous in non-linear
systems [148 154], including a range of cold atoms setups [155 158]. We will
come back to this phase and study its properties and the e ect on the phase
diagram in greater detail in Chapter 8. Up until now, the instability of the lower
branch towards the dark soliton state has not been observed experimentally. In the
remainder of this chapter we therefore assume our system to be symmetric with
respect to the dissipative site, e ectively disregarding the soliton state.
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6 Dissipative Bose-Hubbard array

Figure 6.3 A small perturbation of the NESS on the lower branch leads
to a runaway e ect. The minor excitation at t, leads to internal dynamics
that eventually cause the build-up of a phase di erence over the lossy site
that extends outwards. The system leaves the metastable state and relaxes
to soliton state. Here, is the average phase over all sites at a given time.

6.2 E ective description

Reeves & Davis [53] pioneered the theoretical characterization of the experimental
setup within a (semi-)classical eld description. Because the experimentally rel-
evant three-dimensional system is numerically quite involved, they reduced the
modelling to merely a few lattice sites while keeping the full two-dimensional
structure in the transverse direction, demonstrating the qualitative analogy with
a resonantly driven non-linear optical cavity [61]. A detailed understanding of
the validity of this reduced description is, however, lacking in their work. We
aim to close this gap by considering the complementary 1D BHM. Based on the
mean- eld results from the previous section, we compare here the capability of the
single-mode approximation, introduced in Chapter 5, to grasp the full 1D lattice
physics, as well as propose our own model.

6.2.1 Single-mode approximation

Particle occupation in the lossy well stabilizes when the total incoming current
is exactly equal to the rate of particles lost from this well due to dissipation.
A common approach to approximate the dynamics of the full array assumes the
reservoir modes to be undepleted inde nitely, i.e.  1(t) = pﬁexp( i rt=~)
[51, 53]. Substitution in (6.2) reduces the set ofL equations to only one that
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6.2 Effective description

Figure 6.4  Quantitative comparison of the steady states obtained from
the dissipative BHM with those from the single-mode approximation (a),
and the incoherently driven models (b) with L = 3 (light) and L =5 (dark)
coupled modes. The curves show the relative lling level during an adiabatic
sweep of the tunnelling strengthd = F=2 at a xed loss rate = r =0:2

is given exactly by Eq. (5.4), with F = 2Jpﬁ and driving frequency? ! 4 =

r= = Unr= [7]. While there is a good correspondence with the full lattice
model at the qualitative level, there are signi cant quantitative di erences in the
shape of the hysteresis, as illustrated in Fig. 6.4(a). The most salient discrepancies
are the overestimation of the upper bistability threshold and the density on the
upper branch. The latter, the so-calledover lling , unphysically predicts alarger
occupation on the dissipative site in comparison to the neighbouring reservoir sites.
Furthermore, xing the driving phases also excludes the possibility to form of a
soliton.

It is clear that this approximation of the reservoirs does not hold, because with it
we formally break their U(1)-symmetry which is otherwise retained. Simulating
the reservoir modes according to Eq.(6.2) allows spontaneous phase dynamics to
take place and includes back-action from the open system on the internal reservoir,
which leads to more complex dynamics altering the properties discussed in the
previous chapter.

2The frequency and amplitude of the drive are inherently linked, contrasting the optical
system from the previous chapter.
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6 Dissipative Bose-Hubbard array

6.2.2 Incoherently pumped

We propose a di erent e ective model that provides a more accurate description
of the dissipative Bose-Hubbard lattice and still reduces the computational cost
by multiple orders of magnitude. This model is inspired by the mean- eld de-
scription of exciton-polariton condensates, in which the losses are compensated by
incoherent pumping from a dynamic reservoir [62, 125]. The coherent Josephson
couplings of the lossy site with the nearest neighbours are crucial given that it
is the self-trapping e ect that seeds the hysteresis. However, couplings between
reservoir modes all operate in the linear tunnelling regime allowing us to approxim-
ate the contribution from further away modes by a single driving term. In order
to maintain the U(1)-symmetry of the reservoirs, we model them as incoherent
pumping baths, which corresponds physically to injecting particles in the uid
with random phases.

The smallest possible con guration is a Bose-Hubbard trimer [ = 3), schematic-
ally represented in Fig. 6.5(a), with losses on the central mode and reservoir modes
that satisfy
" #
d 1 2 i’

- _ . Ui Vi
I J( o )+ Uit atris 1 -

1 (6.6)

Here, is the rate of saturation, simulating re lling from a large number of highly

occupied wells with mean occupationng. On-site tunnelling in this equations

simply shifts the ground-state energy. Focusing briey on the incoherent gain
term, we can write the current injected from the reservoir as

dn*(t) _ n" .

at 1 e n: (6.7)

1*(t) =

Given some initial particle numberng n(t = 0), the evolution in time follows a

logistic function
NoNR

nRe ' +ng(l e t)’

n*(t) = (6.8)
This signature s-shape, evident from the plots in Fig. 6.5(b), has been observed
in previous experimental [47] as well as theoretical works [54 56] on the re lling
of a localized density dip in a Josephson array without active loss process. The
logistic curve has been identi ed empirically as the best t for the re lling, hence
our choice to model the reservoirs in this way.
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6.2 Effective description

Figure 6.5 (a) Schematic representation of the Bose-Hubbard trimer
with incoherent driving at the outer sites. While g and determine the
saturation level and mean growth rate, an e ective temperature T¢s IS as-
sociated with the incoming current to account for uctuations. (b) Re lling

of a single depleted site in a closed Josephson array. Measurements of the
density in this site, from Ref. [47], are empirically tted with the logistic
function of Eq. (6.8).

