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Abstract. We show that all compact four-dimensional Hamiltonian S1-spaces can be ex-
tended to a completely integrable system on the same manifold such that all singularities
are non-degenerate, except possibly for a finite number of degenerate orbits of parabolic
(also called cuspidal) type – we call such systems hypersemitoric.

More precisely, given any compact four dimensional Hamiltonian S1-space (M,ω, J) we
show that there exists a smooth H : M → R such that (M,ω, (J,H)) is a completely inte-
grable system of hypersemitoric type. Hypersemitoric systems generalize semitoric systems.
In addition to elliptic-elliptic, elliptic-regular, and focus-focus singular points which can
occur in semitoric systems, hypersemitoric systems may also have hyperbolic-regular and
hyperbolic-elliptic singular points (hyperbolic-hyperbolic points cannot appear due to the
presence of the global S1-action) and moreover degenerate singular points of a relatively
tame type called parabolic.

Admitting the existence of degenerate points is necessary since there exist compact
four-dimensional Hamiltonian S1-spaces whose extensions must include degenerate singu-
lar points of some kind as we show in the present paper. Parabolic points are among the
most common and natural degenerate points, and we show that it is sufficient to only ad-
mit these degenerate points in order to extend all Hamiltonian S1-spaces. In this sense,
hypersemitoric systems are thus the “nicest and smallest” class of systems to which all
Hamiltonian S1-spaces can be extended. Moreover, we prove several foundational results
about these systems, such as the non-existence of loops of hyperbolic-regular points and
properties about their fibers.

1. Introduction

1.1. Background. For many years interactions between the classical field of integrable sys-
tems and the relatively modern field of compact Hamiltonian group actions on symplectic
manifolds have yielded interesting results. Some of the earliest, and best known, examples
of results in this direction are those of Atiyah [Ati82], Guillemin & Sternberg [GS82], and
Delzant [Del88]. Taken together these results produce a classification of effective Hamilton-
ian Tn-actions on compact symplectic n-manifolds, which can equivalently be thought of as
a classification of compact integrable systems for which all integrals generate periodic flows
of the same period. Karshon & Lerman [KL15] generalized this to the non-compact case.
Another breakthrough in this area is the work of Karshon [Kar99], which classifies effective
Hamiltonian S1-actions on compact symplectic 4-manifolds. Given a fixed compact symplec-
tic four manifold, the circle and 2-torus actions on that manifold have also been classified by
Holm & Kessler [HK19] and Karshon & Kessler & Pinsonnault [KKP15]. Another recent im-
portant classification result is the classification of so-called semitoric integrable systems, due
to Pelayo & Vũ Ngo.c [PVuN09, PVuN11] with a generalization by Palmer & Pelayo & Tang

Date: May 2, 2021.

1



[PPT19]. Note that the semitoric classification includes both compact and non-compact
systems.

For an integrable system to be semitoric it must satisfy several properties, but in particular
only one of the two integrals is required to have periodic flow, so semitoric systems can
be thought of as a bridge connecting the toric classification to more general situations in
integrable systems.

Also, the periodic flow of the integral means that each semitoric system naturally comes
with the structure of a Hamiltonian S1-action. The relationship between the semitoric classi-
fication and Karshon’s classification of Hamiltonian S1-actions on compact 4-manifolds was
studied by Hohloch & Sabatini & Sepe [HSS15]. Karshon [Kar99] answered the question
of which S1-spaces can be obtained from toric integrable systems, and Hohloch & Sabatini
& Sepe [HSS15] show that there are some S1-spaces that can be obtained from semitoric
systems but not from toric ones, though it is important to note that not all Hamiltonian
S1-actions on compact symplectic 4-manifolds can be obtained from a semitoric integrable
system in this way.

In this paper we introduce a class of integrable systems which further generalize semitoric
integrable systems, which we call hypersemitoric systems, while still requiring that one of the
integrals generate a periodic flow. This new class of systems represents a further step towards
general integrable systems, and moreover enjoys the property that all Hamiltonian S1-actions
on symplectic four-manifolds can be obtained from an integrable system of hypersemitoric
type.

Hypersemitoric systems get as far away from the rigid situation of toric systems as the
continued existence of an underlying effective Hamiltonian S1-action allows while avoiding
“really bad” degeneracies. Nevertheless, as we will see, the presence of the S1-action enables
some of the techniques related to toric and semitoric geometry to be made to work in this sit-
uation. Pelayo & Vũ Ngo.c [PVuN12, Section 2.3] discuss the expected difficulty in classifying
systems with hyperbolic singular points. One of the main extra difficulties that make these
systems more challenging, but also more interesting, is that the fibers of the momentum map
are often disconnected. The existence of disconnected fibers prevents the application of many
standard techniques, and therefore analyzing these systems is a non-trivial endeavor. These
extra difficulties are unavoidable though, since hyperbolic singularities, and also disconnected
fibers, are a common feature in natural systems. For instance, the Lagrange top and the
two body problem are two fundamental physical systems which include an S1-symmetry and
also have hyperbolic points. Examples with hyperbolic singular points also often include a
type of degenerate singular point called a parabolic singularity [BGK18, EG12], and in cer-
tain situations hyperbolic singular points force the presence of parabolic degenerate points
(c.f. Corollary 4.6). Intuitively, one can think of parabolic points as generic among degener-
ate points. Degenerate points of parabolic type, like non-degenerate points, are stable under
perturbations [Gia07], and they are therefore common in nature as well. For instance, they
appear in the Kovalevskaya top [BRF00] and many other systems from rigid body dynam-
ics, see the references in [BGK18]. Therefore, we define hypersemitoric systems to be those
systems where one of the integrals generates an S1-action and the singular points are all of
non-degenerate or parabolic type. This is a natural definition because:

• as discussed above, non-degenerate singularities and parabolic singularities are the
most common ones in nature;
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• all S1-spaces can be extended to a hypersemitoric system (c.f. Theorem 1.6) and the
class of hypersemitoric systems is in some sense the “easiest and smallest” class with
this property.

1.2. S1-spaces and integrable systems. Throughout this paper we will assume that all
manifolds M are connected. If (M,ω) is a symplectic manifold then any smooth J : M → R
determines a vector field X J (called Hamiltonian vector field of J) on M via the equation
ω(X J , ·) = −dJ .

Definition 1.1. If (M,ω) is a compact four dimensional symplectic manifold and the flow
of X J is periodic of minimal period 2π then we call (M,ω, J) a Hamiltonian S1-space, which
we will often shorten to simply an S1-space, and we call J the Hamiltonian. In other words,
the Hamiltonian flow of such a J generates an effective action of S1 = R/2πZ on M .

Such S1-spaces are classified up to isomorphism by the work of Karshon [Kar99] in terms
of a labeled graph encoding information about the fixed points and isotropy groups (Zk-
spheres) of the S1-action (see Section 2.1). That is, she constructed a bijection between
isomorphism classes of such systems and their associated graphs.

On the other hand, a triple (M,ω, F = (f1, . . . , fn)) is an 2n-dimensional integrable system
if (M,ω) is a 2n-dimensional symplectic manifold and F : M → Rn, known as the momentum
map, satisfies:

(1) ω(X fi ,X fj) = 0 for all i, j ∈ {1, . . . , n};
(2) (X f1)p, . . . , (X fn)p ∈ TpM are linearly independent for almost all p ∈M .

We say that an integrable system (M,ω, F ) is compact if M is compact. The points in M
at which Condition (2) fails are called singular points, and the other points of M are called
regular points. If the vector fields X f1 , . . . ,X fn are complete, which is automatic if M is
compact, then by Condition (1) their flows commute and thus generate an action of Rn on
M . An integrable system is called toric if M is compact and each X fi is periodic of minimal
period 2π, which implies that their flows generate an effective action of the n-torus Tn on
M . Atiyah [Ati82] and Guillemin & Sternberg [GS82] showed that if (M,ω, F ) is a toric
integrable system then the image F (M) is a convex n-dimensional polytope, and moreover
Delzant [Del88] showed that toric integrable systems are classified up to isomorphism by this
convex polytope. If the isomorphism is only required to intertwine the torus actions then
the toric systems are classified by Delzant polytopes up to the action of the affine group
GL(n,R) nRn.

