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Samenvatting

De hadronstructuur vormt één van de belangrijkste bronnen van systematische onzekerheden
in theoretische voorspellingen voor fysische grootheden die worden gemeten in huidige expe-
rimenten bij hoogenergetische deeltjesversnellers. Om die reden is een aanzienlijk deel van
toekomstige hoogenergetische fysica projecten gericht op het verbeteren van onze kennis van
de parton-distributiefuncties (PDF’s) van hadronen.

Om dezelfde reden wordt er momenteel een grote inspanning geleverd om de perturbatieve
nauwkeurigheid van theoretische berekeningen voor de partonstructuur in de kwantumchromo-
dynamica (QCD) uit te breiden, waarbij de huidige grens ligt bij de berekeningen op vier-lus-
niveau, oftewel next-to-next-to-next-to-leading order (N®LO) in de QCD-perturbatietheorie.

Met deze sterke toename in precisie worden theoretische systematische onzekerheden
die voortkomen uit de perturbatieve oplossing van de renormalisatiegroep vergelijkingen
(RGE’s) een belangrijke factor in het bepalen van de algehele nauwkeurigheid van theoretische
voorspellingen voor processen bij deeltjesbotsingen.

Dit proefschrift onderzoekt een algemene methodologie die recent is voorgesteld om
de systematische effecten van RGE’s te evalueren, gebaseerd op technieken ontleend aan
benaderingen voor zacht-gluon- en transversaal-impulsresommatie in QCD. Na een beschrijving
van de belangrijkste concepten van deze methodologie en een samenvatting van de tot nu
toe behaalde resultaten, verkent het proefschrift de toepassing ervan op structuurfuncties in
diep-inelastische verstrooiing (DIS), die momenteel onze voornaamste bron van kennis vormen
over de PDF van het proton.

Er wordt gekeken naar bijdragen aan de RGE-systematiek van DIS-structuurfuncties
afkomstig van de QCD-koppeling en van PDF’s, waarbij de gevallen van de F-structuurfunctie
en de longitudinale structuurfunctie F7, afzonderlijk worden besproken, inclusief hoog-precisie
resultaten op N3LO.



Abstract

Hadron structure constitutes one of the main sources of systematic uncertainties in theoretical
predictions for physical observables measured in current experiments at high-energy colliders.
For this reason, a substantial part of future high-energy physics programs are devoted to
improving our knowledge of hadrons’ parton distribution functions (PDFs).

Also, for this reason, a major effort is ongoing to extend the perturbative accuracy of
theoretical calculations for partonic structure in Quantum Chromodynamics (QCD), for which
the frontier is currently the four-loop order, that is, next-to-next-to-next-to-leading order
(N3LO) in QCD perturbation theory.

With this dramatic increase in precision, theoretical systematic uncertainties arising from
the perturbative solution of renormalization group equations (RGEs) become an important
factor in determining the overall accuracy of theory predictions for collider processes.

This thesis investigates a general methodology which has recently been proposed to
evaluate RGE systematic effects, based on using techniques borrowed from soft-gluon and
transverse-momentum resummation approaches in QCD. After providing a description of the
main concepts of this methodology and a summary of the main results achieved so far, the
thesis explores its application to deep inelastic scattering (DIS) structure functions, which are
currently our main source of knowledge about proton’s PDF.

It analyzes contributions to the RGE systematics on DIS structure functions from the
QCD coupling as and from PDFs, and discusses separately the cases of the Fy structure
function and of the longitudinal structure function Fr, including high-precision results at
N3LO.
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Introduction

When one wants to find out about the fundamental workings of this world, one comes across
many different concepts and theories. However, behind each of those theories lies (at the
moment) one theory that is more fundamental than any other one: the Standard Model.
This is a theory that aims to describe the building blocks of our world using mathematical
concepts and experimental data. What makes this theory special from other such theories is
that experiments and theory agree with each other up to extreme precision. This makes it
one of the most successful, but also most complicated theories ever, and also based on some
of the biggest and most expensive experiments ever, such as high-energy lepton collision and
hadron collision experiments.

Despite its success, it is known that at extreme energy scales, the theory still leaves many
questions unanswered about fundamental interactions. One of the main avenues to advance in
this field is to strive for higher and higher precision, both in experimental measurements and
in theoretical predictions, so as to uncover clues to the mysteries still underlying the Standard
Model.

At the level of theoretical accuracy currently reached in Standard Model predictions, it
becomes very important to develop methods to investigate and control, with high precision,
the physical effects associated with the evolution of the coupling constants, and of other
fundamental quantities, from low to high energies, spanning a very large energy range. These
effects are taken into account by Renormalization Group equation (RGE) methods.

A theoretical framework has recently been proposed to systematically take into account
RGE effects in theoretical predictions for physical processes occurring in high-energy collisions
via the strong interaction, which is described by the sector of the Standard Model embodied
in Quantum Chromodynamics (QCD).

In this thesis we investigate this framework in detail. We apply it to study the role of the
RGE systematics for the QCD coupling «s and for the parton distribution functions (PDFs)
in high-precision calculations of the proton’s structure functions measured by deep-inelastic
scattering (DIS) experiments in high-energy lepton-hadron collisions. The thesis is structured
as follows.

In Chapter 1, we give a concise introduction to the basic elements of QCD as the theory
of the strong interaction and of the theory of DIS in lepton-hadron collisions.

In Chapter 2, we describe the theoretical framework providing the methodology to evaluate
RGE systematic effects, and discuss in detail the cases of the coupling «as and of the PDF.

In Chapter 3, we turn to high-precision calculations of DIS structure functions. First
we compute results at next-to-next-to-leading order (NNLO) in perturbation theory for
RGE effects on the F5 structure function, which is the sum of transversely-polarized and
longitudinally-polarized components. Next we examine in more detail these RGE effects
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by decomposing them into their ag and PDF contributions. Then we study separately the
transversely-polarized and longitudinally-polarized components of the structure function,
particularly with a view to measurements of the longitudinal structure function F7, which
will reach good accuracy for the first time at future colliders. Finally we go one order higher
in perturbation theory, and present results from the application of the RGE systematics
methodology at N3LO.



Conventions

Before tackling anything in particle physics, a set of conventions must be chosen and fixed.

e The Minkowski metric will be chosen as "mostly minus"', which means that the time
component is positive, and the spatial components are negative.

1 0 0 0
o -1 0 o
Iw=10 0 -1 0
00 0 -1

o The four-gradient is defined as:

0 0
oy=—=|=,V
’ Oz, (875 )
e The Dirac slashed notation applied on an object expresses a contraction of that object
with the four gamma matrices, as shown below:

P =" =" + 017" + 2y’ +p3y’

10 0 0 0 0 0 1
o |01 0 o RO
TZloo -1 o7 T lo -1 0 of
00 0 -1 1 0 00
0 00 —i 0 01 0
, o oo s o 00 -1
TZ1lo 0 o TT]=1 00 o0
i 00 0 0 10 0

This set of gamma matrices can be interpreted as a basis in Minkowski space. An
additional gamma matrix can be constructed as 5 = ivyyy1727y3 and represents the
chirality operator.
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e It is common in particle physics to use natural units. Most quantities will be expressed in
GeV (gigaelectronvolt) and the constants ¢ = i = 1 will be chosen for ease of calculation
and writing. Some useful and frequently used quantities are:

[Energy] = GeV
[Mass] = m, = GeV/c? = GeV
[Length] = fi/mec = GeV !
[Time] = h/mec? = GeV ™!



Chapter 1

Quantum Chromodynamics (QCD)
and Deep-Inelastic Scattering (DIS)

In this first chapter, the basics of QCD and DIS will be introduced. QCD describes one of
the four fundamental forces of the universe, dealing with the binding of quarks, while DIS
describes the scattering process of electrons (or muons and neutrinos) on hadrons (mostly
protons and neutrons). This chapter is based on the treatments of QCD and DIS given in the
textbooks and lectures [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12].

1.1 QCD as the theory of the strong interactions

QCD is a part of the Standard Model of fundamental interactions. The Standard Model is a
field theory based on quarks and leptons as matter particles and different gauge symmetries
of the lagrangian density. These are described by symmetry groups. The properties (more
specifically, the Lie algebra) of these groups give rise to the force carriers that we know of
in the Standard Model, as displayed in figure 1.1. The strong force corresponds to a SU(3)
symmetry with gluons as mediators; the weak force to a SU(2) symmetry with the W/Z
bosons; and the electromagnetic force to a U(1) symmetry with the photons. Gravity is, at
the moment, still not part of the Standard Model. The strong force is responsible for nuclear
interactions inside of atoms.
The Lagrangian density for QCD can be written as

Locn = Y05 =gy = TR = o0, 0, Dl (L)
f

Here follows a quick intuitive overview of the different terms in this expression: the first one
is a term for kinetic energy and mass of Dirac fields and their interactions with gauge bosons,
the second one is purely a term for kinetic energy of gauge bosons (similar to the EM field
strength) and their self-interactions, the third one is a gauge-fixing term (therefore breaking
gauge symmetry) that is needed to be able to quantize the theory, the fourth is a ghost term
that is a consequence of gauge-fixing a non-abelian theory.
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Standard Model of Elementary Particles

three generations of matter interactions / force carriers
(fermions) (bosons)
I II I
mass = =2.16 MeV/c? =1.273 GeV/c? =172.57 GeV/c® 0 =~125.2 GeV/c?
charge | % % % 0 0
spin | % U % C % t 1 9 0 H
up charm top gluon higgs
=4.7 MeV/c ~93.5 MeV/c? =~4.183 GeV/c? 0
% -% -% 0
» d v (& » D W
down strange bottom photon

=0.511 MeV/c® =105.66 MeV/c =1.77693 GeV/c ~91.188 GeVv/c?
-1 il =) 0
» » @ |- @ &

electron muon tau Z boson
<0.8ev/c2 <0.17 MeV/c? <182 MeV/c? ~80.3692 GeV/c?
0 0 0 +1
% Ve 1% V',[ % VT 1 W

electron muon tau

neutrino neutrino neutrino W boson

Figure 1.1: The picture of the Standard Model is divided into multiple parts: the particles (quarks
and leptons), force carriers (gauge bosons) and the higgs particle (scalar boson), from [13]

1.1.1 Building blocks of QCD

QCD is based on a non-abelian gauge theory of fermion fields (the quarks) with a SU(3)
symmetry. As for any gauge theory, the standard Lagrangian density of a Dirac field
(when working with fermions) needs to be transformed into one that is gauge-invariant by
implementing the so-called "covariant derivative", denoted by the letter D. The way this
happens depends on the symmetry group of the theory.

A SU(3) local symmetry means that the following gauge transformation keeps the Lag-
rangian density invariant:

Y(a) = ¢ (@) = P(a)e (1.2)

where T; = \;/2 and \; are the Gell-Mann matrices, or the generators of the SU(3) group,
aj(z) is a spacetime-dependent phase factor and (z) is a fermionic field.

After applying this transformation naively to the classical Lagrangian density for a Dirac
field, a problematic term appears:

LDirac = @Z(ZE)(Z@ - m)?/)(:l?)

1

oE/ﬂ/Di'rac = 77ZI($) (Za - T)’L) W(JC) (13)
= (x)e " @ (i — m) P(x)e (@)
= ¢(x) (i — m) P(x) — P (x)Pa;(2)Tj1(x)
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The trick to getting rid of the last extra term is to introduce the covariant derivative with new
vector fields and the appropriate field transformations. In the general case, the covariant
derivative and the field transformation is given by

Dy, = 0y, —igAy(x)T"

a 1 c (1.4)
Ay = Ayt 2O freal A

where g will be made clear to be the coupling constant, A}, are the newly introduced vector
fields (the gluons), 7% the generators of the group running over the index a and f*° the
structure constants of the group. After substituting the normal derivative with the covariant
derivative, the expression becomes

ZLocp D (@) (ilp — myy ()
= 1(x) (id — m) Y (x) — () da;(2)Tjib(x)
Now that gluon fields have been added to the Lagrangian density, other potential terms

involving these fields also need to be added. One such term is a gauge-invariant term containing
the kinetic energy of the gluon fields through the field strength tensor, given by

(1.5)

1 a aur
Zocp D _ZF“VF H (1.6)
where
Y, =0,A% —0,A% + g f“bCAZAf, (1.7)

In the case of QED with symmetry group U(1), the theory is abelian (which also means
that the structure constants vanish) and there is only one generator, namely the identity
matrix. The expression above then becomes the ’free electromagnetic field Lagrangian’,
yielding Maxwell’s equations.

1.1.2 Gauge-fixing and ghosts
The QCD Lagrangian density is thus far composed of the following terms

Facn > DI — myy — LFa, FH (1.8)
However, this is not the full picture. By quantizing the theory, problems associated with
gauge redundancy appear. They originate from the operator PMLV = Guv — kuky/ k? in the field
strength tensor which is in fact the transverse projection operator and has a zero mode, i.e.
a vanishing eigenvalue. The longitudinal eigenvectors all map to the eigenvalue zero, which
makes for a divergent sum over infinitely many eigenvectors with amplitude 1 (because the
action is 0). The trick will be to fix the gauge (thus breaking gauge symmetry) so that these
redundant eigenvectors are no longer gauge-equivalent.
Leaving the details aside, the fix requires adding a gauge-fixing term where a choice for
the parameter £ needs to be made:
1

ggauge—ﬁxing = _275(8;114“&)2 (19)

10
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The Landau gauge (£ = 0) subtracts all unphysical (longitudinal) polarizations, whereas the
Feynman gauge (£ = 1) contains all four polarizations.

The fix for QCD needs one more ingredient, namely adding new fields, called ghost fields.
These are a consequence of the non-abelian nature of QCD and the fact that unphysical
(longitudinal) modes re-interact with gauge fields in the non-abelian gauge transformations.
The ghosts are scalar, massless fields and interact only with other ghost fields and gluon fields:

Lehost = —¢*0, D", b (1.10)

11
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1.1.3 Feynman rules of QCD

To sum things up, all the Feynman rules of QCD have been laid out in this section.