Steady-state densities of the dissipative mode are compared to the solutions from
the full lattice in Fig. 6.4(b). It is clear that our proposed description outperforms
the single-mode approximation. Most signi cant is the similarity in the lling
levels of the upper branch which for the toy model depend mainly on the value
of . The lower branch is less a ected by variations in the saturation rate. Even
better agreement with the benchmark is obtained by slightly increasing the size.
Considering nowL = 5 coupled modes, with the rst and last again saturated
as specied in Eqg. (6.6), the resulting NESS's show overall excellent quantitat-
ive agreement with the benchmark. We illustrate this for a single value of in
Fig. 6.4(b), but the comparison holds for the entireJ- parameter space. It should
be emphasized this model requires no tting parameters. The choice for the rate
of relling , driven by super uid transport in a Josephson array, naturally follows
from the de nition of the speed of sound = "~ 2JUng. This model enables us
to probe the mean- eld properties of a dissipative Bose-Hubbard array with much
less computational e ort, and with the added bene t that steady-states are not
restricted in time.

73



6 Dissipative Bose-Hubbard array

6.3 Quantum uctuations

The mean- eld approximation, while su cient to understand the seemingly bistable
nature in the classical limit, fails to capture quantum uctuations on top of
the mean- eld dynamics. To capture these, we apply the TWA to the array
of L coherently coupled modes. The EOM for the Wigner distributionW[ ; ]
over 2L -dimensional phase space, parametrized by the coherent-state amplitudes

=( 1; 2;: L), is derived from the master equation by way of the operator
correspondences (4.22):

ew; n_ * @

Gt - @, WTlmr v U= D

i X &

+ cic: W+

(6.9)
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where we have already neglected third order derivatives. Connection to an environ-
ment Ieags to a non-zero diagonalg di usion matrix in the Fokker-Planck equation,
Dij = 3 « i jk» Where j = "j=2ij . This diusion term can be mapped
onto an additional stochastic term in the Langevin equations [67]:

r__
i~—L= I+ j)*U 7 1 i7j it 51 j(M:  (6.10)

The term U ; leads to a global phase shift that does not impact number con-
serving observables and can therefore safely be neglected. Given an appropriate
initial Wigner function Wq (read positive everywhere), determining its time evol-
ution can again be done equivalently through sampling oWy and subsequent
unravelling of the stochastic evolution. Quantum uctuations still enter the dy-
namics due to the nondeterministic nature of the initial conditions, but additional
dynamical noise is included, associated with the environment interaction. Here,

j (t) is a complex Gaussian variable, for which the following relation holds:

hj®i=0; hit) (9= 4 (t (6.11)
Note that this stochastic di erential equation is no longer invariant under rescaling
1 Par:
r—
. d5 - _ 2 J.
I~W_ J Tat 1 +0 T T IE i+ ﬁj(t) (6.12)
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As we discussed already in the previous chapter, the particle occupation is a good
measure of theclassicality. As ngr increases the e ect of uctuations compared
to the mean- eld value becomes smaller, reducing quantum e ects overall. The
fact that the stochastic term in (6.12) vanishes forng !' 1 and the regular GPE
from Eqg. (6.2) is recovered con rms that the TWA is consistent with this inter-
pretation. We can distinguish the zero-dimensional thermodynamic limit of large
particle occupation, obtained while keeping r = Ungr xed, from the traditional
thermodynamic limit of the BHM that sees the system size gotoinnity, L ! 1

For all simulations performed in this work, L is chosen su ciently large as to avoid
boundary e ects during simulated evolution times.

We assume that the initial state, as it is experimentally prepared, is well described
by a direct-product state of coherent states:
0 n 0

j il = exp jajy jaj joi : (6.13)
i

The corresponding Wigner function is then given by
o LY n o]
Wo( 5 )= — exp 2 j : (6.14)
i

Starting values for all phase space variables; are drawn independently from the
coherent state Wigner function, a complex normal distribution around ;. The
values of ; are set equal to the ground state values of the closed system obtained
from imaginary time evolving Eq. (6.2) with = 0. The average occupation of
the central well is varied betweenfull, o= P ngr, and empty, corresponding to a
lling fraction of 5%.

6.3.1 Bimodality

The main e ect of including quantum uctuations is most clearly depicted by
individual stochastic realisations, displayed in Fig. 6.6(a) and (b). Short-time dy-
namics in each trajectory is still determined by the initial condition; density on the
central well quickly gravitates towards one of the two mean- eld solutions (dashed
lines in Fig. 6.6) and remains quivering around this value. On a much longer
timescale, jumps between the complementary states can be observed. Adding uc-
tuations changes the bistability to bimodality, i.e. the system probes two regions
in phase space that are centred around the mean- eld solutions. This re ects the

75



6 Dissipative Bose-Hubbard array

density matrix being a statistical mixture. It is due to the 1D approximation that
the long evolution times where these switches become relevant and large system
sizesL needed to observe them are computationally within reach.

We can interpret this behaviour also from the spectral theory of the Liouvillian; see
Chapter 3. The clearly distinct timescales are due to a separation of eigenvalues
in the Liouvillian spectrum, jRe[ »2]j j Re[ 1]j. The short-time transient

is then determined by © = 15Re[ »]j. At times t O the density matrix is
approximately given by

At)="ss+ =PI +p (DN (6.15)

with probabilities p*(t) + p (t) = 1. The metastable state is a mixture of the
macrostates ~* and ~ , the states on the upper and lower branch of the mean-
eld analysis. They correspond toc; = ¢ and ¢; = ¢'™™ 0O respectively, the
minimal and maximal overlap of any initial state with ;. The remaining dynamics
is a generator of classical stochastic dynamics [73], trajectories of quantum jumps
between ~* and ~ . In principle, only averages over large ensembles of Wigner
trajectories correspond to quantum-mechanical expectation values of observables
that would allow us to make comparisons with averages over experimental observa-
tions. However, due to the classic stochastic nature, the independent realisations
already resemble individual experimental measurements of the system performed,
for example, by Benaryet al. [50]. This follows directly from the large occupa-
tions in this and other related experiments for which the classical limit is a good
predictor, with the important addition of small uctuations.