The following class of systems generalize toric systems in dimension four:

Definition 1.2. A four dimensional integrable system (M,ω, F = (J,H)) is a semitoric
integrable system, or briefly a semitoric system, if:

(1) J is proper and generates an effective S1-action;
(2) all singular points of F = (J,H) are non-degenerate and do not include hyperbolic

blocks (i.e. there are no singular points of hyperbolic-regular, hyperbolic-elliptic, or
hyperbolic-hyperbolic type, as described in Section 2.5).

Semitoric systems were classified in terms of five invariants, generalizing the toric classifi-
cation, by Pelayo & Vũ Ngo.c [PVuN09, PVuN11]. The original classification has the extra
assumption that the systems must be simple (see Section 2.7), but this assumption has been
removed recently by Palmer & Pelayo & Tang [PPT19].
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Toric systems

classified by Delzant [Del88]

(S1 × S1)-action

Semitoric systems

classified by Pelayo & Vũ
Ngo.c [PVuN09, PVuN11]

(S1 × R)-action

Hypersemitoric
systems

not yet classified

(S1 × R)-action

S1-spaces satisfying:
• g = 0
• at most two non-free

orbits in each J−1(jint)

classified by Karshon[Kar99]

S1-spaces satisfying:
• g = 0
• at most two non-free,

non-fixed orbits in each
J−1(jint)

classified by Karshon[Kar99]

All S1-spaces

classified by Karshon[Kar99]

⊂ ⊂

⊂ ⊂

[Kar99] [HSS15][Kar99] [HSSS] Theorem 1.6

Figure 1. Relationships between integrable systems and Hamiltonian S1-
spaces. Above, g refers to the genus of any fixed surfaces, if they exist, and
jint refers to an element of the interior of the image of J . This diagram is
commutative in the sense that the inclusions and projections downwards are
compatible. The upwards arrows represent extending, and the downwards
arrows represent using the classification of the integrable system to recover
the Karshon graph. Since hypersemitoric systems are not yet symplectically
classified, there is no downwards arrow below them in the diagram.

Semitoric systems are much more general than toric systems, and their behavior is much
more complicated due to the presence of focus-focus singularities which cannot occur in toric
systems.

Definition 1.3. If (M,ω, J) is an S1-space and H : M → R is such that (M,ω, (J,H)) is
an integrable system, then we say that (M,ω, (J,H)) is an extension of (M,ω, J) and that
(M,ω, J) is the underlying S1-space of (M,ω, (J,H)).

1.3. Motivation. Given a compact integrable system (M,ω, (J,H)) such that J generates
an S1-action, it is possible to obtain an S1-space by simply forgetting the function H. But
obtaining an integrable system from a given S1-space can be more complicated.

Question 1.4. Given a compact four dimensional Hamiltonian S1-space (M,ω, J), when
can we find an H : M → R such that (M,ω, (J,H)) is an integrable system? What are the
“nicest possible” extensions?

Karshon already was considering this question in her paper [Kar99] containing the original
classification of S1-spaces, where she proved exactly which S1-spaces can be extended to a
toric integrable system, and more recently1 Hohloch & Sabatini & Sepe & Symington [HSSS]
have described which S1-spaces exactly can be extended to a semitoric integrable system.

The motivation of this paper is two-fold:

1first announced at Poisson 2014 in a talk by Daniele Sepe.
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• Motivation 1: Condition (2) in the definition of semitoric systems explicitly pro-
hibits hyperbolic singular points, which are abundant and important in physical
systems and other applications, and are furthermore the next natural singularities to
study after focus-focus singular points;
• Motivation 2: There are S1-spaces which cannot be extended to semitoric systems,

so to extend all S1-spaces to a certain class of integrable systems we must generalize
the notion of semitoric systems.

1.4. Results. We now define hypersemitoric systems, which represent a substantial gener-
alization of semitoric systems and, in particular, they include singularities with hyperbolic
components and certain degenerate singular points.

Definition 1.5. An integrable system (M,ω, (J,H)) is hypersemitoric if:

(1) J is proper and generates an effective S1-action;
(2) all degenerate singular points of F (if any) are of parabolic type (as in Definition 2.26).

Hypersemitoric systems form a significantly more general class than semitoric systems
(cf. Remark 1.8), which are in turn significantly more abundant than toric ones. Dullin
& Pelayo [DP16] constructed in fact a hypersemitoric system by starting with a semitoric
system and changing the momentum map near a focus-focus point to induce a Hamiltonian-
Hopf bifurcation and produce a family of singular points (which include hyperbolic-regular
and degenerate singular points) — for more details see Section 3.1.

In the first part of this paper we give several examples and prove a few first properties
of such systems. For instance, we show that hypersemitoric systems do not admit “loops of
hyperbolic-regular values” (see Corollary 4.3 for a more precise statement).

One way in which hypersemitoric systems are more complicated than semitoric systems
is that the momentum map of hypersemitoric systems often has disconnected fibers, so the
base of the Lagrangian fibration induced by the integrable system cannot be naturally iden-
tified with the momentum map image. Additionally, hyperbolic-regular singular fibers occur
in one-parameter families, and in many cases the two endpoints of the family correspond
to fibers that include degenerate singular points, which is why it is somewhat necessary to
allow degenerate singularities in this definition. In fact, there exist systems which cannot be
extended to an integrable system with no degenerate singular points (Corollary 4.6), so to
have any hope to be able to extend all S1-spaces to a class of integrable systems, we must
include some type of degenerate points. Degenerate singularities of parabolic type are one
of the simplest classes of degenerate singularities among the typical degenerate singularities
discussed in Bolsinov & Fomenko [BF04], and they are stable under perturbation [Gia07].
That is, parabolic points cannot be removed from a system by completely integrable per-
turbations. Moreover, these are the degenerate singularities which occur in the examples
which motivated this paper (see Section 3) — there they occur when a family of hyperbolic-
regular singularities meets with a family of elliptic-regular singularities. For these reasons
we opted to investigate if working only with parabolic degenerate points would be sufficient
in order to extend all Hamiltonian S1-spaces — and indeed it did turn out to be sufficient
as Theorem 1.6 will show. Apart from that, it is worthwhile mentioning that local and
semilocal invariants of parabolic points were recently described by Bolsinov & Guglielmi &
Kudryavtseva [BGK18].
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In the second part of this paper we show that any compact four dimensional Hamiltonian
S1-space can be extended to a hypersemitoric integrable system. That is, we prove:

Theorem 1.6. Let (M,ω, J) be a 4-dimensional Hamiltonian S1-space where (M,ω) is a
compact symplectic manifold. Then there exists a smooth function H : M → R such that
(M,ω, (J,H)) is an integrable system of hypersemitoric type.

The proof of Theorem 1.6 actually gives a slightly more refined result about the properties
of the resulting hypersemitoric system, which we state as as Corollary 5.10. Combining
Theorem 1.6 with the results of Karshon [Kar99] and those of Hohloch & Sabatini & Sepe
& Symington [HSSS], we obtain the following theorem, illustrated in Figure 1.

Theorem 1.7. Let (M,ω, J) be a 4-dimensional Hamiltonian S1-space where (M,ω) is a
compact symplectic manifold. Then:

(1) there exists H : M → R such that (M,ω, (J,H)) is a toric integrable system if and
only if each fixed surface (if any exists) has genus zero and each non-extremal level
set of J contains at most two non-free orbits of the S1-action (see Karshon [Kar99,
Proposition 5.21] );

(2) there exists H : M → R such that (M,ω, (J,H)) is a semitoric system if and only if
each fixed surface has genus zero (if any exists) and each non-extremal level set of J
contains at most two non-free orbits of the S1-action which are not fixed points (see
Hohloch & Sabatini & Sepe & Symington [HSSS] );

(3) in all cases, there exists H : M → R such that (M,ω, (J,H)) is hypersemitoric (The-
orem 1.6).