{

Quark propagator —

p—mtie
p
a b cab
5 tr
Gluon propagator  —(g00000000000— — (;2“6 [glw _ (1 — f) Fﬂl; }
K q v
a b _i0qp
GhOSt propagator ® 0o 000 00 .) e 0 0 0 0 0 0 % p2+i6
p
d
Quark-gluon vertex u — —igs T
b.
;
a
Ghost-gluon vertex —000009— — gs fept
. Py
c
[, a p,c
g,
3-gluon vertex — —gs ¢ [g" (k — p)P + g"P(p — @)P + g""(q — k)]
v
v,b
W, a v,b

fabefcde (gupgua _ guagup)
4-gluon vertex — _Z‘gz 4 face fbde( gV gre — gho giv)
+fadefbce (g,upgm/ _ guugpo)

p,c o,d

with roman letters (a, b, ¢, d, e) representing the colour.

12
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1.2 Deep inelastic scattering (DIS) and structure functions

Deep inelastic lepton-hadron scattering (DIS) is a process in which the innards of hadrons are
probed using electrons, muons and/or neutrinos, much like an electron microscope. Hadrons
are composite particles made up of any number of quarks. In the quark model, baryons
are made up of 3 quarks (or 3 antiquarks) and mesons are made up of a quark-antiquark
pair. This picture of hadrons is only an approximation, but is still widely used because of its
applications, much like Niels Bohr’s atomic model is only an approximation, but is accurate
enough to have plenty of useful applications. A more accurate description is that of ’'sea
quarks’ and ’valence quarks’. Because of quantum fluctuations, quarks can emit a gluon at
any given time which can either decay into a quark-antiquark pair or emit another gluon,
which leads to a cascade of reactions. Notice that the number of quarks added or subtracted
by a gluon is always a quark-antiquark pair; these are called the sea quarks. On the other
hand, there are quarks that do not originate from these quantum fluctuations which are called
the valence quarks. Baryons have three valence (anti)quarks and mesons have one quark and
one antiquark.

DIS has historically provided one of the most powerful tests of QCD as the theory of the
strong interaction. Besides, DIS nowadays provides us with the best available information on
the momentum distributions of quarks and gluons in hadrons, which are needed as inputs in
computing theoretical predictions for cross sections in high-energy hadron-hadron collisions
such as those at the Large Hadron Collider (LHC).

In this section we describe the basic features of DIS and introduce the DIS structure
functions. DIS structure functions are the main physical observables investigated in this thesis:
they will be at the center of the studies reported in chapter 3.

1.2.1 DIS kinematics

Consider an electron of momentum k scattering to one of momentum k' by exchanging a
photon of momentum ¢ with a proton of momentum p, as illustrated in Figure 1.2. The
center-of-mass energy squared is s = (k + p)2. Let Q? be the photon virtuality

Q* = —q"q, (1.11)
and let x be the ratio
Q2
T = (1.12)
2p-q

In terms of @Q? and  one can calculate two other variables which are commonly used to
describe DIS kinematics,

1i
W2 = (p+9q° = Q xx, (1.13)
pq @

The kinematic limits are Q% < s, z > Q?/s.

For low Q? (Q?* <« R, 2 where R, is the proton radius) one only observes elastic proton
scattering; but as Q2 increases the photon can be absorbed by thecharged quark constituents
of the proton. We will examine the deep-inelastic region, min{@Q?, W?2} > R, 2,

13
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Figure 1.2: An electron with momentum £ scatters on a proton with momentum p by exchanging a
photon with momentum ¢. The actual collision happens with only a part of the proton-momentum zp,
whose fraction is denoted by z € 10, 1].

We will see next that the general structure of the DIS cross section as a function of s, for
given Q? and x, may be parameterized, based on Lorentz and gauge invariance principles, in
terms of so-called DIS structure functions.

1.2.2 DIS structure functions

Let us denote by eT),(p, q; {px}) the scattering matrix element for a proton of momentum p
to absorb a photon of momentum ¢ and Lorentz index p to produce a set of hadrons X with
fixed momenta {px}. The scattering matrix element squared for the whole process is given by

64

‘M‘Q = Q4

L* T (p, ¢ {px }) T, (p, ¢; {px }), (1.15)

where the leptonic tensor
LM =T {Jr" "'} (1.16)
describes the electron-photon subprocess.

If the state X consists of n hadrons, then the n+1-body phase space for the whole process
can be written as a part describing the electron kinematics times the n-body phase space for
X’

dPS = def dx dPSx. (1.17)
1672522
We write the DIS cross section as

do = |M|*dPS. (1.18)

By integrating over the phase space of X and summing over all possible states X, we
define the hadronic tensor

Z/dPSX Tu(p, ¢ {px 1) T, (p. a; {px}) = Hpw, (1.19)
X

where H,,, can only depend on the vectors p and ¢ and, since the electromagnetic and strong
interactions conserve parity, must be symmetric in g and v.

14
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We now parameterize the hadronic tensor H,, by considering all possible symmetric
two-index tensors that can be constructed from two vectors, and perform its contraction with
L, according to Eq. (1.15). We find that nonzero contributions come from the following
terms,

Hyy = —Hyg + ngg;”, (1.20)
where H; and Hj are scalar functions of the only two Lorentz scalars available ¢-q = —Q?
and p-q¢ = Q?/2z, i.e., of x and Q2. More precisely, we get
kpk
L™ H,, = kK Hy + 42522 (1.21)

Q?
By redefining H; = 4nF} and Hy = 8wxF>, we obtain the result for the scattering cross

section ) )
d°o dma” [ o 9 9
T2 d0? = wor VR @) + (1 =) Fa(e, Q)] (1.22)
We note that, for fixed = and Q?, the s dependence of the scattering cross section enters
through the y dependence, since y = Q%/(xs).
The functions F' are called the structure functions of the proton. Other commonly-used
linear combinations of the structure functions are

Fr(z,Q%) = 2zF(z,Q?%), (1.23)
FL(J;’QQ) = FQ(xaQQ)_ZTFl(x)QQ)a (124)

which correspond to scattering of transverse and longitudinally polarized photons respectively.
The cross section can then be written as
d*c 21’

drdQ? ~ 208 [(1 + (1= y)*)Fr(z, Q%) +2(1 — y) Fr (z, QQ)} . (1.25)

The most common parameterization of the cross section is in terms of F5 and F7p,

d?o B 2ra’?
drdQ?  zQ*

[(1+ (1 =2 Po(,Q%) — y*Fu(=, Q%) (1.26)

For the majority of current measurements, y? is small and F7, can be neglected. However, it
needs to be included in the region close to the kinematic limit y = 1, or for very precise data.

So far we have said nothing about how the structure functions F' in Eq. (1.26) behave
as functions of  and Q2. In the next two subsections, we discuss the structure functions
according to the parton model, originally proposed by Bjorken and Feynman, and in QCD.
First, we discuss that, if the photon interacts with pointlike constituents of the proton (partons)
and no dimensionful scale is involved in this interaction, then the dimensionless structure
functions F' in Eq. (1.26) cannot depend on @2, and are only functions of 2. This behavior is
known as Bjorken scaling, and the corresponding physical picture is the parton model. This
behavior is, approximately, rather well satisfied by observations.

Next, we discuss that in QCD the basic picture of the photon interacting with pointlike
partons, as constituents of the proton, is retained, but the interactions are characterized by a
dimensionful scale, which leads to small, logarithmic corrections to Bjorken scaling, so that

15
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the structure functions F in Eq. (1.26) become slowly (logarithmically) dependent on Q2.
This behavior is known as scaling violation, and constitutes the distinctive feature of the
field-theoretic treatment of the scattering in QCD, beyond the original parton model. The
scaling violation effects are numerically small; accurate DIS measurements are able to detect
them, and the scaling-violation predictions are nowadays verified to very high precision.

1.2.3 Parton model: Bjorken scaling and parton distribution functions

The parton model can be conveniently introduced by considering DIS in a reference frame in
which the incoming proton has very large momentum in the z direction (“infinite-momentum’
frame). What happens can then be pictured as follows.

The proton is Lorentz-contracted in the longitudinal direction. The time it takes the
electron to cross the proton, Atgcatter, Shortens as the proton momentum becomes large. On
the other hand, the proton’s internal interactions are time-dilated. The typical timescale for
interactions among quark constituents — call them “partons” — inside the proton, mparton,
becomes larger and larger as the proton momentum increases. For

9

Alscatter <K Tparton (127)

the electron sees a hadronic state with definite number of partons, each of which is in a
state of definite momentum, characterized by a fraction £ of the proton’s momentum p. We
may denote by fq/,(€) the distribution function of parton g in the proton, as a function of
momentum fraction &.

For large Q? the distance traveled by the virtual photon is small,

Al ~ 1/\/§ <R' . (1.28)

So if the density of partons is low enough the photon interacts with only one parton. The
probability of its interacting with n partons is suppressed by a factor (Rf,QQ)_”, and we
regard the process as dominated by single parton scattering.

Now, as the photon-parton scattering does not interfere with the interactions among partons
occurring at time-dilated scales, we may compute the process by combining probabilities
rather than amplitudes. In this situation the DIS cross section oe._}, can be obtained, up
to corrections down by powers of Q2, from the cross section Oe—q for the scattering of the
electron from parton ¢, carrying momentum fraction £ of the proton momentum, times the
distribution function f/, of parton ¢ in the proton, integrated over £ and summed over g:

d*o(e — d’o(e —
dx(iZQQP) - Z/df farp(8) dx(zQQq)' (1.29)
q

To compute oe—q we need the scattering matrix element for eq — eq. Using the kinematic
variable y defined in Eq. (1.14), we obtain

1+ (1—y)?
IM|? = 8(4ra)? egNC g

where e, is the parton’s electric charge in units of e and IV, is the number of colors. As in
Eq. (1.17), the phase space is given by

(1.30)

@ 2
dPS = 15— dQ dr dPS. (1.31)
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Since X consists only of one massless parton, we have

iPsc = SES) (2n)'5 e+ o) (1.32)
- 2@?5(5 — ). (1.33)
The cross section is thus
da;dc(;QQ - 4zlvc % 167?:93:2 255 o —&) M (1.34)
_ 4]1V 16?;2@24 Sz — €)M, (1.35)

where the factor of 1/N, is the average over incoming colors. So we have

2

d(;iedég) - 2235 b -8 e (1+1-y)) (1.36)
and hence ; b
chedQs) - ;54 (H(l —y)Q) > eqafyp(a). (1.37)
q

Comparing (1.37) with (1.26) we therefore get
F2(:1:7Q2) = Zeg zfq/p($)7 (138)
q
Fr(z,Q%) = 0. (1.39)

We thus see that in the parton model F, is @Q?-independent, showing Bjorken scaling, and is
given by the charge-weighted sum of the parton distribution functions fg/, (PDFs), while F,
vanishes.

1.2.4 QCD corrections to the parton model

In the parton model, DIS is schematized through the photon undergoing a single parton
scattering, and partons do not have any further interactions. Partons, however, do interact via
QCD. When we include QCD corrections, the Bjorken scaling is modified by small logarithmic
violations of scaling, and the structure functions become Q?-dependent.

The evaluation of QCD corrections to the parton model implies taking into account,
besides the eq — eq scattering matrix element in Eq. (1.30), the contributions with real
and virtual gluon emission from it, as well as new contributions with eg scattering. Fig. 1.3
shows an electron scattering on a proton with some examples of gluon interactions taken into
account.

It can be shown that these contributions give rise to divergences corresponding to parton
interactions occurring at long time scales before the hard interaction with the photon, and that
a consistent way to take these into account is to associate all long-time, or low-momentum,
interactions to the distribution function f/, introduced in the parton model in Eq. (1.29),
and all short-time, or high-momentum, interactions to the o(e — q) cross section in Eq. (1.29).
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Figure 1.3: An electron scatters on a proton, just like in Fig. 1.2, but gluons are also produced, be it
in an intermediate or final and real or virtual state. This adds a new range of feynman diagrams to
take into account compared to the previous picture of DIS.

If we denote by u the (arbitrary) momentum scale by which we separate low-momentum and
high-momentum interactions, this means that in QCD both the f,/, and o(e — q) factors
become dependent on p, and the parton model formula (1.29) for the DIS cross section is
modified to the QCD factorization formula

2 1 2
W =% | fq/p(f,mW(x/f,Q,m. (1.40)
The scale u is termed factorization scale, and it is important that, although u appears in the
right hand side of Eq. (1.40), the left hand side is independent of u. We come back to this
shortly.

The parton distributions f; have here been introduced heuristically from parton model
ideas, but they can also be given a formal definition in terms of correlation functions of
bilinear field operators. These, in turn, can be expanded in a series of local operators, with
well-prescribed coefficient functions. In this case, the dependence of f; on the scale u can be
understood as arising from the renormalization of the ultraviolet divergences of the non-local
operators.

Corresponding to the above formula (1.40) for the cross section o(e — p), the structure
functions Fj are given, up to corrections down by powers of Q?, by factorization formulas

Fe(e,Q) =3 [ de Cugla/e, s /1) fi(Eo1) (141
;e

where f are parton distributions and C are hard-scattering functions, computable in perturb-
ation theory as power series expansions in asg,

Chj(,00,Q/p) = Y O\ (2, Q/p) 0 . (1.42)

The ¢ dependence of Eq. (1.41) can be diagonalized by taking, for any function of &,
N-moments defined as the Mellin transform

1
Fa(p) = /0 deENLE (e ) (1.43)
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so that
Fun(Q) = Crjn(os, Q/p) fin(w) (1.44)
J

The important point is that the physical structure functions Fj being independent of y in
Eq. (1.41) implies evolution equations for the PDFs f;. Schematically, the structure of the
equations is as follows. Since the left hand side of Eq. (1.41) does not depend on p, we have

d
Fn(@Q*) =0 . 1.4
T Pw(@) = 0 (1.45)
Then f and C must obey the equations
d d
dln,ulan—’yN dl lnC’N N (1.46)

with vy a function of a,, computable as a perturbation expansion

=3 o ar . (1.47)
n=1

So although f;, which depend on soft momentum scales, are not calculable perturbatively,
their variation with the scale p is. This result is of great importance, as it allows us to connect
the outcomes of experiments at different scales of momentum transfer. From Eq. (1.46) we get

M du’
o) = Sntoo) exp ( [“ @) ) (1.49)

10 12
The exponential factor in Eq. (1.48) represents the violation of scaling, and the function 7y
controlling it via Eq. (1.48) is termed the anomalous dimension.