Attimes t & = 1=, the system will further relax to the stationary state
N =[N M = o (6.16)

where ¢; = ¢® ¢, In the simulations presented in Fig. 6.6(a), the system
was initialized very close to™* . Assuming the higher order coe cients ¢; , in the
decomposition are small, we can say that at the beginning of the metastability
window p* = 1. Consequently, time evolution of the statistical weights is given
by [73]

pr)= o™ e = o
(6.17)

p ()= ' 1 e¥ = ¢
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Similar reasoning can be applied when we initialize the system close t® , like
in Fig. 6.6(b). Switches in individual trajectories signal the slow relaxation of
the density matrix to its true stationary state. Analysing the switching statistics
allows the derivation of the characteristic relaxation time scale . Temporal dis-
tributions of the time to a rst transition for a large sample of O(10%) trajectories
showcase a distinctive exponential tail, as demonstrated in Fig. 6.6(c) and (d).
From this we determine the characteristic switching times p, and gown. The
time it takes the system to relax to its unique steady state, through the process of
branch switching, is then characterized by = 1+ L . The distributions
in Fig. 6.6(c) and (d) deviate from a purely exponential decay that one would ex-
pect for a uniform Poisson process, indicating that the jumps are not completely
independent. At early times suppression of the branch switching occurs. This
e ect is more pronounced in panel (c) for switches from large to small occupation,
indicating the presence of dynamics preceding such a transition.

6.3.2 Closing of the Liouvillian gap

With the tools to derive the Liouvillian gap, we can analyse how it changes in the
regime of bistability. As expected, the observed hysteresis is the consequence of
an underlying criticality. Slowing down of the relaxation time, i.e. exponential
decay of = ! towards a critical point J¢, is a consequence of a rst-order
dissipative phase transition at this point in the system's thermodynamic limit.
In Fig. 6.7(a) the closing is quantied by a plot of =U as a function of the
tunnelling strength in the regime where mean- eld theory predicts bistability. One
can observe the diverging relaxation time when the critical point is approached
from below or above. While the particle number is large compared to the dynamic
noise, ng = 40, the minimum of the gap remains relatively large. The phase
transition will be more rounded, i.e. transitioning through the region of mean-
eld bistability will gradually change the weights in the quasi-probability function
from one peak to the other, like it was visualized in Fig. 4.1 of the previous chapter.
This indicates that switches are not only induced by noise from the environment
connection, but are also brought about by uctuations in the driving mechanism.
Each mode in the array is initialized with vacuum uctuations that cannot leave
the system except via the central, lossy site.

From the requirement for detailed balance in the steady statep® = gown = P = up,
we can determine the statistical weightsp™ and p , and therefore fully determine
the steady-state density matrix. Fig. 6.7(b) nicely shows the gradual transition of
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Figure 6.6  Signatures of the bimodal character of the (quasi-)probability
function. Examples of stochastic time evolution of the normalized central
mode occupation starting full (a) or empty (b). Trajectories feature re-
latively long transients where the amplitude uctuates around one of the
steady states (dashed lines), with sudden jumps at seemingly random times.
Temporal distributions of the rst switch in a trajectory are shown in panel
(c) and (d) for the same initial condition respectively. Tails of the dis-
tributions are tted by an exponential (dashed lines). The short time t;
indicates the time for the system to relax to the metastable phase. System
parameters for these trajectories areJ= g =0:09and~= g =0:2.

the steady-state from”~ =" to "= "*. The predicted critical point for ~= g =
0:2, characterized by the state with equal probabilities, lies atJc.= r 0:091
The minimum is derived from tting a double exponential to the value of the
Liouvillian gap, (J) Ae 7’ + Be’.

6.3.3 Thermal resewoir model

Deriving values for the Liouvillian gap close to the critical point requires very
long simulation times and consequently large system sizes. In order to avoid nite
size e ects the maximum simulation time for a given system of size. is given
by tmax = L= 2J r = L=cs. These times and sizes are computationally feasible
when dealing with the BHM, but become impossible to handle when we include
also the transverse dynamics of each site [53, 55, 56]. It is here that our proposed
e ective model can bring salvation. Extending the description in Eq. (6.6) to the
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TWA, we can describe a small array with the modes at the edges satisfying the
stochastic di erential equation

_ q
g J(j 1 D+HU 25+ () g+ *(5) 0, (6.18)

where ( j)= =2 1] ij:nR . In the spatially smaller models, whereL =3
or L =5, less noise originates from sampling the initial condition. Additionally,
incoherent pumping at the edges will cause rapid damping of uctuations in the
system. Through the dynamic noise in the equation presented here we aim to
account for these uctuations that signi cantly impact the relaxation. Also shown

in Fig. 6.7(a) is the closing of the gap, obtained with our e ective description for
L =5 modes. The values (J) slightly deviate from those for the BHM, indicating
that the steady-state density matrix varies (see the second panel). The exponential
decay is steeper resulting in a lower minimum for . In other words, the transition

is less gradual as can also be observed in panel (b). With this the critical point
slightly shifts, to J= g 0:087. We can conclude that our e ective description
does not reproduce the exact same switching statistics as for the dissipative BHM,
but contains all the properties to closely resemble it and is a major improvement
on the laser-driving analogue.
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Figure 6.7 (a) Closing of the Liouvillian gap (log scale) around the crit-
ical point indicates the presence of a rst-order dissipative phase transition
(in the thermodynamic limit). We compare the dissipative BHM with our
proposed e ective description. (b) From the relaxation rates the statist-
ical weights of the bimodal mixture are determined. This clearly shows the
transition in the density matrix from one macrostate to the other. Colours
indicate the same model as in the left panel.