The idea of the proof: The proof of Theorem 1.6 makes use of the minimal model results in
Karshon’s classification [Kar99]. Karshon proved that all S1-spaces can be obtained from a
list of certain minimal models by a finite sequence of S1-equivariant blowups. We first show
that all of the minimal models can be extended to hypersemitoric systems (Proposition 5.1).
To complete the proof we then show that these hypersemitoric systems can be used to
construct a hypersemitoric system on any S1-space obtained from a minimal model via a
sequence of S1-equivariant blowups, i.e. all S1-spaces. We show this by arguing that any
S1-equivariant blowup on the underlying S1-space can be obtained by performing a certain
operation on the extended system, which preserves the fact that it is hypersemitoric. One of
the main new ideas is related to performing an S1-equivariant blowup at a focus-focus singular
point. This proceeds by incorporating the technique described by Dullin & Pelayo [DP16] to
use a supercritical Hamiltonian-Hopf bifurcation to replace a neighborhood of the focus-focus
singular value in F (M) with a triangle of singular values known as a flap while preserving
the structure of the integrable system and the S1-action. The flap includes two families of
elliptic-regular points, one family of hyperbolic-regular points, one elliptic-elliptic point, and
two degenerate fibers, and then a usual toric-type blowup can be performed on the elliptic-
elliptic point. This process is shown in Figure 2. Using our techniques, we also obtain a
short proof of item (2) above, recovering the results of [HSSS], see Corollary 5.11.

Remark 1.8. Hypersemitoric systems represent a very general class of systems with S1-
symmetries. To analyze this more deeply is beyond the scope of the present paper (we will
consider this in a future project), but, given an S1-space (M,ω, J), it seems reasonable to
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Figure 2. In order to perform an S1-equivariant blowup at a fixed point in the
S1-space which corresponds to a focus-focus singular point in the extended sys-
tem, we can first change the focus-focus point into an elliptic-elliptic point by a
Hamiltonian-Hopf bifurcation using the technique of Dullin & Pelayo [DP16].

conjecture that the set

{H : M → R | (M,ω, (J,H)) is hypersemitoric}

is an open and dense subset of

{H : M → R | (M,ω, (J,H)) is integrable}.

This seems plausible by the following sketched argument: such an integral H can (roughly)
be thought of as a one-parameter family of functions on the reduced space. By the work
of Cerf [Cer70], one parameter families of functions on smooth manifolds can be perturbed
to be Morse at all but finitely many times, at which times the function takes a form which
lifts to be a parabolic point. Lifting such a perturbed function should yield a hypersemitoric
system. One of the technical problems that would need to be overcome, is that in this
situation the reduced space is in general not a smooth manifold but has a finite number of
singular points.

1.5. Outline of paper: In Section 2 we recall various results we will need throughout the
paper. In Section 3 we give some motivating examples. In Section 4 we prove some results
about properties of integrable systems for which one of the integrals generates an S1-action.
In Section 5 we prove Theorem 1.6.

1.6. Acknowledgments: We would like to thank A. Bolsinov and S. Vũ Ngo.c for helpful
remarks and references. The first author was partially funded by the FWO-EoS project
G0H4518N, and the second author was partially supported by the FWO senior postdoctoral
fellowship 12ZW320N.
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Figure 3. A Zk-sphere connecting the fixed points p and q.

2. Preliminaries

In this section we briefly recall the results we will need and give ample references for
the details. In particular, this section mainly summarizes the work of Karshon [Kar99],
Delzant [Del88], Pelayo & Vũ Ngo.c [PVuN09, PVuN11], Hohloch & Sabatini & Sepe [HSS15],
Efstathiou & Giacobbe [EG12], and Bolsinov & Guglielmi & Kudryavtseva [BGK18].

2.1. S1-spaces and their Karshon graphs. Let (M,ω, J) be an S1-space, which recall
always means a compact four-dimensional Hamiltonian S1-space. Following [Kar99], we will

construct a labeled graph associated to this space. Let MS1 be the fixed point set for the
S1-action.

Lemma 2.1 ([Kar99, Lemma 2.1]). Let (M,ω, J) be a four dimensional compact Hamilton-

ian S1-space. Then MS1 has finitely many components, each of which is either an isolated
point or a symplectic surface, and any such surface, if it exists, is exactly the preimage (un-
der J) of the maximum or minimum value of J . Moreover, the preimages under J of its
maximum and minimum values are each connected.

For k ∈ Z>0 let Zk = {λ ∈ S1 | kλ ∈ 2πZ}. Connected components of the set of points
with isotropy subgroup Zk, k > 1, are homeomorphic to cylinders, and the closure of each
such component is an embedded sphere in M which is rotated by the S1-action and whose
poles are fixed points. These are known as Zk-spheres, see Figure 3. The Zk-spheres connect
distinct components of MS1 .

Now we will construct the graph. The set of nodes is the set of connected components of
MS1 each labeled by the value of J on that component. The fixed surfaces Σ are represented
by “fat nodes,” which we draw as large nodes, that are labeled by the value of J and
additionally the normalized symplectic area of the surface, A = 1

2π

∫
Σ
ω, and its genus g. If

the genus label is 0 we often omit it in figures. Two nodes are connected by an edge if and
only if there exists a Zk-sphere, k > 1, connecting the two associated fixed points in M , in
which case the edge is labeled by k. We use the horizontal position of the nodes to indicate
the J-value, and we will often omit the volume label as well. Notice this means our graphs
are rotated by π/2 compared to [Kar99] in which she uses the vertical position of the nodes
to indicate the J-value. We use the horizontal position to more easily compare them with
semitoric polygons.

Given any fixed point p ∈ MS1 , there exist integers m,n ∈ Z and complex coordinates
w, z around p such that t · (w, z) = (eimtw, eintz) and the symplectic form is locally given by
i
2
(dw ∧ dw + dz ∧ dz). These integers are called the weights of the S1-action at p, and they

are also easy to see in the graph: for k > 1 a fixed point has −k as one of its weights if and
only if it is at the north pole of a Zk-sphere and k as one of its weights if and only if it is at
the south pole of a Zk-sphere. The point p has zero as one of its weights if and only if it lies
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(a) The Karshon graph for CP2. (b) The Delzant polygon of CP2.

Figure 4. The Karshon graph and Delzant polygon for the standard actions
of S1 and T2 on CP2. Notice that they are related as described in Section 2.3.

in a fixed surface. All weights not determined by these rules are ±1. Furthermore, if p is in
the preimage of the maximum value of J then p has two non-positive weights, if p is in the
preimage of the minimum value of J then it has two non-negative weights, and otherwise p
has one positive and one negative weight.

Example 2.2. Consider the usual action of S1 on CP2 given by t · [z0 : z1 : z2] = [z0 :
eitz1 : z2] for t ∈ S1 with Hamiltonian J([z0 : z1 : z2]) = |z1|2 /(|z0|2 + |z1|2 + |z2|2). Then
J−1(0) = {z1 = 0} is a sphere which is fixed by the S1-action and J−1(1) = {z0 = z2 = 0} is
a point fixed by the S1-action. There are no other fixed points and the action is free away
from these sets. The fixed sphere is represented by a fat node at J = 0 with normalized area
A = 1, the fixed point is represented by a regular node at J = 1, and there are no edges.
The graph is shown in Figure 4a.

An isomorphism between two S1-spaces (M1, ω1, J1) and (M2, ω2, J2) is a symplectomor-
phism Ψ: M1 →M2 such that Ψ∗J2 = J1, in which case Ψ is also automatically equivariant
with respect to the S1-actions. One of the main results of [Kar99] is that the graphs contain
all of the information of the isomorphism class of the associated S1-space.