The complete theoretical framework to describe the QCD dynamics described here,
including the p dependence, the scaling violation and the anomalous dimension, is the
Renormalization Group (RG). In the next chapter we will introduce the RG, and we will thus
be able to revisit the results of this section from the RG viewpoint.

We have written Egs. (1.46),(1.47) in moment space, suppressing parton indices. Trans-
forming back to z space and restoring the parton indices, the evolution equations read

2fl =3 / T Pulana/O) 1.0 (1.49)

where P;j;(as, z) are the so-called splitting functions, related to the anomalous dimensions
7ij,N (as) by the Mellin transform

1
ig, N (as) E/O dz 271 Pij(a, 2) (1.50)
Eqgs. (1.49) are the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equa-

tions [14, 15, 16]. )
It is often useful to also introduce the momentum weighted parton distributions f;

ﬁ'(l’,/ﬂ) = :L‘fi(l‘?:u?) : (1'51)
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These obey the evolution equations

£ 2 1 ~
W - Z/ dz Pyj(as, 2) fi(x/z %) - (1.52)
FRRE

The splitting functions Pj; are computable in QCD perturbation theory as a power series
expansion in ag:

Pilan ) =3 (52) B 0G). (1.5

— 2T

They have the following explicit expressions at leading order:

1 1—2
Pg(g)(z) = 2(Cy [<>+_1+z+2(1_2)

11 2
+ (GCA_TRNf) 5(1—Z) ,

1—=z2 3
14+ (1—2)?
POG) = PO =cp T
FO(z) = PO =Tn [2+(1-27] (1.54)

1 2
PO (z) = P(O)_(z):CF< “) 5; , PO =PY ) =0,
+

qiq; 1— 2 qiq;

in terms of the SU(N,) color factors

N2 -1
Cy = N, Crp=-EL
A c F 2NC

1
, Ir (tatb) =0 Tr = 5 Oab - (1.55)

Eqgs. (1.41),(1.49) constitute the basic equations of the “QCD parton model”, i.e., the
QCD generalization of the parton model formulas (1.38),(1.39). In the next chapter we will
discuss the renormalization group (RG), and we will study Egs. (1.41),(1.49) from the RG
point of view.

1.3 Summary of Chapter 1 and outlook

In this chapter we have introduced QCD (Quantum Chromodynamics) as the gauge theory of
the strong interaction (Sec 1.1), and we have described DIS (Deep Inelastic Scattering) in
lepton-hadron collisions as one of the classic probes of QCD (Sec 1.2).

We have introduced the DIS structure functions F; which parameterize the scattering
cross section in Eqgs. (1.22)-(1.26). These structure functions will be the object of the detailed
numerical studies performed in this thesis, which will be described in Chapter 3.

We have also introduced the QCD factorization formulas for DIS structure functions in
Eq. (1.41), in terms of hard-scattering functions and parton distribution functions (PDFs),
and the corresponding evolution equations in Eq. (1.49), the so-called DGLAP equations.
These factorization formulas and evolution equations will be the object of investigations from
the viewpoint of the theory of the Renormalization Group (RG) in Chapter 2. All the results
presented in this thesis will be rooted in these factorization formulas and evolution equations.

We will next proceed as follows. In Chapter 2 we will discuss the concepts of renormalization
and renormalization group, and we will apply this to examine perturbative solutions of the

20



CHAPTER 1. QUANTUM CHROMODYNAMICS (QCD) AND DEEP-INELASTIC
SCATTERING (DIS)

RG evolution equations (RGEs). We here will describe a formalism to evaluate theoretical
systematic uncertainties on PDFs due to perturbative RGE solutions. This formalism will
constitute the basis for numerical studies of DIS structure functions, which will be carried
out in Chapter 3. In Chapter 3 we will employ dedicated software to compute the F5 and
Fr, structure functions of Eq. (1.26) at next-to-leading order (NLO), next-to-next-to-leading
order (NNLO) and next-to-next-to-next-to-leading order (N3LO) in QCD perturbation theory,
and to obtain the corresponding RGE systematic uncertainties.
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Chapter 2

Renormalization Group (RG) and
Perturbative Solutions

In this chapter, the concept of renormalization and the renormalization group equations will
be introduced. This approach was an important breakthrough for multiple fields of modern
physics: among them, particle physics. The theory provides us with a way to deal with
quantum fluctuations at the shortest distances when calculating Feynman diagrams.

2.1 Loops and divergences

Feynman diagrams give a picture of what happens when particles interact with each other. A
particle propagating through space-time can and will emit or absorb particles of any energy.
These emitted and absorbed particles are called ’virtual particles’ and can in turn also
produce other (virtual) particles. Their energy can take on any value for a short amount of
time according to the Heisenberg uncertainty principle. This makes loop diagrams possible
where a particle or a pair of particles is emitted and immediately re-absorbed. A simple
propagating particle is then not so simple anymore because of these higher-order diagrams.

To calculate a physical cross section, one must sum over every single Feynman diagram
that’s allowed by the theory. Loop diagrams, in particular, are characterized by arbitrarily
large momenta that may flow in the loop. To deal with the regions of large momenta
(ultraviolet regions), the method of ’renormalization’ is introduced. In the following section,
we’ll take a look at the example of the photon self-energy.
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2.1.1 Photon self-energy

In a general non-abelian gauge theory, for one ingoing boson and one outgoing boson the
Feynman diagram at lowest order is given by

—ig Loab
W, a~~~~eV, b # (2.1)

where a and b are the gauge-group indices of the boson.
At first order, the Feynman diagram is given by

k+q

q —i pp(sab ‘ —i crz/(')‘ab
W, a MWQ/W v, b — qu 271'2’2_ gq2 (22)

k

where the fermion loop contribution can be written as
k+q

4]{7 7 1
vb = (—ig)*(—=1)Tr(T°T") / WTT lwk “m " F+d—m|  (23)

O

— ;ab

=Ty,

We will focus on the abelian case of the photon. In this case, 6% is left out, and the trace
Tr(T°T?) is replaced by 1. (For QCD, this trace equals %5“17.) Summing diagrams with
multiple insertions of the one-loop contributions gives the following series

Figure 2.1: The photon self-energy on the left-hand side (LHS) as an infinite sum of one-loop feynman
diagrams.

The amplitude on the LHS is a primitively divergent amplitude. For QED, there
are 3 primitively divergent amplitudes: the photon self-energy, the electron self-energy and
the electron-photon vertex. For QCD, there are 7 of them: the gluon self-energy, the quark
self-energy, the ghost self-energy, the gluon 3- and 4-point vertex, the quark-gluon vertex and
the ghost-gluon vertex.

The photon self-energy only has fermion loops as one-loop corrections to the amplitude
(see figure in Eq. 2.2) (whereas the gluon self-energy has additional interactions other than
with fermions, which makes for more Feynman diagrams to sum over at one loop, see Sec. 2.3).
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Looking at the integral in the expression (2.3), one could count the powers of k in
the numerator and in the denominator to find out the so-called ’superficial degree of
divergence’ defined as

D := 4 + powers of k in numerator — powers of k in denominator (2.4)

If D > 0, then the integral is ultraviolet (UV) divergent, because it blows up at infinite
momenta/energies. In the case of equation (2.3), WZ?, would give D = 2, but because of gauge
invariance, for 7721; to only contain physical polarizations and no unphysical ones, it needs to

be proportional to the transverse projector qu2 — quqv, which gives

71'22 = (gul/q2 - qMQV)Hab- (25)
That is, the photon self-energy is purely transversal. II?® now needs 2 powers of k less which
reduces the superficial degree of divergence by 2 and makes it 0, i.e., it reduces the divergence
from quadratic to logarithmic. The method of renormalization will now be introduced to
evaluate the fermion loop contribution.

2.1.2 Renormalization

For a theory to be renormalizable, it must have a finite amount of primitively divergent
amplitudes, which is the case for QED and QCD. The procedure for renormalization can be
summed up in the following steps:

1. The first step will be to choose a regularization method. This is a method to get rid
of the infinity by paying the price of adding a so-called renormalization scale p.
One method is to set a cutoff A for the upper bound of the integrand. The integral is
then separated into a finite part from zero to A and an infinite part from A to infinity.

IASTRON

The motivation for this cutoff regularization comes from an effective field theory viewpoint
of the Standard Model. This is the idea that our current model is only an accurate
prediction in the low-energy region, and that at high-energies (presumably at a scale
A), physics beyond the Standard Model (BSM physics) will have substantial effects
anyways.

Another method is dimensional regularization. This complicated term actually just
means to reduce the dimension of d*k by a very small amount of 2¢ to make integral
non-divergent. However, the final result of this integral is the matrix element and
should retain the same dimension, so a dimensionful mass scale parameter u, called the
’renormalization scale’ is added to compensate for it.

d4k . d4—2€k
(27T)4 (27T)4—2e

— (1%

2. The second step will be to rescale the wave functions and parameters of the theory. The
scaling factor for each quantity is called the ’renormalization constant’.

Y = tho = 2y
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On the LHS, 9 is the unrenormalized quantity and on the RHS, 1) is the unrenormalized
quantity and ) the renormalized quantity with Z the renormalization constant. These
rescalings will be the trick to getting rid of infinities before they have even emerged. It
is meaningful to do this because the rescalings themselves are not observables.

2.1.3 Renormalizing the QED coupling constant
We now give a concrete example for the calculations. With the v matrix trace properties,
Tr ['Y;ﬂ/u] = 4g;w

Tr [7041'7042-”’}/0(1(1] =0 (26)
Tr [’VM'YV’Yp'YU] = 4(guugpa — JupGro + glwgup)

and the integration trick using Feynman parametrization,

1 1 dx
AB ~ /0 [zA+ (1 — 2)B]?

(2.7)

we can now apply dimensional regularization on the one-loop diagram from equation (2.3):

(i uTrrer ey [ 28)
9 " H (2m)4—2¢ " ’yﬂk - m%/}é +qd—-m ’
The trace part inside the integral gives

o ktm F4q+m
ZV#k2 _ mQZ’.}/V (k n q)2 3
1 1
— k2 —m2 (k + q>2 —m2 (_1)T?” ['Yu(% + m)’yy(% + g + m)}
' dx
_/0 [x(k2 _ m2) + (1 — x)((k 4 q)2 — m2)]2

4 {(guaguﬁ — JuwYap + guﬁgau)ka(kﬁ + qﬁ) + m2gm/}

= TT[

X

! dx
- /0 [(E+q(1+2))2+ (1 —x)¢2 —m2]?

4 |:2]€,uky +m+m_ guu(k - (k +Q) - m2):|

X

1
= —4/0 1 _djj)q2 - {2lul,, + quap( — 1) — g (P + ¢*(xz — 1) + m2)} (2.9)
with [ = k + ¢(1 + =) and dl = dk, and terms with odd powers in k cancelled because of
symmetry when integrating with respect to dk. Next up, according to equation (2.5), a part
of the total amplitude WZII’, contains a term proportional to gw,q2 which we can directly extract
from equation (2.9) to get I1%. This lets us ignore the other more difficult terms in the
integral and focus on the simpler part,
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4—2e
T =(ig A(OTHTT) ) [ e
1 x
(74)/0 (12 +2(1 —dx) 2 —m?)? {g’“’(ﬁ(x B 1)] (2.10)
d4 2€l 1
=9uq 4g2Tr TaTb / dx / (271.)4725 [l2 T :U(l — :L,)q2 — m2]2

To make sense of integration at non-integer dimensions, we look at the transformation
[ dp = [5° dpdnp? in n = 3 dimensions and extend the surface of the 2-sphere to a (n-1)-sphere
for which the formula of the hypervolume is given as follows:

27Tn/2 n—1
At =10 79)
The transformation is then given by
2 P/2
Dy _ D-1
/d = /le(D/z)l

So equation (2.10) becomes,

2 € 00 dl l3 2€
% = 4¢*Tr(TT") (1 /d / 2.11
9T T 2—6) o (@m) 2 [2 + o(1— 2)¢% — m?)2 (2.11)

Continuing the calculation, the final result becomes

4 p?

Hab(q ) TT(TaTb)4g ZF( )/01 dx ( )q2> 21‘(1 — l‘) (212)

0 m?—z(l—x

The Euler T" function contains the logarithmic UV divergence, which appears as a pole at
€ = 0 in dimensional regularization. The UV divergent part of the self-energy can be extracted
by computing the integral at ¢® = 0,

Iob(0) ~ —Tr(ToT?) 9 1] (2.13)
472 €3 ’
Specializing to the QED case, we have
a 1
II(0) ~ — — + ... 2.14
)= —2 4 (214)

We can now use this result to evaluate the renormalized QED coupling, a. Suppose we
consider a physical process occurring via photon exchange at momentum scale g%, and we
ask what the effect is from the multiple one-loop contributions in Figure 2.1 compared to
the lowest order contribution in Eq. (2.1). By summing the series in Figure 2.1 through a
geometric series, we obtain that the effect of renormalization amounts to

a a1
q* q* 1 —1I(¢?)
1 (7)) 1
~ il 2.15
2 1-1(0) 1- [ — 1] (219)
—_———
a=Z3ag q?—dependence
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We see that the first effect of renormalization in Eq. (2.15) is that the strength of the

coupling is modified to
Qg

1-11(0)

from which we identify the rescaling, or renormalization constant Zs,

=« , (2.16)

Zs ~ 1+TI(0)

= 1 37r5+"' , (2.17)
where in the last line we have used the explicit result for II(0) in Eq. (2.14). The coupling «
in Eq. (2.16) is the physical coupling, that is, the renormalized coupling. This is obtained
from the unrenormalized one, «q, via a divergent, but unobservable, rescaling, according to
the general procedure through the Z rescaling outlined in Sec. 2.1.2.