6.4 Multistability in binary mixtures

In the experiments on dissipative Josephson arrays [48, 50, 51], ultracold Rubidium-
87 atoms were utilized, a common atomic species for BEC experiments. Not long
after the rst experimental realisation of a single-component Bose-Einstein con-
densate, concurrent condensation o¥’Rb atoms in two separate hyper ne states
was achieved [159, 160]. Atoms in di erent hyper ne states aredistinguishable
i.e. they should for all intents and purposes be regarded as di erent species. In-
teractions between particles in di erent hyper ne states in such a system, referred
to as a binary mixture®, give rise to a rich variety of phenomena. So as to not
stray from the heart of the matter, we refer those seeking additional insights to
some interesting reviews [12, 163]. Here, we limit the discussion to a proposal
of an expansion on the current con guration using a binary mixture. Given the
qualitative analogy with optical bistability, a natural continuation would be to
leverage also spin properties to achieveultistability .

3Binary mixtures have also been realized with heteronuclear gases, where two di erent atomic
species are simultaneously condensed, like for example &' K-8 Rb condensate [161, 162].
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6.4 Multistability in binary mixtures

The two-component Bose-Hubbard model in it most general form is given by

X U X
- I8 Gy +he Sy (1) U Ay
=1j=1 i=1
(6.19)

A

Here, the operatora}f (&;; ) creates (annihilates) a particles of species at the
j-th site. The rst part contains the single-species Hamiltonians, with component-
dependent tunnelling J , chemical potential and intraspecies interactionU . We
study the particular case whereU; = U, = U and ; = » = =2, but with
di erent tunnelling strengths. Interspecies interactions, with a strength U;,, are
represented by the second part, withjU;2,=Uj < 1 in order to avoid phase separa-
tion.

Inspired by spin multistability with microcavity polaritons [164], we suggest a
novel manipulation scheme to realize this multivalued spin switching in the atomic
con guration discussed above. To this end, we regard the spinor GPEs for the eld
amplitudes j; = hg; i

i1 = 3( ) et )+ Ui pu?+ U g2’ 1 i g
dt 2
i~ th’Z: J2(j 12+ juap)+ Uj j2°+ U j1® 2 IEJ ji 2;
(6.20)
where | = 0. Given a large number of reservoir modes with equal spin popula-

tions, polarization of the drive onto the lossy site can be adjusted by taking

1+ 4, _ .1 g
> y Jo( )= 5

Ji( a)=J ; (6.21)

Just like the single-component case, densities of both species in the central well
equilibrate at di erent levels depending on the initial state. However, changing
the polarization ¢ can signi cantly alter the typical bistability, in analogy with

the polariton experiment in Ref. [164]. Fig. 6.8 shows the degree of polarization
on the lossy site,

i 01® § 02
j 01+ o2
in the (quasi) steady-state as a function of the excitation polarization. Polarization
is varied between 4 = 0:7 and 4 = 0:7 for two di erent initial conditions of

No = (6.22)
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6 Dissipative Bose-Hubbard array

the lossy sitej = 0. While each site starts with equal occupations of both species,
particles in the central well at t = 0 are initially all from one species. At the
lowest tunnelling strength studied here, J=— = 0:8, a single hysteresis loop is
observed. The local density switches from one species entirely to the other as
the polarization varies. AsJ grows and the relative di erence of the component
dependent drive increases, the single loop breaks up into two distinct polarization
hysteresis loops. The individual bistabilities for each component move away from
each other, creating a middle stable branch. AtJ=~ = 1:0, when the loops still
partially overlap, a region with three stable spin con gurations is indicated by the
shaded area. Technically, this corresponds to four steady-states, because of the
two-fold degeneracy of the middle branch. The ng =0 con guration can occur
with both densities on their respective lower branch or both on the upper branch.
Further increasing J, decreases this overlap and eventually leads to the separation
of the two loops.

Although the expansion to this multicomponent version comes naturally from a
theoretical point of view, and its potential within atomtronics for creating multi-
valued logic gates is undoubted, it is certainly not trivial to show that this system
can be realised experimentally. However, general techniques have been introduced
that would allow experimentalists to induce and control spin-dependent tunnelling
for two-state bosonic or fermionic atoms in optical lattices [165, 166].
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6.4 Multistability in binary mixtures

Figure 6.8  Multistability in the two-component Bose-Hubbard model.
Fractional density on the lossy site ng as a function of the drive polar-
ization 4. The blue (red) points indicate the steady-state fraction after
starting from ng=1( ng= 1). (@) A single hysteresis loop is observed

at smaller tunnelling when the bistabilities of both components overlap. (b)
With increasing J both loops disperse, creating a region of multistability
(shaded). Steady-states indicated by the green crosses can be accessed by
starting from the middle branch and scanning 4 back and forth. (c),(d)
Further increasing J eventually leads to two separate hysteresis loops for
the two components.
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6 Dissipative Bose-Hubbard array

6.5 Summary

In this chapter, we have studied a 1D Bose-Hubbard chain with single-particle
losses at the central site, approximately representing the experiments in Refs.[48,
50, 51], using classical eld methods. This model is able to capture the main
features of interest on a qualitative level. First, properties of this system were
studied on a mean- eld level. Using these results a comparison was made with
a compact e ective description that replaces a large number of reservoir modes
by a single saturation term, following recent e orts to reduce computational load
for this system. Without the need for any tted parameters, good quantitative
agreement is obtained in the steady-state physics, thanks to its preservation of the
U(1)-symmetry of the reservoir.

Bimodality of the steady states, observed on longer timescales, is studied using
the truncated Wigner method. Switching between the metastable states is seen to
be characterized by a critical slowing down towards a critical point, indicative of a
rst order phase transition in the thermodynamic limit. Through analysis of the
switching statistics we derived the e ective Liouvillian gap as a function of the tun-
nelling, showing that our e ective description underestimates uctuations.