Theorem 2.3 ([Kar99, Theorem 4.1]). Two four-dimensional compact Hamiltonian S1-
spaces are associated to the same Karshon graph if and only if they are isomorphic as S1-
spaces.

To complete the classification, Karshon also describes exactly which graphs occur. We
discuss this in Section 2.4.

Remark 2.4. Complexity-one spaces are the higher dimensional analogue of S1-spaces, and
they consist of a 2n-dimensional symplectic manifold with a Hamiltonian action of the torus
Tn−1. A complexity-one space is called tall if all reduced spaces are two-dimensional. Tall
complexity-one spaces are classified by the work of Karshon & Tolman [KT01, KT03, KT14],
which extends the classification of S1-spaces presented in the above section by including
additional invariants. An extension of the present paper would be to study extending such
Hamiltonian torus actions to integrable systems. For instance, Wacheux [Wac13] studied
six dimensional integrable systems where two components of the momentum map are both
periodic, and thus generate a Hamiltonian T2-action.

2.2. Classification of toric integrable systems. Let (M,ω, F = (f1, . . . , fn)) be a 2n-
dimensional toric integrable system, and recall that in toric systems M is compact. The flows
of f1, . . . , fn are each periodic of minimal period 2π, and thus induce an effective action of
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Tn = Rn/2πZn. Such a system can also been thought of as a Hamiltonian action of Tn on
M . Atiyah [Ati82] and Guillemin & Sternberg [GS82] showed that the image F (M) is a
convex n-dimensional polytope and, moreover, it is the convex hull of the images of the fixed
points of the torus action on M . Furthermore, Delzant [Del88] showed that the polytope
∆ := F (M) always satisfies three conditions:

(1) simplicity : exactly n edges meet at each vertex of ∆ (note that this is automatic if
n = 2, the case we will consider in this paper);

(2) rationality : each face of ∆ admits an integral normal vector (i.e. a normal vector in
Zn);

(3) smoothness : given any vertex, the set of integral inwards pointing normal vectors
(from item (2)) of the faces adjacent to that vertex can be chosen such that they
span Zn.

Delzant also showed that any n-dimensional polytope satisfying these conditions arises as the
image of the momentum map for some toric integrable system, and that two toric integrable
systems (M1, ω1, F1) and (M2, ω2, F2) have the same momentum map image if and only if
there exists a symplectomorphism Φ: M1 →M2 such that Φ∗F2 = F1, called an isomorphism
of toric integrable systems. Thus, Delzant completed the classification of toric integrable
systems up to isomorphism in terms of a convex polytope, the image of the momentum map.
We will call this polytope the Delzant polytope of the system, or the Delzant polygon if n = 2.

Example 2.5. Consider the toric integrable system (CP2, ωFS, F = (J,H)) where ωFS

is the usual Fubini-Study symplectic form, J is as in Example 2.2, and H([z0, z1, z2]) =
|z2|2 /(|z0|2 + |z1|2 + |z2|2). Then the associated Delzant polygon is the triangle with vertices
at (0, 0), (0, 1), and (1, 0) as in Figure 4b.

2.3. S1-spaces and toric systems. Let (M,ω, F = (J,H)) be a compact toric integrable
system with Delzant polygon ∆ = F (M). Then (M,ω, J) is an S1-space with S1-action
coming from the subgroup S1×{0} ⊂ T2 of the torus acting on M . The fixed surfaces of this
action are the preimages of the (closed) vertical edges of ∆, if any, which have normalized
symplectic area equal to the length of the edge and are always genus zero. The isolated fixed
points of the action are the vertices of ∆ which are not on vertical edges. The Zk-spheres
are the preimages of the edges of ∆ which have slope b/k where k, b ∈ Z are relatively prime
and k > 1. Thus, it is straightforward to construct the Karshon graph from the Delzant
polygon, compare the Delzant polygon to the Karshon graph for the standard action on CP2

in Figure 4. Note that not all S1-spaces come from toric manifolds in such a way:

Lemma 2.6 ([Kar99, Proposition 5.21]). An S1-space can be extended to a toric integrable
system if and only if each fixed surface of the S1-space, if any, has genus zero and each
non-extremal level set of J contains at most two non-free orbits of the S1-action.

Here by non-extremal level set we mean the preimage of any point in the image of J except
for its maximum or minimum values. The following result will also be useful for us.

Lemma 2.7 ([Kar99, Corollary 5.19]). Let (M,ω, J) be an S1-space. If all fixed points of
the S1-action are isolated then (M,ω, J) extends to a toric integrable system.

2.4. Minimal S1-spaces and S1-equivariant blowups. Not every possible labeled graph
can actually be obtained as the Karshon graph associated to an S1-space. Again following
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Karshon [Kar99], we will describe the set of labeled graphs which do correspond to an S1-
space in terms of minimal models. We will describe the effect of S1-equivariant blowups
and blowdowns on the labeled graph and then describe the minimal S1-spaces, which are
the S1-spaces which do not admit blowdowns, and their Karshon graphs. Thus, the set of
all graphs that can be obtained from S1-spaces is equal to the set of graphs which can be
produced from one of these minimal graphs via a finite sequence of blowups.

2.4.1. Equivariant blowups. Let (M,ω) be a symplectic four-manifold. A (symplectic) blowup
of (M,ω) essentially amounts to removing an embedded 4-ball and collapsing the boundary
via the Hopf fibration, and a blowdown is the inverse operation. Specifically, let p ∈ M
and let U ⊂ M be a neighborhood of p and φ : U → V ⊂ C2 be a symplectomorphsim with
φ(p) = (0, 0). Then given any r > 0 such that the standard ball of radius r in C2 is contained

in V we can define the blowup at p of size λ := r2

2
by removing the preimage of the ball and

collapsing the boundary via the usual Hopf fibration given by S3 → CP1, (z0, z1) 7→ [z0 : z1]
where the coordinates (z0, z1) are from the inclusion S3 ⊂ C2.

These operations are described in detail, including how to equip the resulting manifold
with a symplectic form, in [MS17, Section 7.1]. We will use Blk(M) to denote the manifold
obtained by blowing up M at k points (the diffeomorphism type is independent of the choice
of points and size of the blowups).

Now suppose that (M,ω) is equipped with the extra structure of an S1-space or toric
integrable system. In the first case, it comes with a Hamiltonian S1-action so that we can
require that the map φ be equivariant with respect to this action, meaning with respect to
rotation of the first coordinate in C2. Notice that such a φ only exists if p is a fixed point of
the action. Taking the blowup with respect to these equivariant coordinates and restricting
the momentum map to the resulting space yields the S1-equivariant blowup at p of size λ.

In the second case, given a Hamiltonian T2-action and assuming φ to be T2-equivariant, i.e.,
invariant under rotation of both coordinates of C2, we may take the blowup with respect to
these equivariant coordinates. Restricting the momentum map to the resulting space yields
the T2-equivariant blowup at p of size λ.

The resulting Karshon graph (for an S1-space) or Delzant polygon (for a toric integrable
system) is independent of all choices, and since these objects classify S1-spaces respec-
tively toric integrable systems, we conclude that the isomorphism class of the result of
the S1=equivariant and T2-equivariant blowups described above is independent of all choices
(this is the same argument from [Kar99, Proposition 6.1]).

2.4.2. Blowups on Delzant polygons. A vector v ∈ Z2 is primitive if it is not a multiple of a
shorter integral vector (that is, that v = ku for u ∈ Z2 and k ∈ Z implies k = ±1). Given
primitive vectors u1, u2 ∈ Z2 and x ∈ R2 let

Simpλx(u1, u2) = {x+ t1u1 + t2u2 | t1, t2 > 0, t1 + t2 < λ}.