The second effect in Eq. (2.15) is that the coupling acquires a dependence on the momentum
transfer ¢2, controlled by the finite part of the self-energy, I1(¢%) — I1(0). This dependence is
free of divergences and observable. The ¢?-dependence of the electromagnetic coupling is a
new physical effect due to loop corrections. Using the explicit expression for Il given above,
we obtain that for low ¢

I(¢?) — TI(0) — 0 for ¢*—0, (2.18)

and for high ¢*
M) - T0(0) ~ & 1 & f 2> m? 2.19
(¢°) — ()_3—7r 3 or ¢°>m” . (2.19)

Thus « in Eq. (2.16) is the value of the coupling at ¢ = 0; the coupling increases as ¢?
increases. Substituting Eqs. (2.16),(2.19) into Eq. (2.15) and rewriting it in terms of the fine
structure, we have for large momenta

(%

~ 1= (a/(3m)n(g?/m?)

The ¢?-dependence of the coupling is referred to as running coupling. This phenomenon is
shown in Figure 2.2, where a has been measured at different energies.

a(q?)

(2.20)
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ee ee L3
@ 2.10GeV? < -Q° < 6.25GeV?
0.8 B 12.25GeV? < -Q° < 3434GeV*
1800GeV? = -Q° = 21600GeV*
— QED

o x 100
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2 2
-0 (GeV?)
Figure 2.2: The QED running coupling obtained at LEP [17].
The result for the electromagnetic coupling that we have just found can be viewed as

summing a series of perturbative large logarithms for ¢? > m?2. By expanding Eq. (2.20) in
powers of «, we have

alg®) = :
= T /B )
= a(l—l—alnq2~l—---+ o 1n"qur ) (2.21)
e .

This is the simplest example of a conceptual framework referred to as resummation in QED
and QCD. The point is that if the result (2.15) for the physical process is expressed in terms
of an expansion in powers of «, as in Eq. (2.21), perturbative coefficients to higher orders
are affected by large logarithmic corrections. On the other hand, one obtains a well-behaved
perturbation series, without large higher-order coefficients, if the result is expressed in terms
of the effective charge a(q?).

2.2 Renormalization scale dependence and RG evolution equa-
tions (RGE)

In this section, the concept of renormalization group (RG) equations will be introduced. Let’s
take an observable quantity and rescale it according to the renormalization rules, for example:

bo(pi, o) = Zo(pi, o, 1) (2.22)

where ¢g(pi, o) is the unrenormalized quantity, which is divergent, Z is the renormalization
constant, and ¢(p;, , p) is the renormalized quantity after rescaling. Notice that because of
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the method of regularization, a renormalization scale u is added to ¢ after rescaling. However,
¢o does not depend on u, so the derivative of ¢¢ with respect to u gives zero.

doo
— =0
dp

For the sake of convenience, In(x?) will be used instead of p. Using the chain rule, this then
becomes
deo dz d¢o
= Z
dnp?) ~ A T an )
_0Z dlnZ p 0¢  dlnp? 8@25 do
~ 9(In Z) d(In u?) O(In p2) d(In p?) 6(1 d(In p2)

(2.23)
_Z(dan b+ foler 8¢> da )_
B d(In p?) J(In p?) 8ozd ln,u B
( dlnZ n 0 n ) b=
d(lnp?)  O(ln p?) (lnu )0
By defining the o and Z derivatives by
do
Bla) == a2 (2.24)
dlnZ
v(a) == (I 1) (2.25)
we can rewrite equation (2.23) as
(azs + (@) () ) 6l ) = 0 (2.20
6(lnu2) 80& A pi, &, ft) = .

¢ is a function of the renormalization scale u, which is an unphysical scale. Now, suppose we
can actually measure ¢ at a physical scale ). Let us rescale p; and p by @), and define

pi —In X
Q’ ' ©? (2.27)
so that (Z)(pla «, /-L) = F(xla t, Oé)

Ty =

Then one gets the renormalization group evolution equation

<—+ﬁ( )ﬂﬂ( )) F(zi,t,a) =0 (2.28)

or also called the Callan—Symanzik equation.

B(a) and y(u) are called, respectively, the beta function and the anomalous dimension.
They describe a shift in the coupling constant and field strength that compensate for the shift
in the renormalization scale u. This equation can be simply generalized to other theories by
adding a § term for each coupling and a y term for each field. For example, QED abides by
the following RGE equation:

( — 4+ G(e ) —l— nya(e) + mw,(e)) Gmm) (xit,) =0 (2.29)
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where e is the QED coupling, n the number of electron fields and m the number of photon
fields in the Green’s function G(™™)  and ~5 and ~3 the rescalings of the electron and photon
fields.

As an example, let us revisit the analysis of the electromagnetic coupling in Sec. 2.1.3
from the RG viewpoint. The divergent part of the renormalization constant Z3 computed in
Eq. (2.17) determines the QED f function at one loop. According to Eq. (2.24), the variation
of the coupling o with the energy scale u is governed by the S function, calculable as a
function of «. In dimensional regularization, from

&€
! (/ﬁ) =73 a9 , (2.30)
by using Eq. (2.17) we have
oo al —e
" - 1= == 2
d(In p2) c < 3 5) ao (,u )
Ly
= — . 2.31
3 @ (2.31)

The leading term of the QED ( function at small coupling is given by

Bla) = ba®+0(a?)

1
= — . 2.32
3T ( )
Inserting the result (2.32) into Eq. (2.24) gives the differential equation
Oa
——— =ba® . 2.33
o) ~ (2.33)
This can be solved by
2 1 1 2
do it —=tmL (2.34)
a? p? a(g®)  «a 'y
which gives
alg?) = b=1/(3n) , (2.35)

T1- baln(¢?/q3)
that is, the result (2.20) derived directly in Subsec. 2.1.3.

2.3 The beta function in QCD, the QCD running coupling,
the QCD scale A

Let us now apply renormalization to the QCD coupling. The first step is to find the
renormalization constants of the relevant quantities. If A is the gluon field, ¢ the quark field,
c the ghost field, and m the quark masses, then the renormalization constants are defined in
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the following way:

Ay =/Z3A (2.36)
b0 =V Z2¢) (2.37)
co =/ Zsc (2.38)

Zm 2.39

moy = Zm (2.39)

The different interaction vertices must also get renormalized. Due to coupling universality,
the couplings for each of these four vertices are the same. This is why we get four relations
for the same two couplings:

ZoN 2390 = Z1gs (2.40)
Z3\/Z3g0 = Z19s (2.41)
Z3\ Z3g0 = Z1,3Gs (2.42)

(2.43)

2
s

Z395 = Z149

with the first being the quark-gluon vertex, the second the gluon-ghost, then the cubic gluon
(or three-gluon), and finally the quartic gluon (or four-gluon). Egs. (2.40)-(2.43) lead to
relations between the renormalization constants. With a little algebraic manipulation, these
are given by

L 4 g Z14

1 _ 41 413 , 2.44
s Zo I3 Zs (2.44)

These relations are called the Slavnov-Taylor identities and they can be seen as a non-abelian
generalization of the Ward identity Z; = Z5 in QED.

The next step is to evaluate the renormalization constants. By defining the renormalized
QCD coupling from the quark-gluon vertex, we have

€ 72
Qs <M2> =2 Z3 ay , (2.45)

where ag in the left hand side and ag in the right hand side denote, respectively, the
renormalized and unrenormalized coupling. Each of the renormalization constants Z; has a
perturbation series expansion, with the coefficients of the expansion being ultraviolet divergent.
In dimensional regularization the ultraviolet divergences appear as poles at € = 0, so that the
Zj have the form

1
Zj =1+ as — ¢; + finite , (2.46)
€

where the coefficients ¢; of the divergent terms are to be calculated.
The QCD g function is defined by

Oag

Blas)
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By using Eqgs. (2.45) and (2.46), the  function in Eq. (2.47) evaluates to

Blas) = —caw (12) [1-2(Z1—1)+2Z — 1)+ (25— 1)]
= 20i(c1— ey — % c3) - (2.48)

In order to determine the one-loop coefficients c¢; of the renormalization constants, and
thus obtain the QCD S function at one loop, we need to compute the one-loop corrections to
the quark-gluon vertex, to the quark self-energy and to the gluon self-energy.

For instance, for the gluon self-energy there are four different Feynman diagrams contrib-
uting to the gluon self-energy at one loop, as shown below.

m®m2m+w+%
-0 SRR U

Figure 2.3: LHS: one of the primitively divergent amplitudes in QCD, called the gluon self-energy;
RHS: contributions to the gluon self-energy through one loop.

The calculations for these one-loop corrections may be found in standard textbooks, and
only the results are shown below. By working in Feynman gauge, we obtain

Z1=1—-—-(C C 2.49
1= 47T ( F+Ca) , (2.49)
Zo=1—— — C 2.50
2 47'(' c F ( )
as 1 5 4

Zyg=1+-— — Ca— = N/IF) 2.51
s=1+ (3 Ca— 5 N;Tp) (2.51)

where Ny is the number of quark flavors and the color charge factors are

N2-1 4 1

Ca=N.=3, Cr N 5 IFr=3 (2.52)

From Eqgs. (2.49)-(2.51) we read the coefficients ¢; to be put into Eq. (2.48) to determine the
8 function. We obtain

Blas) = 20&?(61—62—503)

a2 15 14

— 2 (_0p— — N, T
47T<CF CatCr—353Catgg fF)
2
o2 (11 4 )

= Ss(_—= =N, T
47r< g Catg NyTr
a2

— —12; (11N, — 2Ny) . (2.53)
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Eq. (2.53) shows that for Ny < 11N./2 the 3 function in the non-abelian case has negative
sign at small coupling, that is,

Blas) = —foas + 0(ad) (2.54)

where

1
fo = 75 (11N = 2Ny) . (2.55)

This sign of the /5 function is opposite to the sign of the 5 function in QED, see Eq. (2.32).
The behavior of the § function in Egs. (2.54),(2.55) implies that QCD is asymptotically free,
i.e., weakly coupled at short distances. By inserting Eq. (2.54) into the renormalization group
evolution equation,

Oos 9
= s) ~ — ; 2.
St = Blaw) =~ (2.56)
and solving Eq. (2.56), we obtain
2
as
0 (e?) ) (2.57)

T 1+ o as(u)Ing?/p?

where 3 is given in Eq. (2.55). Eq. (2.57) expresses the g?-dependence of the QCD running
coupling at one loop. The QCD coupling decreases logarithmically as the momentum scale
¢? increases, as shown in Fig. 2.4. This property of asymptotic freedom is the basis for the
perturbative calculability of scattering processes due to strong interactions at large momentum
transfers. From Eq. (2.57) we also see that QCD becomes strongly coupled in the infrared,
low-momentum region, in contrast to what happens in QED from Eq. (2.20). Figures 2.2 and
2.4 clearly demonstrate this behavior, due to the different sign in the denominator.
Calling A the mass scale at which the denominator in Eq. (2.57) vanishes, we have

2
14 Bo as(p?)In 22 =0 = A= 2 Vo) (2.58)

The scale A in Eq. (2.58) is renormalization-group invariant, i.e., it is independent of . Under
transformations

W2 = 2t

2\ O‘S(UQ)
as(M2> — @s(ﬂz)—m7 (2.59)

we have

A2 — M,2e_1/(ﬂ0a5(ul2))

)

_ et (LH00s (50 (Boos (42) — 2ot =1/ (Boos(W) =t _ A2 (2.60)

The scale A is a physical mass scale of the theory of strong interactions. Its measured value is
about 200 MeV. The running coupling (2.57) can be equivalently expressed in terms of this A,

o (qz) _ ozs(,u2)
’ 1+ Bo as(p?) [In(q?/A%) — 1/(Bo cus(ps?))]
1
T Boln(¢?/A2) (2.61)
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The rewriting (2.61) of Eq. (2.57) makes it manifest that the running coupling s does not
depend on the choice of the renormalization scale .

0.35 T - ’
[ T decay (N°LO) F=- |
low Q2 cont. (N3LO) e -
03 k- DIS jets (NLO) F+ ]
T Heavy Quarkonia (NLO)
e*e jets/shapes (NNLO+res) H ]
3 pp/pp (jets NLO) == 4
0.25 i EW precision fit (N3LOY=— ]
pp (top, NNLO) v
— i ]
< o2t ]
N L
0.15 |
orgF T el
== ay(Mz%) =0.1179 £ 0.0010
0.05- il il il
1 10 100 1000

Q[GeV]

Figure 2.4: A summary of the value of the QCD running coupling at different energies with data
from different experiments (Ref: P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys.
2020, 083C01 (2020)).