Finally, we demonstrated the versatility of this con guration by brie y addressing
the two-component version. An even richer phase diagram could be observed here
due to the additional spin degree of freedom.
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CHAPTER

Out-of-equilibrium condensation In
driven-dissipative systems

Treating the condensate at each minimum in the optical lattice as e ectively zero-
dimensional, like we did in the previous chapter, allows a thorough analysis of
the physics in the longitudinal, discrete direction. However, for a more complete
picture and guantitative comparison to experimental results we should take into
account the transverse degrees of freedom as well. Because the chemical potential
in the experiments is much larger than the harmonic energy level spacing, the
radial dynamics potentially plays an important role. It does become clear very
quickly that this is a very demanding task. The processing power required for the
simulations in this chapter is orders of magnitude larger, but is just within reach
courtesy of the projected (semi-)classical eld methods, detailed in Sec. 4.4.

In this chapter we will focus more on the nature of the phases in the mean- eld
bistability regime, paying special attention to the low-density state. Previous
works [50, 53] classi ed the state on the lower branch as a thermal cloud, mormal
state. We expect, however, that at low densities, where interactions play a less
signi cant role, properties of the cloud in the central well are dominated by the
coherent driving mechanism.
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7 Out-of-equilibrium condensation in driven-dissipative systems

7.1 Multi-mode description

Unitary evolution of the Bose gas harmonically trapped in the x-y plane and
subject to a 1D lattice potential in the z direction is governed by

g 2., Ny ~ 2 m! ? 2 A 020 z AYyAYyA A
_ r _ A
R = | R I A e AU S N S A
J x Z (7.2)
J d?r Mg+ Ajy/\j 1

i

where integration is over the radial degrees of freedom= (XIiQY) and Aj Aj (r;t).
The e ective 2D interaction strength is given by gop = ¢ dzjwo(z)j4. It is as-
sumed that the tight-binding approximation for the lattice direction, valid for
su ciently deep potentials, holds and that the tunnelling strength is given by
(2.18). With the atom cloud in the central well subject to a homogeneous loss
process, dynamics is tracked via the Lindblad master equation:

. h i Z
gt: ': SR XJ 5’ d?r 27N YR AR (7.2)
Due to the system's enormous Hilbert space the only tractable approaches to treat
this problem are the c- eld methods that consist of expressing the system at each
site ] by a classical (stochastic) eld ;(r;t). With the inclusion of noise to
mimic quantum uctuations a small occupation is added in each mode, causing
the integral over the density to diverge, even for the vacuumjOi. When working

in the TWA framework, care should be taken to avoid this ultraviolet catastrophe.
As discussed in Sec. 4.4, a consistent cut-o is incorporated through the use of
projection operators, introducing a separation between the low-energy, coherent
region and the very sparsely populated high-energy modes in the incoherent region.
Neglecting the latter and its e ect on the coherent region results in a time evolution
for the central well j =0 governed by

n 0 r

i~d 0= (Hgp iE) o J( 1+ 1) dt+ %dW(r); (7.3)

while forj 6 0
i~d j=fHgp j J(j 1+ j+1)odt (7.4)

In practice, this is achieved by rapidly scanning the electron beam over the entire atom cloud
in the central well [167].
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7.1 Muti-mode description

Here, the coherent eld is given by

=P j(r1)]= § G (t) n(X:y); (7.5)
n2C
with n = (ny;ny) and
¢ ~2r 2 mi 2¢2  m! 2y? . .2# )
Hgp j = P om t Tt T TGl it (7.6)

is the projected Gross-Pitaevskii operator. The most suitable basis is given by the
single-particle eigenstates, i.e. the harmonic oscillator eigenfunctions

~2r 2 . m! 2x?

2m 2 n(X) =~y N+ ! n(X): (7.7)

2

The 2D elds can then be factorised as n(X;y) = n,(X) n,(y) and the coherent
region de ned by an energy cut-o Eg:

[N
[EEY

C= 8n2N°:Ep=~ly nc+ +~ly ny+ Ec : (7.8)

2 2
This inevitably leads to a dependence of results on the number of modes included.
Particles enter the lossy system site at an energy close ta, the chemical potential

of a full site. For these particles to be able to relax to the ground state we should
include in the coherent region modes up to at leasR r. Previous simulations by
Reeves & Davis have indicated that results are insensitive to the choice & within
the range of2 g to 3 g [53]. Modes in the coherent region above the chemical
potential will only be sparsely occupied making them susceptible to quantum
uctuations. We therefore consider the TWPGPE, treating the initial conditions

stochastically and including the noise term in Eq. (7.3), which satis es
bW (r; ) dW (r®t9i =dtdt® o(r;r9 (¢t t9: (7.9)

P
The kernel of the coherent region, de ned as ¢(r;r9 = n2c n(r) a(r9, acts
as a Dirac delta function when working on that subspace.

7.1.1 Filling dependent tunnelling

The chemical potential of a full site g is generally greater than the radial har-
monic oscillator spacing~! ;. In the case of two coupled sites which are both full,
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7 Out-of-equilibrium condensation in driven-dissipative systems

particles can resonantly tunnel directly from one condensate mode into the other.
Conversely, for a large population imbalance high energetic particles from the full
site can only tunnel into excited modes of the (nearly) empty well and relax to the
bottom of the trap through collisions. Overlap between these excited modes and
the driving wave function is rather small, meaning the e ective tunnelling rate
is diminished, J¢ < J. The lling-dependent nature of the tunnelling is again
evidenced by the particle currents. Takjgg ;(r) = n;(r)€ i and integrating

over the radial degrees of freedomi\l; = d?r nj(r), we nd from Eq. (7.3):
dN; 2 P— P
g - = on NDaNiE g NpaNp NG (7.10)
with the so-called Franck-Condon factors [48, 53, 56]
Z
Im{h Wi jil_ 1 2, T
= —p = p dr  ng(r)nj(r)sin i (0] 711
Kij P NkNJ P NkNJ k( ) J( ) [ k,J( )] ( )

normalized measures of the wave function overlap between coupled elds that
reduces the e ective tunnelling. Here, ; (r) k(r)  j(r). The main con-
sequence of this lling dependent tunnelling is the observation obistability in the
nite time steady-states and resulting hysteresis loops ag or are varied.