So taking x to be the origin and u1, u2 to be the standard basis vectors of R2 yields a right
triangle with two sides of length λ, and other choices of x and primitive u1, u2 ∈ Z2 gives all
translations of images under GL(2,Z) of that triangle. Let (M,ω, F ) be a toric integrable
system with associated Delzant polygon ∆ = F (M). Performing a T2-equivariant blowup of
size λ > 0 on a fixed point p ∈ M changes the Delzant polygon by an operation known as
a corner chop, see Figure 5. If (M ′, ω′, F ′) is the resulting toric integrable system then the
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Figure 5. Performing a blowup at one of the fixed points of CP2 corresponds
to performing a corner chop on the associated Delzant polygon.

new polygon ∆′ = F ′(M ′) is given by

∆′ = ∆ \ SimpλF (p)(v1, v2)

where v1, v2 ∈ Z2 are the primitive vectors directing the edges adjacent to the corner F (p).
Furthermore, the system (M,ω, F ) associated to ∆ admits a T2-equivariant blowup of size
λ > 0 at a fixed point p ∈ M if and only if F (p) is the unique vertex of ∆ contained in the
simplex SimpλF (p)(v1, v2), where v1, v2 are primitive vectors directing the edges adjacent to
F (p).

2.4.3. Blowups on Karshon graphs. Let (M,ω, J) be an S1-space and we will see the effect
of an S1-equivariant blowup of size λ > 0 at a point p ∈M on the associated Karshon graph.
Recall that such a blowup can only be performed at p if it is fixed by the S1-action, which
means it is either an isolated fixed point or it lies in a fixed surface. Let jmin, jmax ∈ R denote
the minimum, respectively maximum, values achieved by J before the blowup operation.
There are several cases:

(B1) If p lies in a fixed surface at the minimum of J , then performing the blowup reduces
the normalized symplectic area label on the fat vertex corresponding to Σ = J−1(jmin)
by λ and produces a new isolated fixed point with J-value J = jmin + λ. Other than
this the graph is unchanged, and in particular there are no new edges. The case in
which p ∈ J−1(jmax) is similar, except that the new vertex has J-value J = jmax− λ.

(B2) If p is an isolated fixed point at the minimum of J with weights both equal to 1, then
the vertex corresponding to p is removed from the graph and there is a fat vertex of
normalized area A = λ added with genus zero and J-value J = jmin + λ. The case in
which p is an isolated fixed point at the maximum with weights both equal to −1 is
similar, except that the new fat vertex is at J-value J = jmax− λ. In each case there
is no change in the edge set of the graph.

(B3) If p is an isolated fixed point at the minimum of J with weights n, m satisfying n < m,
then the vertex associated to p is removed from the graph and replaced by two new
vertices. The edge with label n that was attached to the vertex corresponding to p
is now attached to a new vertex with J-value J = jmin +mλ and the edge labeled m
is now attached two a new vertex with J-value J = jmin + nλ. The two new vertices
are attached to each other with an edge labeled m−n. Note that if any of these edge
labels are equal to 1 than that edge is not drawn in the graph. The case that p is a
maximum is a reflection of this case.

(B4) If p is an isolated fixed point which is not at the minimum or maximum of J with
weights −n,m (with n,m ≥ 0) then the vertex corresponding to p is removed from
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the graph and replaced with two new vertices. The edge with label n that was
attached to the vertex corresponding to p is now attached to a new vertex with J-
value J = J(p)− nλ and the edge labeled m is now attached two a new vertex with
J-value J = J(p) + mλ. The two new vertices are attached to each other with an
edge labeled m + n. Note that if any of these edge labels are equal to 1 then that
edge is not drawn in the graph.

The resulting graph corresponds to the S1-equivariant blowup at p of size λ of the original
S1-space if and only if it satisfies:

(1) the J-value labels along each chain of edges are strictly monotone,
(2) all new vertices added to the graph have J-value in the interval (jmin, jmax),
(3) the area label associated to each fat vertex is strictly positive.

The resulting graph satisfies those properties for a given value λ > 0 if and only if an
S1-equivariant blowup at p of size λ is possible in the corresponding S1-space.

Remark 2.8. A situation which will be particularly relevant in this paper is Case (B4) with
m = n = 1, in which a single vertex with J-value J = j which is not connected to any edges
is replaced by a pair of vertices with J-value labels J = j − λ and J = j + λ connected by
an edge labeled 2.

2.4.4. Toric blowups. Blowups can also be performed on completely elliptic rank zero sin-
gular points of integrable systems, these are known as toric blowups of integrable systems.
Given a completely elliptic rank zero point p of an n-dimensional integrable system the co-
ordinates of the local normal form give an identification to Cn and this identification can be
used to define the blowup of the system. The details and proof that the resulting system is
independent of all choices can be found for instance in [LFP19, Section 4.2].

2.4.5. The minimal S1-spaces. This section follows Karshon [Kar99, Section 6]. We say that
an S1-space is minimal if it does not admit an S1-equivariant blowdown. Given a toric system
(M,ω, F ), any homomorphism S1 ↪→ T2 induces a Hamiltonian action of S1 on (M,ω).

Theorem 2.9 (Karshon [Kar99, Theorem 6.3]). An S1-space (M,ω, J) is minimal if and
only if either:

(1) (M,ω, J) is induced by the standard toric system on CP2 with some multiple of the
Fubini-Study form by a homomorphism S1 ↪→ T2;

(2) (M,ω, J) is induced by the standard toric system on one of the scaled Hirzebruch
surfaces by a homomorphism S1 ↪→ T2;

(3) it has two fixed surfaces and no other fixed points.

The minimal models from Case (3) turn out to be ruled surfaces, which in this context we
define as S2-bundles over a surface Σ. The S1-action rotates the spheres leaving Σ invariant,
and the two fixed surfaces are each diffeomorphic to Σ. The Hamiltonian function J is the
standard height function on the sphere component. The Karshon graph of a ruled surface
consists of two fat vertices, with J-values j0 and j0 + s, area labels a > 0 and a + ns (for
some n ∈ Z), and both labeled with the same genus g ∈ Z≥0. In the case that n = 0 the
ruled surface is simply the product S2 × Σg, where Σg is a surface of genus g.

The minimal Karshon graphs are those that can be obtained from these minimal S1-
spaces. Thus, this completes Karshon’s classification of S1-spaces by describing the set of
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graphs which are obtained from S1-spaces, which is the set of all graphs that can be obtained
from the minimal graphs by a finite sequence of blowups.

2.5. Singularities of integrable systems. Let (M,ω, F = (f1, . . . , fn)) be an n-dimensional
integrable system. A point p ∈ M is a singular point if rank(p) := rank(dFp) < n. The
rank of a singular point coincides with the dimension of the space spanned by the vectors
X f1
p , . . . ,X fn

p ∈ TpM . The space of quadratic forms on TpM has a Lie algebra structure mak-
ing it isomorphic to sp(2n,R), and a rank zero singular point p is non-degenerate if and only
if the Hessians of f1, . . . , fn span a Cartan subalgebra. If p is singular with rank(p) > 0 there
is a similar definition of non-degenerate after taking the symplectic quotient by what can
roughly be thought of as the non-singular part of the momentum map. We refer to [BF04]
for the details.

Cartan subalgebras of TPM ∼= sp(2n,R) were classified by Williamson [Wil36], and that
pointwise classification was extended to a local classification by a series of papers, such as
Colin de Verdière-Vey [CdVV79], Rüssmann [Rüs64], Vey [Vey78], Eliasson [Eli84] published
partially in [Eli90], Dufour & Molino [DM91], Miranda & Vũ Ngo.c [MVuN05], Vũ Ngo.c &
Wacheux [VuNW13], Chaperon [Cha13], and Miranda & Zung [MZ04].