To finish off this section, we give a quick overview on the current experiments for obtaining
«s. Fig. 2.4 shows experiments that calculate s using different methods and channels. Each of
these contribute by probing a; in a new region of ), or by confirming with other experiments
with a different independent approach.

e Low energy decays: T leptons decay into a 7 neutrino and a W boson, which then decay
into hadrons (and lepton-neutrino pairs). The decay probability I'(7 — hadrons) is
related to s and is known up to N3LO and thus provides a very precise determination of
as at the 7 mass scale (m, = 1.777 GeV). Low Q? continuum refers to the incorporation
of non-perturbative effects on top of perturbative ones when calculating the 7 decay.

e Heavy Quarkonia: This category focuses on the decay of heavier quarks such as the
bottom and charm quarks. The results were produced at NLO, but recently two
determinations have been done at N3LO.

o Deep inelastic scattering (DIS) and PDF fits: a combination of precision measurements
at HERA, based on NLO fits to inclusive jet cross sections in neutral current DIS at
high Q?, provides combined values of o, at different energy scales Q. Another class of
studies, analyzing structure functions at NNLO QCD (and partly beyond), provides
results for a.

e Event shapes of e e~ : Event-shape observables are quantities used to characterize
the geometry of the outcome of a collision between two particles. By combining

34



CHAPTER 2. RENORMALIZATION GROUP (RG) AND PERTURBATIVE SOLUTIONS

these observables, it is possible to obtain ag. These analyses need careful control of
hadronization corrections via resummation and Monte Carlo techniques.

e Hadron collider results: Determinations of oy, using jets or ¢t production processes, in
hadron collisions are calculated at NLO. Recently though, NNLO calculations for ¢¢, dijet
and inclusive jet production have become available. This advancement is interesting,
because future experiments are going to higher energies and will need more precise
calculations, which has now been achieved.

o FElectroweak (EW) precision fit: The EW sector has very precise measurements of the
decay width of the Z boson into hadrons. This is used to determine a; at NNLO for
EW and QCD contributions, and at partial N3LO for QCD corrections.

2.4 Perturbative solution of RG equations: g-functions and
resummation scales

Now let’s take a look at a general scheme for solving RG equations perturbatively. From
equation (2.25), the anomalous dimension is defined as

dln R(p)

g V(s (p)) (2.62)

where R is a renormalized quantity and p is the renormalization scale. One can expand
v(as(p)) as a power series of a5 and analyze equation (2.62) order by order.

k a n+1
Yas(p) =Y ( s(”)) o (2.63)

o 47

Two equivalent approaches will be used to solve equation (2.62) at a finite truncation
order of k. The terminology for the accuracy of v is called leading order (LO) for k& = 0,
next-to-leading order (NLO) for k = 1, next-to-next-to-leading order (N2LO) for k& = 2 and
N*LO for any order k. The first approach is by solving the equation analytically at some order
by expressing R(u) with boundary condition R(up) in a closed analytic form. The second
approach is numerically. An analytic solution enables fast computations to be made, but
requires making use of perturbative expansions which violate equation (2.62) by subleading
terms, whereas a numerical solution guarantees an exact equality between the LHS and the
RHS but is computationally very time-consuming. Introducing the operator G that connects
R at two scales p and pyg,

R(p) = G(p, po) R(po), (2.64)
due to subleading terms in the analytic solution one may have for any given scale i’ that
G(M,,U,()) 7& G(,U,, [L/)G(,U,/,Iu,o). (265)

This is referred to as perturbative hysteresis in Ref. [18]. On the other hand, the numerical
solution does not show such an effect by definition.

Here, we note that both solutions are equivalent in terms of perturbative accuracy and
none is more accurate than the other. However, the existence of a hysteresis is an indicator of
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a theoretical uncertainty originating from other perturbative approximations. These affect
any solution found using a perturbatively computed anomalous dimension. The purpose of
the work described in the rest of this chapter is to investigate this uncertainty and estimate
its effect on certain physical quantities.

Concretely, the analytic solution can be obtained via techniques borrowed from soft-
gluon and transverse-momentum resummation [19, 20, 21]. This method brings along a
so-called resummation scale, denoted by xu. By varying this scale, it is possible to generate
subleading terms and therefore quantify the uncertainty of the current accuracy. Expanding
on this, a similar concept can be achieved with the numerical solution.

One way to generate subleading terms for the numerical solution is through scale variations.
A scale is inserted by displacing p by a factor £ in the strong coupling as(£u). Unlike the
analytical case, the scale appears in the anomalous dimension before solving for it. To be
more precise, let’s consider the anomalous dimension at NLO accuracy, where ag := a/47 :

v = as(w)o + a2(u)n. (2.66)

as(p) is written in its expanded form and ¢ is inserted as follows,

as(p) = as(ép) — a2(§p)Bon & + O(ay). (2.67)

Substituting (2.67) in (2.66) gives

v = as(Ep)v0 + aZ(€)vo[n — BoyoIng] + O(al). (2.68)

The difference between (2.66) and (2.68) can be interpreted as an estimate of the perturbative
uncertainty associated to the solution of the RGE obtained using an anomalous dimension
truncated at NLO accuracy. In some way, £u can also be called a resummation scale, because
it essentially does the same thing as xku in the analytic solution. It is shown in [22] that they
indeed have a one-on-one correspondence with each other. In the calculations performed in
this thesis, we will mainly use the resummation scale &u.

2.4.1 RGE of the strong coupling

As an example and an important foundation for other expressions, let us apply equation (2.62)
to the coupling constant, with R = as := as/4m and v = 3:

k

= Blas(p) = Y_ al™ (1)Bn (2.69)

n=0

dlnag(p)
dlnp

The coupling is now expanded in its perturbative form around pg:

as(w) = 3 ena ™ (o) (2.70)
n=0
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Substituting (2.70) in (2.69) gives a series of equations for each power of as(10).

dCo

dlnp
d01 . 2

m = ﬁocoa
d02

dln p

ng

= 2fycoc1 + Picy,

dlnlu = /Bo(C% + 20002) + 3516(2)61 + 6263’

dC4

dn = 2Bp(cocs + c1c2) + 3B1(coct + ciea) + 4Bacher + Bacp,

Integrating these equations from pu to g, and using the boundary condition as(ug) gives

o =1,

N

o= B n? () 4 gy (),

(5] Bt () 1m(2)

ot (5] B () o )0 (2) o (2)

The coefficients ¢, can be calculated up to any order p, but contain terms of 5,,. This means
that as(p) is effectively only accurate up to order k of the beta function instead of p. The
current state of the art calculation of beta coefficients goes up to 84. This is a very long
and tedious task; historically, it took around ten years to calculate the next order of beta
coefficient. They are summarized here [23] [24]:
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9
ﬁo =11 - gnf
38
g — 2857 5033 325 ,
27 7y 18 54 1
149753 1078361 6508 50065 6472 1093
_ ACa — 2 | 2UU60 U990 3
Bs 35646 =y | g T o7 C?’} +”f[ 162 81 C?’} T g
8157455 621885 88209
Ba = 16 + 5 (3 — 5 Ca — 288090¢5
L, [336460813 4811164 bt 33935 bt 1358995 ¢ }
71944 g1 ° 6 27
L2 [25960913 698531 10526 . 381760 ]
7171944 g1 3 9 81 P
L[ 630559 48722C N 1618C . @C }
F17 5832 243 3T o7 T g
(1205 @C
flo916 81 >°

with ny the number of flavours and ¢, the Riemann zeta values.

On top of the restriction by 5, the coefficients ¢, can become arbitrarily large due to
terms such as In" (uu/po). This makes the perturbative expansion of as(u) possibly unvalid,
which calls for a need to collect all the terms and resum the as(pu) expansion to all orders.
This process is called resummation and can be done in different ways according to the physical
context, logarithms, and the desired precision, and will not be tackled in detail. We hereby also
introduce a resummation scale ku by adding and subtracting a s-term for each logarithm:

as(j10) In (;‘0) — ay(10) In (’Z‘;) — ay(pto) n . (2.71)

k is of order O(1), so that the second term is perturbatively small.

Let us consider the solution of Eq. (2.69) at successive orders of logarithmic accuracy. At
leading order (k = 0), Eq. (2.69) can be solved in closed form, giving the leading-logarithmic
(LL) resummation of the running coupling:

LL o as(uo)
%) = T e (0)B® ) (2.72)

Beyond leading order (k > 1), Eq. (2.69) gives rise to a transcendental equation and
cannot be solved in closed form, so that one has to resort to either a numerical or an analytic
solution based on perturbative expansions. For k£ = 1 we have the transcendental equation in

as(p)
o () = — 1 1 n as(po)(1+ as(p)by)
- (No) as(®) " as() ol (as(u)(1+as(uo)b1)> ’ (2.73)

where b, = (" /B (O), This can be rearranged as

-1
)=t 1= (£) s (SN
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which yields
aLL(

B 1)
@0 = T In (au o) el Gy + O (2.75)

By further expanding Eq. (2.75), we obtain the analytic next-to-leading-logarithmic (NLL)
expression for the strong coupling

() = a () — () bi (jgﬁ‘(‘z’)) . (2.76)

The above procedure can be applied to higher k£ as well. For example, for k¥ = 2 we obtain
the analytic next-to-next-to-leading-logarithmic (NNLL) result

aSNNLL(M) _ aI;L(#) . (agL(“)) by In ( (MO)) + (CLI;L(N))S {b2 (1 _ as(Mo))

akb(p) atl(p)
i (-l v (i) - ()] 27

Note however that the procedure to arrive at Eq. (2.76) or Eq. (2.77) implies perturbative
expansions at the level of the RGE. For instance, comparing the expressions in Eq. (2.76) and
Eq. (2.73), we recognize that they are equivalent from the standpoint of NLL perturbative
accuracy but, while Eq. (2.73) exactly satisfies the RGE in Eq. (2.69) with £ = 1, Eq. (2.76)
violates it by subleading terms. That is, one has

NLL
e () _ Nk )50 4 (@10 ())20) + O (2.78)
dlnp
As a consequence, Eq. (2.76) bears the feature that, by evolving ag from g to p and then
back from p to po one does not reobtain the initial value. This behavior is referred to as
perturbative hysteresis in Ref. [18]. Fig. 1 of Ref. [18] illustrates this quantitatively with a
numerical example.

To describe the hysteresis and model the influence of (uncalculated) higher-order contribu-
tions to the RGE, it is useful to recast the solution for the running coupling in terms of the
so-called g-functions and resummation scales. To this end, on the right hand side of Eq. (2.72)
we decompose the product of the beta function coefficient, the strong coupling at scale pg
and the logarithm of the ratio p/ug as follows,

as(110)80 In (50) = A= as(10) B I s, (2.79)
where
A = ay(10)8© In (“RGS) Y (2.80)
o 1

and URes 1S the resummation scale, taken to be of order p but otherwise arbitrary. Thus, we
have k ~ O(1). Next, for arbitrary order k in Eq. (2.69), we write the solution for as(u) as a
power series expansion in as(po), by iterating the procedure described earlier in this section.
This gives

k
k
aN L (p Za“ 10) ng (A, K) (2.81)
=0
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where the coefficients ¢(®) can be determined explicitly, order by order, as functions of the
variables A\ and x introduced in Eq. (2.80). k still determines the truncation of the beta
function and LL in N*LL stands for "leading-logarithm", because the resummation reorders
new terms according to their logarithm. The first three functions ¢(®) are given by

1
ggﬁ)(kv’%) = ﬁa
biln(1 —\) +5O1
géﬁ)()‘v H) — n( (1 _) )\)2 - )
g (k) = A= (A+In (1= )) —n? (1))
+ 8% (2In(1 = A) = D)k + (89)2 2k /(1 - N, (2.82)

One may verify that Egs. (2.72), (2.76), and (2.77) coincide, up to subleading orders, with
the first three terms of the expansion (2.81).

An alternative strategy to the one described above is to solve Eq. (2.69) at order k
numerically. It remains possible to estimate higher-order corrections to the § function also
when using the numerical solution. This can be done by performing scale variations at the
level of the g function. To be specific, by displacing the scale u by a factor & we obtain

Blas (1)) = as(€m)Bo 1+ as(Ep) (b1 — 260 &) + a2(€pr) (~5b1Bon € + 355 2 € + by )

+ ad(¢p) (135183 In? € — 36360 In & — 6boBoIn € — 483 In € + b ) | + O(al),
(2.83)

where b, = 3,/80. This effectively defines a new [-function that differs from the original one
by subleading corrections. The difference between the solution obtained with the original 3(u)
and that obtained with Eq. (2.83) gives an estimate of the effect of higher-order corrections
to the RGE kernel, much as variations of the resummation scale do for the analytic solution.

In fact, at NLL accuracy the -function corresponding to the analytic solution (2.81) can
be recast in the same form as Eq. (2.83) by setting k = . To see this, let us denote by
aY"(u, k) the coupling computed analytically at the scale g with resummation scale set to
K, so that

N (k) = al M (kp, 1) — <a£‘L(ﬁu, 1))2 BOIn k. (2.84)

S

Taking the logarithmic derivative with respect to In p, one gets

dIn g™ (p, )

I M ()8 + (e 1) [0 =2 (30) | + 00, (285)

where the higher-order terms are the same as those neglected in Eq. (2.78). The right hand
side of Eq. (2.85) coincides with the right hand side of Eq. (2.83) provided that k = &.

One unfortunate feature of the beta function in Eq. (2.83) is that S(as(i)) is dependent
on ag(&u). This gives rise to a "retarded" or an "advanced" differential equation, which is
more difficult to solve. To get rid of this, the analytic solution from (2.81) can be used to
write a(€u) in terms of as(p). Both solutions and its variations are shown and compared in
figure 2.5, taken from [22].
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NLL evolution

NNLL evolution
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Figure 2.5: «, is calculated in the range [2:1000] GeV at NLL (top-left plot), NNLL (top-right plot)
and N3LL (bottom plot) accuracies. The bands contain every curve with a different £ and ¢ in the
range [0.5:2]. The bottom panel in each plot shows the ratio-to-central value, which calculates the
ratio of the current value with the one obtained with x = £ = 1 (no variation). The dotted line shows
the boundary condition chosen at u = M.

The size difference between the analytic and numerical case is relatively small in each
plot, which suggests a link between the two. In both cases, the bands shrink the higher the
accuracy. The numerical plot goes to zero uncertainty at u = Mz because of the chosen
boundary condition, where there is no theoretical uncertainty. This feature is not shared by
the analytic solution.