7.2 Inherited coherence

Steady-states of the lossy system on the upper and lower branch of the hysteresis
loop are in the literature referred to assuper uid and normal phases, respectively
[48, 50, 53]. Where the former is evident from the large particle currents and
extensive phase coherence, the latter is less obvious. On the lower branch, driving
is very much detuned from the ground state. It was assumed that particles can
only relax to the condensate through collisions [53]. This neglects the possibility
of a large fraction of the atoms accumulating in an excited state.

7.2.1 Non-equilibrium condensation

The system's out-of-equilibrium nature means that steady states deviate from
thermodynamic equilibria, giving rise to a richer phase diagram. States are de-
termined by a competition between losses, inherent or engineered, and additional
pumping. As we know from earlier chapters, these systems commonly occur in
guantum optics. A speci c medium that has been at the centre of intensive re-
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7.2 Inherited coherence

search over the past decades is the polariton uid in a semiconductor microcavity
[168]. Many phenomena related to quantum degeneracy, e.g. macroscopic phase
coherence or super uidity, have been observed in this intrinsically non-equilibrium
system [169, 170].

Exciton-polaritons are quasi-particles that are formed by a strong coupling between
photons coherently injected into the cavity by a laser, and exciton$ in the me-
dium. Due to the polariton's nite lifetime a continuous replenishment is required.

A distinction can be made in the way that long-range coherence over spatially ex-
tended areas manifests for these bosonic quasi-particles. One way to introduce
a coherent polariton uid is to have the laser pump close to resonance with the
polariton mode [119, 171, 172]. Basically, the polariton eld inherits the coherent
properties of the laser and a condensate appears. However, this condensate is not
the result of spontaneousbreaking of the continuous symmetry under global ro-
tations of the phase, characteristic of the second-order phase transition. Instead,
U(1)-symmetry is explicitly violated by the pump, i.e. macroscopic coherence is
imprinted on the system by the coherent laser. In a single-mode approximation
this setup is well described by the model that we discussed in Chapter 5. An ana-
logy can be made with a ferromagnet, which has random spins at high temperature
above the critical point. The coherence length is set by 4g. Applying a strong
external magnetic eld will align spins and lead to a non-zero order parameter. In
other words, U(1)-symmetry is forcefully broken and displays the same long range
order generally related to condensation.

Alternatively, polaritons can be injected through continuous high-energy illumin-
ation, away from resonance. Cooling down through the emission of phonons and
polariton scattering leads to a complete loss of the coherent properties of the in-
jected laser light. Increasing the laser power, and consequently the density, above

a threshold value leads to an accumulation of polaritons in the in-plane zero mo-
mentum state [62, 168]. As a consequence, macroscopic coherence can be observed,
but not as a direct inheritance from the pump. Condensation in this setup does
correspond to a spontaneous breaking dfi (1)-symmetry.

Non-equilibrium condensation is interesting in that it can display more exotic fea-

tures like condensation in excited states [173]. A thorough understanding of the
phases in the central, lossy well of the dissipative Josephson array is still lack-
ing, hence we study it here. Similar to optical systems, condensation in the lossy

2An exciton is itself a quasi-particle, an electron-hole bound pair state in a semiconductor.
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7 Out-of-equilibrium condensation in driven-dissipative systems

site will depend on inheritance from the pump pro le and the relaxation to the
ground state during which coherence is most likely lost. In the dissipative Joseph-
son array the reservoirs resemble an imperfect laser, since they are themselves
subject to quantum uctuations. Although dephasing between the sites reduces
the coherence of the drive onto the central well, the sites that couple to it re-
main largely occupied and fairly coherent structures. The pumping scheme is a
balance between coherent driving and the injection of incoherenhot particles.

In the following, we talk about a “condensate’ in an out-of-equilibrium setting to
refer to the macroscopic occupation of a coherent wave function. We focus on the
coherence properties transferred from the reservoir sites. We assess condensation
in particular through the rst-order and second order coherence functions.

7.2.2 Perfect coherent drive

In a rst instance, ‘imperfection’ of the drive is neglected. We start by examining
the multi-mode analogue of the single Kerr resonator as a frame of reference. For
simplicity a one-dimensional wire is considered, mimicking the setup where one of
the radial trapping frequencies is much largedt y ! . Neglecting any dephasing
and reduction in the reservoirs, we approximate the dynamics as being captured
by the stochastic PGPE

i~d s(x;t)=f(Hgp 1=2) s(x;t)+ F(x;t)gdt + P =2dW (x;t); (7.12)

where the projected Gross-Pitaevskii operator is similar to (7.6), but limited to
one spatial degree of freedom. Di erent from many optical systems, the driving
amplitude is not spatially homogeneous, butF(x;t) = 2J r(x)e ' RF~, where
the spatial prole Rr(x) is obtained by solving for the ground state solution of the
GP operator,

(ng R) R = 0: (7.13)

The frequency of the drive is again determined by the chemical potential and so is
the spatial pro le, unlike a laser which has the possibility of tuning both the power
and frequency independently. Typically, the reservoir modes in experiments start
with a large particle occupation, O(10%-10%), and retain more or less the same
level of lling throughout the measurement. Kinetic energy for these large, slowly
varying atom clouds is relatively small compared to the interaction (or potential)
energy. The driving pro le is therefore well approximated by the inverted parabola
that is the Thomas-Fermi prole | Rj2 =[ r V(X)]=g as demonstrated in
Fig. 7.1(a).
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Due to the non-uniform nature, exact solutions for the correlation functions are out
of reach. However, to achieve a better understanding we solve the problem semi-
analytically at di erent levels of approximation. Given that the particle density

on the lower branch is relatively low, with an occupation of less thanl0% of that

of the reservoirs, it is a reasonable assumption that the interaction energy in this
phase plays a less signi cant role in comparison to the driving. A rst, zeroth
order approximation treats the ideal, non-interacting Bose gas deterministically.
The fully coherent steady-state solution is found to be

X 23c{)
s(x) = T a(X); (7.14)
En R | = 2
n2C

given that the driving pro le can be expanded as r(X) = P n2c cﬁr) n(x). Com-
parison to the numerically obtained stationary solution of the interacting system
in Fig. 7.1(b) con rms that qualitatively the solution for the driven-dissipative
cloud is mainly determined by the properties of the pump. The spatial pro le of
this out-of-equilibrium state is remarkably di erent from the ground state of the
trap and actually resembles very closely the harmonic eigenfunction with eigenen-
ergy En = ~! x(n+1=2) R, in this casen = 13, shown in the same gure by
the dashed line. Highly energetic atoms are pumped into an excited state, at an
energy close to that of the reservoir, where they would generally undergo collisions
through which they would relax to the ground state. Due to dissipation, however,
particles are lost from the trap before having the chance to relax.