Theorem 2.10 (local normal form for non-degenerate singularities). Let p ∈ M be a non-
degenerate singular point of an integrable system (M,ω, F = (f1, . . . , fn)). Then:

(1) there exists local symplectic coordinates (x1, . . . , xn, ξ1, . . . , ξn) on an open neighbor-
hood U ⊂ M and smooth functions q1, . . . , qn : U → R where we have the following
possibilities for the form of each qj:
• Elliptic component: qj = (x2

j + ξ2
j )/2;

• Hyperbolic component: qj = xjξj;
• Focus-focus component: qj = xjξj+1 − xj+1ξj and qj+1 = xjξj + xj+1ξj+1;
• Regular component: qj = ξj,

such that {qi, fj} = 0 for all i, j ∈ {0, . . . , n} and p corresponds to the origin in these
coordinates;

(2) if there is no hyperbolic component then the system of equations {qi, fj} = 0 for all
possible i, j is equivalent to the existence of a local diffeomorphism g : Rn → Rn such
that

g ◦ F = (q1, . . . , qn) ◦ (x1, . . . , xn, ξ1, . . . , ξn).

Non-degenerate singular points are thus classified into their Williamson type by this the-
orem. For instance, in the case that dim(M) = 4 each non-degenerate singular point is of
exactly one of the following six types:

• rank 0: elliptic-elliptic, focus-focus, hyperbolic-hyperbolic, hyperbolic-elliptic;
• rank 1: elliptic-regular, hyperbolic-regular.

Remark 2.11. Suppose that M = Σ1×Σ2 where Σ1 and Σ2 are surfaces. For i ∈ {1, 2} let
πi : M → Σi be the projection map, let ωi be a symplectic form on Σi, and let fi : Σi → R
be a Morse function. Then (M,ω1 ⊕ ω2, F = (f1 ◦ π1, f2 ◦ π2)) is an integrable system and
all singular points of this system are non-degenerate. Moreover, p = (p1, p2) is a singular
point of F if and only if at least one of the pi is a critical point of the corresponding fi, and
the Williamson type of p is determined by the Morse indices of p1 and p2, since the product
of the Morse charts forms one of the charts as discussed in Theorem 2.10 (equivalently one
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can compare the eigenvalues of the block diagonal Hessians of the Morse functions with the
Hessian of their sum). Regular points of the Morse function correspond to regular blocks
in the local normal form, index 1 critical points correspond to hyperbolic blocks, and index
0 or 2 critical points correspond to elliptic blocks. For instance, if p1 ∈ Σ1 is an index 1
critical point with Morse coordinates a, b then locally f1 = a2− b2 = (a− b)(a+ b) so taking
x = a− b and ξ = a+ b gives the coordinates for a hyperbolic block from Theorem 2.10.

The next result follows from [BF04, Proposition 1.16].

Lemma 2.12. Let (M,ω, F = (J,H)) be a four dimensional integrable system and let
MHR ⊂ M be the set of hyperbolic-regular singular points. If C ⊂ M is a connected com-
ponent of MHR then F (C) is the image of an immersion from a one-dimensional manifold
into R2 and thus for any p ∈ C there exists a set U ⊂ C which is an open (as a subset of
C) neighborhood of p such that F (U) is a one-dimensional submanifold of R2.

2.6. Integrable systems and singular Lagrangian fibrations. Let (M,ω, F ) be an n-
dimensional integrable system. A connected component of a fiber of F : M → Rn is called
singular if it contains a singular point of the integrable system and called regular otherwise.
It is easy to see that every regular component of a fiber of F is a Lagrangian submanifold
of M , which are all diffeomorphic to n-tori in the case that M is compact. Let B be the
topological space obtained as the quotient space of M by the equivalence relation relating
two points if and only if they are in the same component of the same level set of F , and let
π : M → B be the associated quotient map. Notice that the union of the fibers of π which
are Lagrangian submanifolds forms an open dense set in M . Thus π : M → B is a singular
Lagrangian fibration of M and B is known as the base. We say that this singular Lagrangian
fibration is induced by the momentum map F .

In the case that all fibers of F are connected, the base B can be naturally identified
with the image of the momentum map F (M). This is what occurs for toric and semitoric
integrable systems. For more general classes of integrable systems, such as hypersemitoric
systems, there is a natural surjection B → F (M) but this is not necessarily a bijection.

Remark 2.13. Concerning Lemma 2.12, notice that the connected components of F (MHR)
are not always embedded curves in R2. This is because given two components C and C ′ of
MHR the curves F (C) and F (C ′) may pass through each other in R2, though their images
π(C) and π(C ′) cannot intersect in the base of the fibration induced by F .

2.7. Semitoric systems and marked polygons. Due to Theorem 2.10, semitoric systems
(as in Definition 1.2) can have singular points of three types: elliptic-elliptic, focus-focus,
and elliptic-regular. A semitoric system (M,ω, F = (J,H)) is simple if there is at most one
focus-focus point in each fiber of J . Simple semitoric systems are classified by Pelayo & Vũ
Ngo.c in terms of five invariants: the number of focus-focus points, the semitoric polygon,
the height invariant, the Taylor series invariant, and the twisting index invariant. This
classification was extended to non-simple systems in [PPT19]. We will focus our attention
on the first three invariants, which exist nearly unchanged in the non-simple case and were
already developed in [VN07] before the full classification. As in [LFP19] we will package
these three invariants together into a single invariant called the marked semitoric polygon
invariant.

Given a semitoric system (M,ω, F = (J,H)) there are finitely many singular points of
focus-focus type [VN07, Corollary 5.10], so the first invariant of the system is their number
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g ◦ F

g

M

F

Figure 6. The momentum map image of a semitoric system can be “straight-
ened out” to recover a polygon.

mf ∈ Z≥0. Denote the set of focus-focus singular points by MFF = {p1, . . . , pmf
} ⊂ M .

The images F (p1), . . . , F (pmf
) ∈ R2 of these points are in the interior of the momentum

map image F (M) and we may assume that their images are in lexicographic order, i.e. that
J(p1) ≤ . . . ≤ J(pmf

) and if J(p`) = J(p`′) with ` < `′ then H(p`) ≤ H(p`′). Given a point
c ∈ R2 and ε = ±1 let `εc ⊂ R2 be the closed ray starting at c directed along a vector in the
positive J direction if ε = 1 and the negative J direction if ε = −1. Given ~ε ∈ {±1}mf let
~̀~ε = ∪mf

j=1`
εj
F (pj). Let M ′ = M \ F−1(~̀~ε). Then, as in [VN07, Theorem 3.8], there exists a

homeomorphism g : F (M)→ R2 preserving the first component which is smooth on F (M)\~̀~ε
such that each component of g ◦ F |M ′ : M ′ → R2 generates an effective S1-action. We will
call such a g a straightening map. The closure of the image of this toric momentum map is
a polygon as sketched in Figure 6. It is unique up to the freedom in the choices of ~ε and g,
which we will now encode in a group action on the triple

(1)
(
∆ := g ◦ F (M), g ◦ (F (p1), . . . , F (pmf

)),~ε
)
.

Remark 2.14. Notice that we have allowed for the case of multiple focus-focus points in
the same fiber of F , in which case the ordering of the labeling of the focus-focus points is
not unique. This will not cause any problems in constructing a unique invariant because
changing the order of points in the same fiber does not change the resulting marked semitoric
polygon. However, the non-uniqueness of the ordering of the labels does cause complications
if the Taylor series labels are included (which are not relevant in the present paper), in which
case the focus-focus points in the same fiber have a cyclic ordering as in [PPT19].

Remark 2.15. A similar construction in the context of almost toric manifolds appeared
in [Sym03].