2.4.2 RGE of parton distribution function (PDF)

In this section, the same scheme will be applied on a Mellin moment of flavour non-singlet
collinear PDF f. Similarly to (2.69), equation (2.62) now becomes

dln f (1)

Tl = (e (2.56)

As in the case of the running coupling in the previous subsection, an analytic solution to

the RGE can only be obtained by relying on perturbative expansions. Using the perturbation
expansion of v in Eq. (2.63), we obtain the following solution for the PDF f at the scale p in

41



CHAPTER 2. RENORMALIZATION GROUP (RG) AND PERTURBATIVE SOLUTIONS

terms of f at scale uy,

flp) = exp[ Hdlnu’v(as(ﬂ'))] f (o)

Ho

k
— exp lz ~() /“ " din ag“(u’)] f (o) (2.87)

n=0 0

k

= [l ex» /1] (o),

n=0

with

m
o= [ dwpd )
Ho

a:() dag agt! 2.88
a /as(u) 26(as) (2.88)

where in the second line of Eq. (2.88) we have used the § function (2.69).
We note that, for n > 1, I, = O(a?), so that the exponential in Eq. (2.87) can be expanded
as

exp ['y(")ln} =14+ x 0", n>1, (2.89)

while, for n = 0, Iy cannot be expanded due to the presence of a logarithm of as(u)/as(uo)
which, as can be seen from Eq. (2.72), is potentially large,

(0)
exp [7(0) Io] — exp [V In ( as(p) )

L)
+ O(ay) = ( as (1) ) 0. (2.90)

BO " Nas(po) as(po)

To achieve N¥LL accuracy for the evolution of the PDF, the contributions in both Eq. (2.90)
and Eq. (2.89) are required to the corresponding order. The former depends on higher-order
contributions to the 8 function, while the latter depends on higher-order contributions to
both the g and ~ functions.

For example, the solution at NLL accuracy can be written as

(0)
i

“)) ). 20

PNLL() = {1 " % (7(1) _ bw(“)) (aEL(M) - as(uo))} < as (110)

g

In the square bracket, as can be replaced by al™ because the difference is O(a?), i.e. N2LL.
For the same reason, as(u) in the last factor has to be computed using NLL evolution. The
analytic solution (2.91) fulfills

dln N (1)

iz [as ()7 + a2(u)y V] + 0(a?) (2.92)

that is, it obeys the RGE up to subleading O(a?3) terms. In Ref. [18], this is related to the
onset of hysteresis in PDF evolution.
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To model the effect of (uncalculated) higher-order contributions to the RGE and describe
hysteresis, it is useful to recast the solution for the collinear PDF in terms of g-functions and
resummation scales. To do this, we employ the variables A and x introduced in Eq. (2.80).
Using the structure of the evolution in Eq. (2.87), the solution of the RGE at perturbative
order k£ can be written as

. k
PN () = g8 ) exp [Z a (10) g1 (A, @] (o), (2.93)
(=0

where the coeflicients gy(f/) can be determined as functions of the A and « variables (2.80). The
gr(ﬁ) for n > 1 can equivalently be expressed in terms of the coefficients ¢(#) in Eq. (2.82).
The functions g,(ﬂ) through N?LL accuracy are given by

as(po) A (7(1)_517(0>)+ az (o)

g(()’Y),N3LL(,\, K) 1+ OIS i
VA= 2) (4O = by (82 = 1) 9©) + A2 — b1y )20
- 2 (v(l) — bw(o)) (b In(1 —A) + 8@ In H)}
+ 0(ad(no)) , (294
00 = T (60) =~ Zg -,
gg/)()\, k) = 7 géﬁ)()‘) _ _7(0) biln(1 —X\)+ O Ink |
BO @y O -\
&0 = Lo [9§5’<A> ! <g§f”<x>>2]
£(0) g%ﬂ)()\) 2 95/3)()\)
N Z»g {bﬁ—b? <)\+1n(1—A) - %an(l —)\)>
B0 =) =D g (80) W] J0 N 99)

The g functions in Eq. (2.93) are written in terms of the variables given in Eq. (2.80),
automatically allowing for resummation scale variations. Such variations can be used to probe
higher-order corrections to the v anomalous dimensions.

Analogously to the case of the running coupling in the previous subsection, if we take
numerical solutions to the RGE it is still possible to estimate the influence of higher-order
corrections to the anomalous dimension v by varying by a factor ¢ the argument of the strong
coupling s in the expansion of 4. This effectively defines a new anomalous dimension differing
from the previous one by subleading terms. For example, at NNLL this leads to

Y(as(w) = as(Ep)vo + a(€p)voly — Bolng]

2.96
+al(Ep) [’Yz — (B0 + 2B071) In € + B30 In? 5} +0(al). (296)
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By this technique, Ref. [18] evaluates hysteresis effects in PDFs, and presents RGE uncertainty
bands from resummation scale variations in the case of the analytic solution and the numerical
solution (see Figs. 3 and 4 of Ref. [18]).

One can relate the variation parameterized by « in the analytic solution (2.93) with that
parameterized by ¢ in the numerical solution. Let us denote by fN“(y, k) the PDF computed
analytically at NLL at the scale p with resummation scale set to xu. Then

SN ) = P G, 1) exp | =l (o) ] (2.97)

so that

din NV (, k)

T = ey + (ab(em)” 10 - BOYO ] + 0) . (2.98)

The right hand side of this equation can be identified with that of Eq. (2.96) if { = k. This is
consistent with the numerical results of [18, 22] that similar uncertainty bands are found from
scale variations in the analytic and numerical solutions.

2.4.3 RGE for the Sudakov form factor

The method described in the previous sections for the strong coupling and the PDFs can also
be applied to the Sudakov form factor, which controls the evolution of transverse-momentum-
dependent (TMD) parton distributions [25]. These distributions are generalizations of the
PDFs, and they extend the one-dimensional, longitudinal picture of hadron structure embodied
by the PDFs to include transverse degrees of freedom and provide a full three-dimensional
(3D) tomography of hadrons. TMD distributions have wide applications in contemporary
particle and nuclear physics. They are however outside the main subject area of this thesis.
For this reason, we do not describe the case of Sudakov evolution and TMDs in detail here;
rather, we limit ourselves to giving a brief discussion to illustrate basic concepts and provide
relevant references to current applications of TMDs and studies of 3D hadron structure.

The TMD parton distributions can be defined analogously to the case of the ordinary
parton distributions, PDFs, in terms of matrix elements of bilocal field operators [26, 27, 28,
29, 30], with the main difference that they now depend on three, rather than two, variables,
x, k7 and p. Owing to the additional k7 dependence, extra singularities appear in the
TMD distributions compared to the case of ordinary PDFs, that is, the rapidity, or endpoint,
singularities [31, 32]. Appropriate methods to treat them, based on subtraction [33, 34] or
cut-off [27, 28] techniques, are required. The TMD distribution F' satisfies the evolution
equations [12]

Oln F _

0T K

dln+/C (1) (2.99)
OlnF '
n =71, C)

where v and K are the anomalous dimensions of the evolution in the mass p and rapidity /¢,
respectively. The v and K, in turn, satisfy

dK _dy
dlnp  dln+/C
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where vk is the cusp anomalous dimension. Eq. (2.100) can be solved for K and +, using
appropriate boundary conditions at scales y = i, and ¢ = p?, yielding

R() = Klas()) = [ Bonclants').

Hb
(2.101)

A (11:€) = 7 (as(12)) — i (s (1)) In f ,

with K (as(i)) = K(u) and yr(as(p)) = v(u, 12).
The solution to the evolution equations for the TMD distribution can be written as

FMM?) = exp | 3OV, ) | Flyn, ) (2.102)

where S(M, up) is called the Sudakov form factor, and is given by

M d,u/
i

M
S(M, pp) = 2K (as(pp)) In — + 2
Hb Hb

vr(as(u')) — vic(as(y)) In i\f, (2.103)

As mentioned above, the same method described earlier for ag and for the PDFs can be,
and has been [22], employed to study the perturbative hysteresis of the Sudakov form factor,
and to evaluate RGE systematic uncertainties on TMD distributions, arising from both the
analytic and the numerical solutions of the corresponding evolution equations. One special
feature of Sudakov evolution, compared to the cases of the coupling and the PDFs, is its
double-logarithmic nature: while the evolution equations for the coupling and the PDFs resum,
to all orders of perturbation theory, logarithmic towers with the structure of one logarithm for
each power of ag, the evolution equations (2.99) resum logarithmic towers with the structure
of two logarithms for each power of a.

One of the primary applications of Sudakov evolution and TMD distributions is to the
transverse momentum spectra of electroweak vector bosons in Drell-Yan (DY) [35] production
of lepton pairs in hadron-hadron collisions [36, 37, 38]. Events with DY lepton pairs are used
for a wide range of collider physics studies, from precision electroweak measurements to PDF
determinations (in particular, from DY asymmetries [39, 40, 41, 42, 43, 44, 45, 46]) to searches
for Beyond-Standard-Model signals (for instance, in models with new heavy gauge bosons [47,
48, 49, 50] and in Standard Model Effective Field Theory [51, 52]). TMD perturbative
resummations and nonperturbative distribution functions dominate the kinematic regions in
which the lepton-pair transverse momentum g7 is small compared to the lepton-pair invariant
mass M.

Small-gr DY distributions were originally investigated in [53, 54, 55, 56, 57]. Phenomeno-
logical studies of these distributions are performed at present using a variety of computational
approaches. These include, for instance, event generators [58, 59, 60, 61, 62, 63] based
on the CSS [57] analytic resummation methodology in transverse coordinate space; event
generators [64, 65, 66, 67, 68, 69] based on the soft-collinear effective theory; Monte Carlo
calculations based on the parton-branching (PB) TMD methodology [70, 71, 72, 73, 74];
Monte Carlo calculations based on resummation in momentum space [75, 76]; determinations
of TMD parton distributions from fits to DY experimental data based on CSS [77, 78, 79, 80]
or PB TMD [81, 82, 83, 84, 85] approaches. Investigations of the rapidity evolution kernel in
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Eq. (2.99) and its nonperturbative contributions are also being carried out, e.g. by lattice [86,
87, 88, 89, 90] and PB TMD methods [91, 92].

Besides the case of color-singlet final states such as DY production, the application of
TMDs to final states involving jets is also starting to be investigated, see e.g. [93, 94, 95, 96,
97, 98].

To this end, Monte Carlo event generators based on parton-shower algorithms and including
TMD distributions are being developed [99, 100, 101, 102, 103, 104].

A web-based library which collects fits and parameterizations for TMD parton distributions,
providing a platform for studies of 3D hadron structure, is available [105, 106], in a similar
style to the PDF library [107].

2.5 Summary and outlook

In this chapter, after a brief description of renormalization from the perspective of renormaliz-
ation group equations (RGE) we have discussed the role of RGE solutions in applications of
QCD to high-energy collider physics, focusing on the cases of the strong coupling, the PDFs,
and the Sudakov form factor.

In the rest of this thesis, we will perform detailed studies of the physical effects of RGE
solutions illustrated in this chapter, especially in Secs. 2.4.1 and 2.4.2. In particular, we will
investigate their impact on theoretical predictions for specific collider observables, namely, the
DIS structure functions introduced in Sec. 1.2. These structure functions play an essential
role in modern particle physics to extract information on PDFs of protons and other hadrons
from experimental data.
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Chapter 3

RGE Systematics in DIS

In this chapter we apply the method for RGE perturbative solutions, described in Sec. 2.4,
to the study of RGE systematic uncertainties in deep inelastic scattering (DIS) structure
functions, discussed in Sec. 1.2. We start by illustrating the motivation and outline of our
studies; then we present results for the Fb structure function and Fj, longitudinal structure
function, first at next-to-next-to-leading order (NNLO), and then at N3LO.

3.1 DMotivation and outline

Many applications of QCD to physics at high-energy colliders involve the solution of RGEs.
In the present era of high-precision collider physics, theoretical systematic uncertainties from
RGE solutions become an important factor in determining the overall accuracy of theoretical
predictions for collider processes.

In the previous chapter we have studied these systematics in the cases of the QCD coupling
as and the PDFs, respectively in Sec. 2.4.1 and Sec. 2.4.2, using the method of Refs. [18, 22]
to evaluate the perturbative uncertainty associated with the solution of the corresponding
RGEs.

In this chapter we apply this method to study the impact of RGE systematics on the
DIS structure functions introduced in Sec. 1.2.2. These structure functions are important for
current determinations of proton’s PDF from global fits [108, 109, 110, 111, 112, 113, 114,
115, 116] to collider data, as well as for extractions from future collider experiments [117, 118,
119, 120]. As discussed in Refs. [18, 121, 122], the fact that modern PDF fits do not account
for these systematics is likely to lead to an underestimate of their uncertainties.

The presence of logarithmically-enhanced higher-order contributions to the RGE kernels
for PDF evolution at small values of Bjorken’s xp [123, 124] underlines the relevance of
these systematics. While these effects can be tamed by means of dedicated resummation
techniques [124, 125, 126, 127, 128, 129, 130, 131, 132, 133] based on QCD high-energy
factorization [134, 135, 136], a reliable estimate of RGE theoretical uncertainties is essential
to assess the applicability region of fixed-order calculations.

Furthermore, the estimate of theoretical RGE uncertainties in DIS at small xp is important
for the investigation of various approaches to parton saturation, see e.g. [137, 138, 139, 140,
141, 142, 143, 144] for recent works.

In the studies that follow, the concepts of RGE systematics described in Secs. 2.4.1 and
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2.4.2 are applied to quantities such as the total structure function F» (see Egs. (1.23),(1.26))
and the longitudinal structure function Fj, (see Egs. (1.25),(1.26)). For these studies, the
splitting functions, given in Egs. (1.49) and (1.53), and hard scattering functions, given in
Eqgs. (1.41) and (1.42), have been calculated at LO [14, 15, 16], NLO [145, 146], NNLO [147,
148] and, recently, N3LO [149, 150, 151, 152, 153]. Each order corresponds to the number of
loops taken into account. Recent extractions of PDFs from global fits at N3>LO are performed
in [154, 155, 156, 157].

The results which we will obtain are computed using the dedicated software provided in
the code APFEL++ [158], which itself is a C++ rewriting of the Fortran 77 code APFEL [159].
APFEL is an open-source software devoted to computing solutions of the DGLAP evolution
equations. The new rewriting allows for more efficient performance and a wider range of tasks,
such as solving the RG equations, more specifically those for PDFs. The software can be
easily run on a personal computer.