In order to determine the correlation functions, we go beyond the mean- eld limit
that treats only the coherent part of the matter eld. A treatment in the TWA
allows the calculation of all equal time correlators. To start, the reduced one-body
density matrix and the rst-order correlation function are determined respectively
as

W0x) = M40 SOG0I = h (1) s6Diw 5 o0 (715)
and ® (XY
g (x:x9 = ’ _. (7.16)
[M(x; t)ihA(x t)i]*2
where M(x;t)i = hj S(X;t)jziw 1=2. The expectation valuesh: iy denote

the statistical average over an ensemble of realisations of the stochastic PGPE in
Eq. (7.12). Fig. 7.2 displays the similarities and contrast between thesuper uid
and normal phase The broad background in the one-body density matrix around
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7 Out-of-equilibrium condensation in driven-dissipative systems

Figure 7.1  Stationary states in a 1D harmonic trap. (a) Ground states of
the time-independent GPE (7.13) for g=~! x =13 (blue)and r=-! =3:3
(red). Dashed black lines display the corresponding Thomas-Fermi pro le.
(b) Density pro le of the normal state obtained as a numerical solution of
the PGPE (7.12) in the absence of uctuations and the noise term. This is
compared to the analytic solution for the ideal Bose gas in Eq. (7.14). For
reference, the dashed line display$ n(x)jz, the n-th harmonic oscillator
eigenfunction with n = 13.

the diagonaln(x) = @ (x; x), evident for the super uid phase in Fig. 7.2(a), char-
acterizes the o -diagonal long range order. The background for the same quantity
in the normal phase is more irregular; see Fig. 7.2(b). Coherence exists between
peaks in the density, whereas the regions of vanishing density lead to scars in the
o -diagonal long range order. The density pro le can be read from the diagonal

M (x;x). Just like the mean- eld picture, density in the low occupied state is
peaked away from the centre. The normalised rst order correlation function em-
phasizes phase coherence even more. The maximum value on the diagonal now
lies at unity. When the lossy system is densely occupied,s couples resonantly to
the perfectly coherent reservoir r and is therefore itself fully coherent over the
whole atom cloud, as shown in Fig. 7.2(c). No uctuations are present due to the
coherent pumping of the condensate overpowering any noise from the interactions.
Despite the smaller particle number on the lower branch, a very similar result is
obtained in Fig. 7.2(d) for the normal state. O -diagonal values of g come close
to unity, but uniformity of the background is disrupted by lines of reduced coher-
ence due to the oscillatory density pattern. Artefacts at the edges x°& 6l,)
originate from the energy cut-o on the one hand and a nite sample size for the
Wigner averages on the other.

Additionally, one can consider the equal time second-order correlation function, a
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measure of the density coherence de ned as

h™%061) (xS 1) "s(x; 1) "s(xS t)i
A(X; t)A(XxSt) '

g9 (x;x9 = (7.17)

where the fourth order correlator is given in terms of Wigner averages as
h™% 1) "0t) “s(xt) “s(t)i = hj set)j*iw  2hj s(xt)j%iw 5 (7.18)

A plot of the density-density correlations g@ (x;x) is given in Fig. 7.2(e), com-
paring both phases. Generally, a thermal state features a second-order correlator
close to the maximum valueg® (x;x) 2, while these values are suppressed to
unity for a condensate. The results for the super uid phase are consistent with
this, whereas the normal state is not. The overlap between s(x) on the lower
branch and r(x) is maximal away from the centre, resulting in peaks in density
at x 3l, and ag® closer to one. Some particles move to the centre through
collisional relaxation making them thermal. It is clear that the matter eld con-
tains both an incoherent, thermal part and a substantial condensate component.

7.2.3 Bogoliubov in the TWA

In order to further our understanding of these out-of-equilibrium phases we de-
compose the eld into a fully coherent condensate o(x) and an incoherent part
capturing uctuations (x;t), so that gs(x;t) = o(X)+ (x;t). The former
is obtained from imaginary time evolving Eq. (7.12) without noise or uctuations
and satisesj o | j- Evolution of the uctuations in time is, up to rst order,
governed by D
d x=f iB x =2gdt+ =2dW; (7.19)

where we de ned the vector (x); (x) T, the noise vectordW

dW(x;t); dW(x;t) T, and the well-known Bogoliubov matrix

(x)+2apj o¥i® r g o(x)?

o o(X) 2 (x)  2gipj o(X)j? + ; (7.20)

with  (x) the free particle kinetic energy. The uctuation eld can be expanded
in the harmonic oscillator basis as well in which case an equivalent equation of
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motion is obtained:

n 0 p
d o= iQYBQ n =2 , dt+ =2QYdW: (7.21)

Given a nite spatial grid of N points with grid spacing x and an energy cut-o
in the spectral basisE. = ~! (N + 1), the transformation to the coherent region
is represented by the matrix

" 2 3
O# 0 o(x1) i No(X1)
o WhereP = x93 : : £ (7.22)

o(Xn) it Ne(XN)

P
Q‘o

Our aim is to nd a solution for the correlation matrix
* | +

h Yi = - - : (7.23)
Using the rules of Ito calculus,

d Y=d ) Y+ (d Y)+d d % (7.24)

the stochastic di erential equation for this new variable is derived and after taking
the expectation value results in

n (0]
dh Vi= iBh  VYi+ih YiBY h i+ EI dt; (7.25)

with the Bogoliubov matrix B = QYBQ expressed in the spectral basis. Alternat-
ively, we can vectorize the correlation matrix
* ! I+

h = (7.26)

n (0}
dv i= iB 1 I B h i h i+gl 1 du (727)

h i=Al Sl (7.28)
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wherewesetA= i(B | | B) | | . The one-body density matrix of
the coherent region is then de ned as

Cc

Dx9= hN) "sx9i = o) ox9+  h N i a() m(x9; (7.29)

nym
with the operator expectation valuesh "y "mi=h n miw % nm.