For k = 1, 2 let πk : R2 → R denote the projection onto the kth coordinate. For s ∈ Z≥0

we call a triple (
∆,~c = (c1, . . . , cs),~ε = (ε1, . . . , εs)

)
a marked weighted polygon if all ci ∈ int(∆) and π1(c1) ≤ . . . ≤ π1(cs). For j ∈ R, let

(2) T =

(
1 0
1 1

)
and tj : R2 → R2, (x, y) 7→

{
(x, y + x− j) if x ≥ j,

(x, y) otherwise.
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Let T be the group generated by powers of T and vertical translations (this is the subgroup
of the group of integral affine maps on the plane which preserve the first component) and
let Gs = {±1}s. Then T ×Gs acts on the set of marked weighted polygons by

(τ, ~ε′) · (∆,~c,~ε ) =
(
σ(∆), (σ(c1), . . . , σ(cs)), (ε

′
1ε1, . . . ε

′
sεs)
)

where σ = τ ◦ tu1π1(c1) ◦ · · · ◦ t
us
π1(cs) and uk = εk(1 − ε′k)/2. Let [∆,~c,~ε ] denote the orbit of

(∆,~c,~ε ) under this action.
This group action represents exactly the effect of the choice of straightening map g and cut

directions ~ε on the triple in Equation (1) above: if (∆,~c,~ε ) is the result of that construction
for one choice of g and ~ε then the set of all possible triples produced in this way is exactly the
orbit [∆,~c,~ε ]. This orbit is the marked semitoric polygon invariant of the system (M,ω, F ).

Remark 2.16. Note that the marked semitoric polygon invariant contains more informa-
tion than the semitoric polygon invariant introduced in [VN03] and used in the classifi-
cation [PVuN09, PVuN11], since it also includes the marked points corresponding to the
focus-focus values of the system. The height invariant of the semitoric system is encoded in
the marked semitoric polygon as the vertical distance from ck to the bottom of ∆ which can
be seen to not depend on the choice of representative.

The marked semitoric polygon is not a complete invariant of semitoric systems since there
are many distinct systems which have the same marked semitoric polygon. This is because
the Taylor series and twisting index invariants are not encoded in the marked semitoric
polygon, so systems with the same marked semitoric polygon may have different Taylor
series or twisting index invariants. The Taylor series, developed in [VN03], and extended
to the case of multiple focus-focus points in the same fiber in [PT19], describes the semi-
local (i.e. neighborhood of the fiber) structure around a focus-focus singular point, and the
twisting index, introduced in [PVuN09], roughly, takes into account an additional degree of
freedom when gluing this local model into the global system. These invariants will not be
as important as the others for this paper, since they are not related to the structure of the
underlying S1-space.

Now we will describe exactly which marked weighted polygons can be obtained in this
way from a simple semitoric system. The remainder of this section summarizes results
from [PVuN11] and adapts them to the case of marked polygons that may have multiple
marked points in the same vertical line. We say that a polygon is rational if the slope of
each non-vertical edge is rational. Let q be a vertex of a rational polygon and let v, w ∈ Z2

be the primitive vectors directing the edges adjacent to q. Then we say that q satisfies:

• the Delzant condition if det(v, w) = 1;
• the hidden Delzant condition for m cuts if det(v, Tmw) = 1;
• the fake condition for m cuts if det(v, Tmw) = 0,

where in each case det(v, w) denotes the determinant of the matrix with first column v and
second column w. The orbit [∆,~c,~ε ] can be obtained from a simple semitoric system if and
only if one, and hence all, representatives (∆,~c,~ε ) satisfy the following three conditions:

(1) ∆ is rational and convex;
(2) each point of ∂∆ ∩

(
∪k`εkck

)
is a vertex of ∆ and satisfies either the fake or hidden

Delzant condition for m cuts (in which case it is known as a fake corner or hidden
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corner respectively) where m > 0 is the number of distinct k such that the vertex in
question lies on a ray `εkck ;

(3) each other vertex of ∆ satisfies the Delzant condition (and is known as a Delzant
corner).

Such marked semitoric polygons are known as marked Delzant semitoric polygons. We will
represent these by drawing each ray `εkck as a dotted line (known as a cut) and the image
under g ◦ F of each focus-focus point will be indicated by a “×”. See Figure 7b for an
example.

2.8. S1-spaces and semitoric systems. In this section we briefly recall the results of [HSS15].
Given a compact simple semitoric system (M,ω, F = (J,H)) the Karshon graph of the un-
derlying S1-space (M,ω, J) can be obtained from any representative of the associated marked
semitoric polygon [∆,~c,~ε ] much in the same way as obtaining the Karshon graph of a toric
integrable system from the associated Delzant polygon. Let (∆,~c,~ε ) be any representative.
The fixed surfaces are the preimages of the closure of the vertical edges of ∆, if any, which
have normalized symplectic area equal to the length of the edge and are always genus zero.
The isolated fixed points are the focus-focus points and also the preimages of any vertices
of ∆ which are not on vertical edges and are not fake corners. Let e1, . . . , em, possibly with
m = 1, be a collection of adjacent edges of ∆ such that the vertex joining e` to e`+1, for
` = 1, . . . ,m−1, is a fake vertex and the remaining two endpoints (of e1 and em) are not fake.
Then, due to the conditions on fake vertices, each of these edges has slope b`/k for distinct
integers b`, ` = 1, . . . ,m, and a common integer k > 0. The closure of the preimage of the
union e1 ∪ · · · ∪ em is a Zk-sphere, which is represented by an edge in the Karshon graph
between the vertices corresponding to the endpoints of the piecewise linear curve e1∪· · ·∪em
if k > 1.

In summary, to construct the Karshon graph from (∆,~c,~ε ) draw a fat vertex for each
vertical edge of ∆ labeled by g = 0 and normalized area equal to the length of the edge,
draw a regular vertex for each Delzant corner, each hidden Delzant corner, and each focus-
focus singular point. Finally, any time a chain of edges (connected by fake vertices) connects
two hidden or Delzant vertices they each have slope of the form b/k for various b, and if
k > 1 draw an edge between the corresponding vertices in the graph and label it with k.

Example 2.17. In this example we will produce an S1-space on CP2 blown up five times
which cannot be extended to a toric system but can be extended to a semitoric system. This
construction will depend on two parameters, λ1 ∈]0, 1/3[ and λ2 ∈]0, λ1[. Starting with CP2

with the Fubini-Study symplectic form and usual S1-action (as in Example 2.2), perform two
S1-equivariant blowups of the same size λ1 on the fixed surface. This produces two new fixed
points, and next we perform one blowup of size λ2 at each of these fixed points. This gives us
the Karshon graph as in Figure 7c, which can be extended to the toric system corresponding
to the Delzant polygon in Figure 7a. Now, performing another blowup of size λ1 on the fixed
surface produces the S1-space corresponding to the Karshon graph in Figure 7d which can
not be extended to a toric system by Lemma 2.6, but can be extended to a semitoric system.
A representative of the semitoric polygon of such a semitoric system is shown in Figure 7b.

2.9. Blowups of semitoric systems. We will now describe two types of blowups of semi-
toric systems.
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(a) The Delzant polygon of Bl4(CP2).

×

(b) A semitoric polygon of Bl5(CP2).

2

2

(c) The Karshon graph of the S1-space in-
duced by the toric system from Figure 7a.

2

2

(d) The Karshon graph of the S1-space in-
duced by the semitoric system from Fig-
ure 7b.

Figure 7. The Delzant polygons, semitoric polygons, and Karshon graphs of
CP2 blown up four and five times as in Example 2.17 with parameters λ1 = 1/4
and λ2 = 1/8. The Delzant and semitoric polygons are drawn over the lattice
1
8
Z2 ⊂ R2. Since the Delzant polygon for CP2 is the convex hull of (0, 0),

(1, 0), and (0, 1), performing the four blowups of the specified sizes produces
the Delzant polygon with vertices at (1/8, 1/8), (0, 2/8), (0, 6/8), (1/8, 6/8),
(3/8, 5/8), (1, 0), and (3/8, 0) shown in Figure 7a, and performing one more
blowup produces a semitoric system with the semitoric polygon shown in Fig-
ure 7b.