Our results through NNLO agree with results presented in [18, 22]. Our results at N3LO
are new.

To present results of the resummation scale formalism, we will choose one of the standard
available PDF sets, which are collected in the LHAPDF library [107] and may be found at
https://www.lhapdf.org/pdfsets.html. The set used throughout this thesis as a default
set will be MSHT20nnlo _as118 [111]. While the detailed numerics depends on the chosen
PDF set, the main qualitative features of the results are independent of this, and apply to
any of the standard available PDF sets.

In the next sections, plots will be shown for F5 and Fp, with different parameters, scales
and at different orders. Alternatively, the transversal structure function Frp can also be found
by subtracting Fr, from F5.

3.2 Resummation scale uncertainties in the F; DIS structure
function

In this section we perform numerical calculations, using the code APFEL++ [158], for the DIS
structure function Fy, introduced in Eqgs. (1.22),(1.26), through NNLO and estimate the size
of its theoretical uncertainties by means of variations of the resummation-scale parameter &
(introduced in Sec. 2.4), the factorisation scale ur and the renormalisation scale ugr (introduced
in Secs. 1.2, 2.2 and 2.3).

3.2.1 Behaviour of the F, structure function in z and Q?

We begin by showing what F5 looks like on different scales without variations. In the first graph
in figure 3.1, every curve of Fy starts from Qo = 2 GeV and evolves to Q = 5, 15,50, 150, 500
GeV. The second graph in figure 3.1 shows the evolution of Fj starting from Qp = 2 GeV,
for some fixed value of z = 107°,1073,0.1,0.5,0.9 . There exists a graph for each order of
calculation, but because the difference does not change the qualitative behaviour of the curves
versus = and @2, we only show it at NLO for a general idea of the shape.

The calculations are done by using the factorisation formula for F» in Eq. (1.41), with
hard scattering coefficient functions given by perturbative expansions in Eq. (1.42) and PDFs
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given by solutions of the RG evolution equations in Eq. (1.49). This is thus how the evolution
of the F5 structure function is obtained.

MSHT20 at Q = 2 GeV, N'LO, a,(Mz) =0.118

3.5 ———r
L — Q=5GeV
N Q =15GeV ]
3.0 —— Q=50GeV ]

—— Q=500 GeV 1

1073 1072 107!
x
10 MSHT20 at Q) =2 GeV, N'LO, z = le — 05, ay(My) = 0.118
— T T T T T T

- — z =1e-05 A
o =0.001

— z=0.1
— 2z =05 T]

— z =09

P | ' ' ' PRI |
10! 102
Q(GeV)

Figure 3.1: An overview of F; at different values of z and Q2. Both plots are equivalent and differ
only on the point of view of choosing either x or @ on the x-axis. For upcoming experiments, the
center-of-mass energy (or /s, with the relation xs = Q?/y, as described in Sec. 1.2.1) is planned to be
around 140 GeV at the Electron-Ion Collider [120], and around 1-2 TeV at the LHeC and FCC-eh [118].
For the past HERA collider experiments, whose data feature prominently in global PDF fits, the
center-of-mass energy is about 300 GeV [116].

Fig. 3.1 shows that F5 rises with decreasing x at fixed (). This reflects the growth of
the density of partons in the incoming hadronic state when the partonic momentum fraction
decreases. It also shows that Fb is increasing with increasing momentum scale @) for x fixed
and small, and (mildly) decreasing or nearly constant for = fixed and large.
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3.2.2 The F; structure function up to NNLO

We next present the computation of the theoretical uncertainty bands for F5 which result
from variations of the resummation scale £, factorisation scale ur and renormalisation scale
ur- We organize the presentation of the results as follows: first we plot results versus x, by
giving results first at NLO and then at NNLO of perturbation theory; next we plot results
versus (), again by giving results first at NLO and then at NNLO of perturbation theory.

Figs. 3.2 - 3.5 show the difference between the varied Fs(ur, pr, &, x, Q) and the non-varied
Fs(x,Q) divided by Fs(x,Q), which we note as AFy/Fy(x, Q). This value will be called the
relative difference of Fy.

First, the resummation scale ¢ inside of Fb is varied from 0.5 to 2 in 15 steps. Then, the
relative differences of the 15 curves are calculated. After that, all variations of F5 are bundled
in one band. The boundaries of these bands are therefore not individual curves, but rather
the extremes of all the values generated at each point. Because curves with different £ can
cross each other, discontinuities may be present in some plots. Fig. 3.2 shows these F5 bands
versus z, each for an evolution of @) up to a different value. In addition to &, other theoretical
uncertainties, such as the renormalization scale ur and the factorization scale up, have gone
through the same procedure for comparison.
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0.90 MSHT20 at Q = 2 GeV, N'LO, Q =5 GeV, a,(My) = 0.118 0.90 MSHT20 at Qy = 2 GeV, N'LO, Q = 15 GeV, a,(Mz) = 0.118
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Figure 3.2: F; is computed at NLO for Q € [5, 15,50, 150] GeV, respectively from top-left, top-right,
bottom-left to bottom-right and the relative difference is calculated and shown on the graphs. The
blue, green and red bands include the largest variation at each point with varying ugr/Q, pur/Q and &

€ [1/2: 2]. The x-axis ranges from x = 0.001 to z = 0.9 (and will stay the same for the rest of the
thesis).
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MSHT20 at Q, = 2 GeV, N’LO, Q = 5 GeV, a,(My) = 0.118 . MSHT20 at Q, = 2 GeV, N’LO, Q = 50 GeV, a,(My) = 0.118
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Figure 3.3: Same as Fig. 3.2, but at NNLO

We see that the RGE uncertainties on the resummation scale in Fy are always relevant
compared to the other uncertainties, and remain so at NNLO. On the other hand, ur and ug
become significantly smaller across the whole x region, except in the low @ region. At around
x = 0.1, the £ band reaches a minimal size and expands on both sides to make a "bow tie"
shape. This is the case for NLO and NNLO. The position of this minimum, where the curves
cross each other, decreases in x as () increases. This is a feature of the theory that comes
with combining gamma and beta functions when calculating the structure function. Because
the splitting functions are calculated by linear combinations of gamma and beta functions, a
collection of roots must exist at the corresponding values of x and Q.

At high x, we see all the bands increasing rapidly. This is due to the constraint of 0 < z < 1
and the structure functions tending to zero as x approaches 1. If x = 1, the process is not
inelastic anymore and relies on so-called form factors instead of structure functions to describe
the collision.

The next graphs represent the same results as the previous ones, but from another
perspective, namely with AF5/F» plotted versus ). Fig. 3.4 gives the NLO result, while
Fig. 3.5 gives the NNLO result.
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AFQ/FQ(JC, Q)

AFQ/FQ(.Z‘,Q)

MSHT20 at Q) =2 GeV, N'LO, z = le — 05, a,(My) = 0.118

MSHT20 at Q) =2 GeV, N'LO, = = 0.001, a,(Mz) = 0.118

0.4 T T
E /Q e [05:2)

B u/Q € [05:2)
E ce05:2)

0.3

0.2

0.1

0.0

—0.1

—0.2

—0.3

AFz/FQ(.Z, Q)

0.4

0.3

g /Q e [05:2]
E /Q e [0.5:2)
= ce05:2)

—0.4 L 1 —0.4 | L
10t 10° 10t 10?
Q(GeV) Q(GeV)
04 MSHT20 at Q) = 2 GeV, N'LO, & = 0.1, a,(My) = 0.118 04 MSHT20 at Q) = 2 GeV, N'LO, & = 0.5, a,(Myz) = 0.118
' - JR/QE05:2] '  g/Q € [05:2]
03k = e/Q e 0507 03 b T /Q e [0.5:2)
. e f05:2 - e f05:2
0.2 .
0.1 b Q:
=2
0.0 * =
=
—0.1F 1 K
0.1 g
—0.2 B
—0.3 b
—04 | Ll —0.4 Lol |
10 10? 10 10?
Q(GeV) Q(GeV)
0.4 MSHT20 at Q) =2 GeV, N'LO, z = 0.9, a,(Mz) = 0.118
. T T

0.3

Q€ [0.5:2)
—/Q e [05:2)
ce(05:2

10

Q(GeV)

10°

Figure 3.4: F; at NLO for x € [1075,1073,0.1,0.5,0.9], respectively from top-left, top-right, middle-
left, middle-right to bottom. The x-axis ranges from @ = 2 GeV to @ = 500 GeV (and will stay the
same for the rest of the thesis).
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Figure 3.5: Same as Fig. 3.4, but at NNLO

We see here that the plots demonstrate a significant contribution from ugr and ug only at
low @, which is consistent with the previous sets of plots. At low @, the ug and pup bands
seem sizeable, whereas the & band is small at Qg and grows to a certain value, while the other
bands decrease with increasing ). Eventually, at high @), the RGE effects represented by the
& bands dominate over the other uncertainty sources. We also notice how the £ band does not
grow larger over ). This can be seen in Fig. 3.4 where the F5 band initially grows from 0 to
some value, then falls to a plateau after around 10 GeV. This constant band width over @ is

due to the cumulative effect of evolving a varied F5.
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Sizeable RGE bands (larger than up and pg bands) at small x reflect singularities of the
splitting functions for small momentum transfers z — 0 [123], and indicate the need for taking
into account the singular contributions to higher orders in the RGE equations.

These contributions can be resummed through high-energy factorization [124, 134]; they
are known to influence, e.g., gluon-initiated processes such as Higgs-boson production in
hadron-hadron collisions at very high energies [160, 161, 162], open heavy-flavor [135, 163, 164,
165, 166, 167], quarkonia [168, 169, 170, 171, 172, 173, 174] and jet [175, 176, 177] production,
forward production of jets [178, 179, 180, 181] and electroweak bosons [182, 183, 184, 185,
186, 187, 188, 189]. (Extensions to transverse momentum dependent splitting functions have
also been recently studied, see [190] and references therein).

The results in Figs. 3.2-3.5 therefore indicate that the RGE systematics will significantly
influence precision collider phenomenology especially at high momentum scales @2 and high
energies s.
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3.3 Longitudinal structure function Fj,

The longitudinal DIS structure function FJ, is defined in Eqs. (1.23),(1.26) from the DIS
differential cross section. It measures the contribution to DIS from longitudinally polarized
virtual photons. The contribution of longitudinal polarizations exists because the photon is
off the mass shell.

At LO of perturbation theory, that is, in the parton model (i.e., O(a?)), the structure
function Fp, vanishes (see Eq. (1.39), Fr, = 0, that is, F = 2xF;, which is known as the
Callan-Gross relation), due to quarks having spin 1/2.

Starting from O(al), Fy is non-zero, and measures the density of gluons in the incoming
hadronic state. This makes it especially important for phenomenological studies of PDFs.

Measurements of Fp, are experimentally difficult. They require accessing contributions
suppressed by coefficients of order 32 in the DIS cross section in Eq. (1.26). So they require
going to large values of y in Eq. (1.14), and varying the energy of the photon-hadron scattering.
For this reason, accurate measurements of F7, could not be performed at the HERA collider.
They are however planned for the future experiments at the EIC [120] and LHeC and
FCC-eh [118]. The physics program revolving around F7, is very important for these future
colliders.

Analogously to what we have done in the previous section for Fb, in this section we perform
numerical calculations, using the code APFEL++ [158], for the DIS structure function Fp,
through NNLO, and estimate the size of its theoretical uncertainties by means of variations of
the resummation-scale parameter &, the factorisation scale up, and the renormalisation scale

HR-

3.3.1 Behaviour of I, in x and (Q?

We begin by showing Fy, at different values of z and Q? without variations, in the same way
as for Fs.
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Figure 3.6: An overview of F, at different scales
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3.3.2 [} through NNLO

Figs. 3.7, 3.8, 3.9, 3.10 show the F;, bands, versus Bjorken-z and versus @2, at NLO and
NNLO.
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Figure 3.7: Fp, is computed at NLO for @ € [5,15,50,150] GeV and the relative difference is shown
on the graphs. The blue, green and red bands include the largest variation at each point with varying

pr/Q, pr/Q and § € [1/2: 2]
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Figure 3.8: Same as Fig. 3.7, but at NNLO

We immediately notice that the pur band is a constant in Fig. 3.7. This is due to the
fact that, since, as noted above, Fy, vanishes at O(a!), the order at which we are actually
calculating perturbation theory is effectively leading order (LO), not NLO. Nevertheless, the
notation will remain the same as to avoid any confusion. Similarly to Fs, F, also has a point
at which the curves cross each other, whose position decreases in x as @ increases. Also
similarly to Fy, the shape and growth of the £ band are the same, i.e. it grows larger from
around x = 0.1 to low x and high x in a "bow tie" shape. A difference from F5, however, is
that the x¢ band does not surpass the other bands in size.

The next graphs give equivalent plots, but plotted versus Q. Fig. 3.9 gives the NLO result,
while Fig. 3.10 gives the NNLO result.
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Figure 3.10: Same as Fig. 3.9, but at NNLO

We immediately notice the infinity on the top-left plot of Fig. 3.10. This means that the
value of Fj somehow crossed zero and became negative. This phenomenon is connected to
the gluon contribution and will be discussed in another section further on in the thesis. RGE
effects are less prominent for F7, than for F5 compared to other uncertainties. However, they
should still be taken into account in high @) collider processes.
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3.4 Coupling and PDF contributions to resummation scale
uncertainties

The resummation scale appears in two places in the calculation of the structure function: the
coupling and the PDFs. The previous calculations applied the resummation scale on both at
the same time. In this section, the effect of the resummation scale £ is studied individually
on the strong coupling a5 and the PDFs. This method of comparison is meant to give some
insight as to where the main contribution comes from.