Phase coherence in the normal state is qualitatively very similar in the Bogoliubov
picture, as is clear from Fig. 7.3(a) and (b). A quantitative comparison is shown
in Fig. 7.3(c) con rming the agreement with the TWA approach. The coherently
driven, lossy system is well-described by a coherent eld and additional Gaussian
uctuations. This indicates that interactions are present, but their e ect is limited.
The steady-state is determined by a balance between pumping and losses. Atoms
are more likely to be lost from the system rather than undergo collisional relaxation
to the ground state. This also implies that the TWA results won't have a high
cut-o dependency if E¢ & 2 Rr.

7.2.4 Josephson array

Let us now consider the entire dissipative Josephson array, where pumping ori-
ginates from internal degrees of freedom and constitutes an imperfect “pumping
laser'. Neighbouring sites are not perfectly coherent but contain a small thermal
part, meaning that the condensate fraction on the lossy site will also be reduced.
We solve Eq. (7.3) for a reasonably large system df = 121 coupled wires, with

J =03y, =0:6'y and an interaction strength g;p = 0:1~! «Ix. With the
chemical potential set to r=!y = 12 a full site contains in its ground state
around N 850 atoms, similar to experiments. The steady state on the lower
branch is reached when the central well is initially depleted tdc% of a full site. An
ensemble of2  10* simulations is averaged over at timet = 40! , ! to determine
the steady-state properties presented in Fig. 7.4.

Phase coherence (see panel (a)) is clearly diminished compared to the coherently
driven system, yet regions of long-range coherence persist with intermediate values
up to g  0:75. Density uctuations, shown in Fig. 7.4(b), convey a similar
story. The suppression of uctuations is again less pronounced, yet second order
coherence is still lowered signi cantly. At the edges of the atom cloud, around
x=ly = 4, it reaches the smallest valueg®  1:6. Towards the centre of the
cloud, we again observe dips in density uctuations at the positions of the density
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maxima, where also the rst order coherence is enhanced. This means that the eld
still contains a notable condensate part. The part of the density that corresponds
to the condsnsate is in fact related to the second order correlation function through
asng(x) = 2 g@(x;x)n(x) [90]. For comparison, the proportion of condensate
to the full matter eld is plotted in Fig 7.4(b) as well. Spatial integration of
n¢(x)=n(x) or straightforward diagonalization of the density matrix results in an
overall condensate fractionN.=N  40% while it is approximately 90% in the
neighbouring wells.

7.2.5 Validity of the TWA

Here, we report brie y on the validity of the results. An all-encompassing set of
validity conditions for the TWA is di cult to establish. Technically, the TWPGPE

is only valid when every mode has a large occupation [81], strongly limiting its
applicability. This requirement is clearly not satis ed for the current system, where
for each site a number of modes are included that lie above the chemical potential
and that are dominated by noise. From their comparison of the truncated Wigner
method with the time-dependent Bogoliubov approximation, Sinatraet al. [174]
concluded that simulations break down when the noise over all modes exceeds the
total particle number. A less stringent validity condition is therefore:

N N =2 (7.30)

with total particle number N and number of simulated modedN . Regarding each
site in the Josephson array as a separate multimode system, this requirement is
de nitely satis ed for a full site, but not for the central well in the low-density
state.

However, dissipation ordamping is a known stabilizer of the TWA method in
regimes where it would otherwise fail for closed systems. A thorough analysis of
the regimes of validity for a multi-mode driven-dissipative system was performed
in Ref. [175]. A straightforward application of their conclusions is not possible due
to the di erent detuning of the drive for each mode in the central well. However,
in our simulations we remain far enough from the interaction dominated regime
where the TWA generally breaks down, i.e. in general=U & 1. The physics
we describe is fairly classical, meaning it does not feature a high degree of en-
tanglement that the TWA ordinarily fails to capture. Nonetheless, signal-to-noise
ratio does becomes challenging at small densities, especially to determig®). To
mitigate this we require averages over a large ensemble of trajectories.
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7.2 Inherited coherence

Figure 7.2 Comparing equal time correlation functions of the two
(meta)stable states. The one-body density matrix for the super uid (a)
and normal (b) phase of the harmonically trapped, coherently driven atom
cloud. Normalised rst order correlation functions are plotted respectively
in (c) and (d). (e) The local second-order correlator for the condensate on
the upper branch (blue) and the normal state on the lower branch (red).
System parameters areJ = 0:35~! 4, gip = 0:1~! Iy, r =9~ and
=0:8! .
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7 Out-of-equilibrium condensation in driven-dissipative systems

Figure 7.3  Phase coherence in the Bogoliubov picture. One-body density
matrix (a) and normalized coherence function determined by numerically
solving Eqg. (7.28). (c) Quantitative comparison shows excellent agreement
in the predicted phase coherence between the semi-analytic Bogoliubov solu-
tion (full) and numerical TWA results (dashed). The gray dashed line dis-
plays the same quantity for the super uid phase.

Figure 7.4  Inherited coherence in the Josephson array. (a) Phase coher-
ence characterized by o -diagonal peaks off  0:75 corresponding again

to peaks in density. (b) Local second order correlation function and the

ratio of condensate density to total density derived from it.
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