Figs. 3.11-3.17 show the plots of the variation on both quantities at the same time in red,
on «ay separately in green and on PDFs separately in purple.
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Figure 3.11: The relative difference of F» at NLO is shown for £ applied simultaneously on a and
PDFs, only on ay and only on PDFs respectively in the red, green and purple band.
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Figure 3.12: The same as in Fig. 3.11, but at NNLO. The vertical scale here is different than the

previous set of plots.

At NLO and N2LO, we note that the main contribution always comes from the PDF band.

It also overshoots the & band at low x and un
the as band below and above x = 0.1 shows

dershoots in the other areas. We also note that
, respectively, an upper and lower bound very

close to zero compared to the other two bands. There, the oy contribution is near zero and
the PDF band is superposed on to the £ band.

Overall, the fact that the bands turn out

to be mostly of comparable size whether they

are computed for ay and PDF together or separately provides a consistency check to the

robustness of these RGE estimates.

63



CHAPTER 3. RGE SYSTEMATICS IN DIS

3.5 Advancements up to N°LO order

Calculations performed by several authors in the last few years [149, 150, 151, 152, 153] have
made it possible to obtain splitting functions and hard scattering functions up to approximate
N3LO. This is done by taking into account Feynman diagrams up to four loops. N3LO
calculations are extremely difficult and long; it has taken over two decades to increase one
order of the splitting functions. Furthermore, the hard-scattering functions needed to compute
the structure functions, expressed in Eq. (1.41), are not fully complete. The procedure to finish
everything requires transforming the splitting functions from x-space to Mellin space. The
Mellin space is associated with a Mellin transform defined by Eq. (1.43). All Mellin moments
of the hard-scattering functions need to be computed to get the exact N®LO expression.
Currently, only the first and last few have been calculated and the rest are interpolated, hence
the approximate N®LO. These N3LO results have also been implemented in the APFEL++ [158]
code. In this thesis I have then performed for the first time studies on the RGE systematics
for the Fy DIS structure function at N®LO. These are reported in the next subsection. I have
also performed studies at the same order in «; for Fp, reported in the subsection following
the next one.

3.5.1 F, at N°LO order
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Figure 3.13: F, at N3LO versus z, following the previous sets of plots in Figs. 3.2-3.3. For these
analyses, the approximate N3LO PDF sets from MSHT have been used.
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Generally, all uncertainties become smaller when going to higher order. Also, following the
same trend as the lower order plots, the £ band reaches a minimum around z = 0.1 and
increases when x goes away from that point. The behaviour over @) is also the same where it
increases from around @ = 2 GeV and stagnates after around 10 GeV.

These results show that RGE effects continue to play a significant part in high @) precision
collider phenomenology, much like the results for NLO and NNLO.
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3.5.2 F; at N°LO order
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Figure 3.16: Same as Fig. 3.15, but versus Q.

For Fp, we see that the uncertainty bands have not shrunk as much as for F>. The other
chracteristics, such reaching a minimum around z = 0.1 and stagnating after Q = 10 GeV
remain the same as for in NLO and NNLO. However, the £ band seems larger than the other
bands at low x, which was not the case before. In general, it can be concluded that the main
characteristics of the curves are conserved through the perturbative orders, and the size does
not differ much from NNLO and is of comparable size with the other bands.
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3.5.3 Coupling and PDF contributions at N*LO

We perform the same analysis as section 3.4 at N3LO, where the alpha and PDF contributions
are being considered separately.
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Figure 3.17: The continuation of Fig. 3.11 at N3LO with aN3LO PDFs. The red band shows the
usual approach for resummation scale uncertainties for Fy; the green band shows variation from the
a5 contribution; the purple band shows variation from the PDF contribution.

At low @ and low x, we see that the PDF band overshoots on the bottom side of the &
band and that the s band overshoots on the top side. As @ grows (going to the next plot),
the £ band surpasses the other bands.

At high z, both the PDF and «; bands have a sizable contribution. Both combine to

make a larger & band.

3.6 Negative F; and gluon PDF

In this section, the infinity in the first plot of Fig. 3.10 is investigated, which is shown again
below in the first plot of Fig. 3.18. This plot shows AFy/Fy, at N2LO for = 107°. We
used this definition to show the relative difference of F; when varying different scales. Thus,
an infinite value strongly suggests a zero in the denominator, so I plotted the value of the
original F7 at N2LO in the second plot of Fig. 3.18. Fy, indeed crosses zero at small Q and
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then becomes negative. We explore this behaviour further by plotting Fr over a larger range
of x in the next two plots. We see that this effect occurs at small () and small x.
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Figure 3.18: The two upper plots show the bands and original value of F, at N?LO at fixed z = 107°.
The two bottom plots show the same, but at fixed @Q = 2 GeV and over a larger range of x. Fp crosses
zero in both plots.

For now, the reason as to why this happens is still not clear. That’s why I tried using a
different PDF set to see if this behaviour persists. Here, I chose NNPDF40 an8lo__as1180
as an example. NNPDF is a collaboration that uses contemporary methods of artificial
intelligence to determine PDFs of the proton. Their PDF sets are publicly available from the
LHAPDEF library. As can be seen, there are no more infinities or negativities anymore.
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NNPDF40 at Q) =2 GeV, N’LO, z = le — 05, a,(My) = 0.118 . NNPDF40 at Q) = 2 GeV, N°LO, z = le — 05, a,(Mz) = 0.118
B n/Q € [05:2] [
03 B0 e /Q € (05:2) ]

= ge05:2)

AFL/Fp(x,Q)
FL(”“vQ)

70_5' P | N N 1
10 10°

Q(GeV) Q(GeV)

Figure 3.19: Same as Fig. 3.18, but with PDF set NNPDF40_an3lo__as1180. In the right plot, Fp,
approaches zero, but remains strictly positive. In turn, the left plot doesn’t diverge anymore.

After some investigation and going through some papers, the origin of the inifinities is
thought to stem from a negative gluon density at higher orders. In theory, nothing forbids the
existence of such a negative gluon density, as it is a non-observable quantity that is extracted
from an observable quantity such as the structure function, as seen in Eq. 1.41. However,
by allowing this, the gluon density loses its probabilistic interpretation at higher orders. In
the literature on global PDF fits it is discussed how a fit of the structure function without
positivity constraint on the gluon pdf gives better results for an acceptable fit. While some
study groups choose to impose positivity constraints on PDFs, others do not. At the moment,
there is no definite answer for either approach. Recent discussions of the positivity can be
found in [191, 192, 193].

In Fig. 3.20, I plotted the gluon PDFs for fixed x and fixed ) from MSHT and NNPDF
and compared them. It is now clear that the gluon PDF is responsible for the negative F,.
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Figure 3.20: The first and second plots show the gluon PDF from, respectively, MSHT and NNPDF
over ). They are evolved from the initial value of Q9 = 2 GeV. The point at which the gluon PDF
from MSHT crosses zero is exactly where Fp, also crosses zero, while for NNPDF the curve stays above
zero. The third and fourth plots reflect the same results, but over x.

It’s important to note that this phenomenon only happens for F; and not for F». To
explain this, we need to compare the different contributions to F> and Ff. For F, at every
order, the gluon contribution is very small compared to quarks. For F7, on the other hand,
both the gluon and quarks contribution are zero at LO (see Eq. 1.39), and the gluon enters at
NLO as a LO effect. This can be shown with Eqgs. 1.41 and 1.49 with the expression of the
coefficients given in [194].

3.7 Technical details of Apfelxx

During the process of writing the code, some technicalities were encountered. In this section,
some of them are mentioned and discussed.

A first one is about tabulating PDFs at extreme values of @) and z. Because PDFs and
a; are only defined on a specific range due to numerical limitations, it is not possible to go
outside this range. If one does go outside this range, then the program either crashes or
gives unreliable results. There is, however, no need to extend these limits as it is deep into
the non-perturbative region anyway, which is not in the confines of this thesis. The initial
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parameters therefore need to be chosen accordingly, while keeping in mind that the different
scales call on PDFs and a; at a factor under and above the chosen energies. If one wants to
compute a structure function at @ = 0.9 GeV, if up = 0.5 % Q (or £ = 0.5), one would be
calling PDFs down at 0.9 x 0.5 GeV, which is outside the tabulation region. Or, for @) > 500
GeV, if up = 2% @, the program also crashes. In practice, I set the parameter for Qi = 1.9
GeV and Qnaz: = 500 GeV.

A second one is about the number of flavours (ny) taken into consideration, e.g. in the
beta functions of Eq. 2.69. It’s possible to dynamically change ns while doing the calculations
by setting a set of threshold, being the quark masses. After the energy reaches a threshold, a
subsequent extra quark will be taken into consideration. When changing ny, a discrete jump
occurs, as shown below in Fig. 3.21. Because ny is not a variable we are investigating, it has

MSHT20 at Q) =2 GeV, N2LO, = = le — 05, a,(Mz) = 0.118 MSHT20 at @y =2 GeV, N2LO, = = le — 05, a,(Mz) = 0.118
n/Q € [05:2) ] /Q € [05:2) ]
 /Q e (0502 g = u/Q e [05:2) 5

0.3

e ocel05:2 :  ce05:2)

Q(GeV) Q(GeV)

Figure 3.21: On the left is a plot with a constant ny = 5, whereas on the right is the same plot
where ny changes from 4 to 5 at the energy of the bottom quark mass (mp = 4.75 GeV). The sudden
jump can be clearly seen at that energy.

been chosen as a constant at ny = 5 for all plots for the sake of a smooth band.

A third one is about kinks, or non-smoothness, of the F» and Fp, bands. As mentioned
previously, bands contain all values across all variations. If one curve is at the limit of the
band and gets crossed by another one, then this will be visible as a kink in the band. Fig. 3.22
shows the individual curves of a band forming such a kink.
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) MSHT20 at Q, =2 GeV, N’LO, Q =5 GeV, a,(My) =0.118 ) MSHT20 at Q, = 2 GeV, N’LO, Q =5 GeV, a,(M;) = 0.118
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Figure 3.22: On the left is an example of a kink in the blue band. On the right are the individual
curves that form the blue band. The darkblue curve at low = gets crossed by the orange curve and
form a kink together in the band.

3.8 Summary and conclusion

In this chapter we have applied the methods for studying the perturbative RGE systematics,
described in Chapter 2, to the case of DIS structure functions F> and F7..

We have obtained numerical results for the RGE systematic uncertainties, working at
different orders of perturbation theory, throughout the kinematic range in = and Q2 relevant
for the present measurements and for the planned future experiments. We have presented,
on one hand, results at NLO and NNLO, finding that they agree with existing results in the
literature, and, on the other hand, results at N3LO, which are new, and have been achieved by
employing the implementation in the APFEL++ [158] code of the recent four-loop perturbative
results [149, 150, 151, 152, 153].

We have compared this source of systematics, parameterized by the resummation scale
&, with the standard perturbative scale uncertainties controlled by the factorization and
renormalization scales pup and pugr. We find that resummation-scale effects are generally
sizeable and should be taken into account in precision phenomenology. They have distinctive
behaviours compared to up and ug effects: while the latter dominate at low @2, the former
dominate at high Q?, and are especially important in the region of small Bjorken-z. For
sufficiently large Q?, they become dominant also at large Bjorken-z. The results which we
have presented for F» are relevant for existing DIS measurements and current PDF analyses.
The results which we have presented for the longitudinal structure function Fr, are mostly
relevant for future collider experiments such as the EIC, LHeC and FCC-eh.
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Conclusion

The Standard Model (SM) is by far the most accurate and precise theory about the funda-
mentals of our world. Yet, many parts of the SM are still unexplored. Moreover, the SM
leaves several questions unanswered, for which physics beyond the Standard Model (BSM)
is needed. Future collider experiments, such as the HL-LHC, EIC and FCC, are planned to
break through the current limits and push the theory to new boundaries. With this, during
the next few decades it is hoped that many mysteries will be solved. A crucial factor to
achieve this is the progress in the accuracy of our theoretical predictions.

This thesis has focused on a methodology to evaluate the theoretical systematic uncertain-
ties associated with the use of QCD renormalization group evolution equations (RGEs) in
theoretical predictions for collider processes. This methodology is based on the technique of
introducing “resummation scales" in the solution of RGEs, and estimating theoretical RGE
uncertainties in physical observables from the variation of such resummation scales. These
effects can then be compared with those obtained from the variation of factorization and
renormalization scales in QCD perturbation theory.

In the first part of the thesis, a short, compact overview of QCD and DIS in chapter 1
and the theory of RGE in chapter 2 has been given. Here, renormalization is introduced, and
it is shown how it leads to RGEs, with intrinsic theoretical uncertainties. Both analytic and
numerical solutions of RGEs are examined. In either case, resummation scales are defined,
denoted by ku and &u respectively, and their equivalence is studied.

The RGE uncertainties are present in the evolution of the strong coupling (as) and
parton distribution functions (PDFs), through the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
equations, and propagate through to the deep-inelastic scattering structure functions (Fb,
Fr, Fr) of the proton. In the second part of the thesis, the above methodology for RGE
systematics is applied to structure functions, using the code of APFEL++, and plots of Fy
and Fp, are shown for a wide range of scales in Chapter 3. The obtained bands are generally
of the same magnitude as the other well known theoretical uncertainties (the renormalization
and factorization scales).

In Figs. 3.2 - 3.4, it can be consistently seen that for F5 the £ band becomes the main
contributor at low x and high z, and high Q. The large size at low and high x is due to
singularities in the splitting functions, while the large size at high @ is due to a cumulative
effect. The high @) region is of high importance because future collider experiments will be
able to access this high @ region for the first time. According to the plots, this region is
where this new uncertainty will become more relevant. In Figs. 3.7-3.10, for F7,, the & band is
relevant only at very high @ and high z.

I have hereby also shown plots of RGE uncertainties at N3LO in Figs. 3.13 - 3.16. The
previous analyses for F» and Fp, stay true. We see that the bands are much smaller than
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before because of going to a higher order, and we also notice that the contribution of £ at low
and high x and high @ is still the highest.
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