2.9.1. Toric blowups. Let (M,ω, F = (J,H)) be a semitoric system and let p ∈ M be an
elliptic-elliptic singular point. Then a toric blowup of (M,ω, F = (J,H)) at p of size λ > 0
can be performed if there exists a straightening map g : R2 → R2 (as in Section 2.7) such that
g ◦F (p) is a Delzant corner of ∆ := g ◦F (M), g ◦F (p) is the unique vertex of ∆ contained in
the simplex SimpλF (p)(v1, v2), where v1, v2 are primitive vectors directing the edges adjacent

to g ◦ F (p), and SimpλF (p)(v1, v2) does not intersect any of the cuts or marked points in ∆.
In which case the result of the blowup is the semitoric system which has all of the same
invariants as the original system except that its marked polygon is the result of performing
a corner chop on the marked polygon invariant of the original system. This process amounts
to performing a usual T2-equivariant blowup with respect to the toric momentum map g ◦F .
It can be shown that the result of this operation does not depend on any of the choices made,
see for instance [LFP19, Section 4.3].

19



Remark 2.18. Note that we only need to find one representative of the marked semitoric
polygon invariant which admits a corner chop at the vertex corresponding to p in order to
perform a toric blowup. Also note that given any elliptic-elliptic point there is at least one
representative such that this point corresponds to a Delzant corner and thus for sufficiently
small size λ > 0 a toric blowup can always be performed.

2.9.2. Semitoric blowups of marked polygons. In a semitoric system (M,ω, F = (J,H)) a
blowup can also be performed at an elliptic-regular point p if it lies in a surface Σ which
is fixed by the S1-action generated by J . Such blowups, and their effect on the semitoric
system, are described in detail in the upcoming [HSSS], but here we will simply describe
their effect on the marked semitoric polygon invariant, and then use the result which states
there is a system (actually many) associated to the resulting marked semitoric polygon. In
the context of almost toric manifolds, this operation already essentially appeared in the work
of Symington [Sym03, Section 5.4].

For any set B ⊂ R2 let ∂+B be the upper boundary of B and ∂−B the lower boundary.
We define ∂+B = {(x, y) ∈ ∂B | y ≥ y′ for all y′ such that (x, y′) ∈ ∂B}, the definition
of ∂−B is similar. Note that ∂+B ∪ ∂−B is not in general the entire boundary of B, but
nevertheless in the case that B is convex specifying the ∂+B and ∂−B completely determines
B. Specifically, if B ⊂ R2 is convex then B is equal to the convex hull of ∂+B ∪ ∂−B.

Definition 2.19. Suppose that [∆,~c,~ε ] is the marked semitoric polygon invariant for (M,ω, F )
and suppose that Σ = J−1(jmax) is a fixed surface of the S1-action generated by J which
occurs at the maximum value of J . Let A be the normalized symplectic area of Σ, which is
equal to the vertical height of the edge of ∆ corresponding to Σ, and let λ > 0 be any real
number such that λ < A and λ < jmax − jmin.

We now define (∆′, ~c′, ~ε′ ) by

(1) ∆′ is the unique convex polygon with ∂−∆′ = ∂−∆ and ∂+∆′ = t−1
jmax−λ(∂

+∆), where
tj is as in Equation (2).

(2) ~c′ is equal to the set of marked points ~c with one additional point added anywhere
in int(∆′) on the line J = jmax − λ inserted into the list keeping the points in
lexicographical order, suppose that the new point is the `th entry in the list.

(3) ~ε′ = (ε1, . . . , ε`−1, 1, ε`, . . . , εs).

If any of the points ck lies outside of the polygon after this transformation, change its y-
coordinate while keeping the x-coordinate the same to move it back into the polygon. The
process for p ∈ Σ = J−1(jmin) is similar. The resulting marked Delzant semitoric polygon

[∆′, ~c′, ~ε′ ] is known as a semitoric blowup of [∆,~c,~ε ] of size λ on Σ. Any semitoric system

(M ′, ω′, F ′) whose marked Delzant semitoric polygon invariant is [∆′, ~c′, ~ε′ ] is known as a
weak semitoric blowup of (M,ω, F ), and is independent of all choices except the placement
of c`.

Remark 2.20. Note that in Definition 2.19 the change in the top boundary of ∆′ is de-
signed so that the new upwards cut intersects the top boundary at either a fake corner or a
hidden Delzant corner, so the orbit [∆′, ~c′, ~ε′ ] is indeed a marked Delzant semitoric polygon,
and thus there exists at least one system with this as its marked semitoric polygon invari-
ant. The result does not depend on the choice of representative for [∆,~c, ~ε ], since different

choices produce different representatives of the same class [∆′, ~c′, ~ε′ ] because tj, ti, and T all
commute.
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As an example, performing a semitoric blowup of size λ = 1/4 on the fixed surface of
the polygon in Figure 7a results in the polygon in Figure 7b. Any system associated to the
marked semitoric polygon described above is called a weak semitoric blowup of (M,ω, F ),
since we are only keeping track of the marked semitoric polygon invariant and not the twisting
index or Taylor series invariants.

From [HSS15] we can deduce the Karshon graph of [∆,~c,~ε ] and [∆′, ~c′, ~ε′ ] and we see that
the Karshon graph of the new marked semitoric polygon is related to the original graph by
reducing the area label on the fat vertex corresponding to Σ by λ and adding a new isolated
fixed point with J-value label given by

J =

{
jmax − λ, if Σ = J−1(jmax),

jmin + λ, if Σ = J−1(jmin).

This is exactly Case (B1) from Section 2.4.3 describing the effect of a blowup at a point
in a fixed surface on the Karshon graph. Thus, any system (M ′, ω′, F ′) associated to the

marked Delzant semitoric polygon [∆′, ~c′, ~ε′ ] is S1-equivariantly symplectomorphic to the S1-
equivariant blowup of (M,ω, F ), since they have the same Karshon graph. Moreover, the
conditions for a semitoric system to admit a semitoric blowup of size λ at p are exactly the
same as the conditions for the associated S1-space to admit a blowup of size λ at p. Thus
we have established:

Lemma 2.21. Let (M,ω, F = (J,H)) be a semitoric system and let Σ be a fixed surface of
the S1-action generated by J . Let (M ′, ω′, J ′) be the S1-equivariant blowup of (M,ω, J) at a
point p ∈ Σ of size λ > 0. Then there exists an H ′ : M ′ → R such that (M ′, ω′, F ′ = (J ′, H ′))
is a semitoric system with one more focus-focus singular point than (M,ω, F ) and the marked
semitoric polygon invariant of (M ′, ω′, F ′) can be obtained from the marked semitoric polygon
invariant of (M,ω, F ) as described in Definition 2.19.

Remark 2.22. We have only specified the marked semitoric polygon invariant of the result-
ing system, and even then there is a choice of where to put the new marked point. Thus
the resulting system of the semitoric blowup discussed in Lemma 2.21 is not unique, and
furthermore we make no attempt to describe this blowup as an operation on the semitoric
system itself, instead depending on a description of its effect on the invariants. Lemma 2.21
is exactly what we will need for the present paper.

Remark 2.23. In [KPP18] the authors define an invariant of a compact semitoric system
called the semitoric helix which generalizes the fan of a smooth toric surface. The semitoric
helix is a collection of integral vectors which takes into account the effect of the monodromy
of the focus-focus points of the semitoric system. The construction of the helix only depends
on the structure of the system in a neighborhood of the boundary of the momentum map
image and the monodromy of the focus-focus points in the interior. Thus, in many cases,
for instance if there are no hyperbolic-elliptic singular points, nearly the same construction
could probably also be used to construct such an invariant for hypersemitoric systems, once
the monodromy of any singular points in the interior of the momentum map image (such as
the points on a flap) is understood. Corollary 5.10 states that all S1-spaces can be extended
to a system with no hyperbolic-elliptic points, so it is likely that a helix-like invariant can
be developed for such systems.
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2.10. Symplectic reduction and integrable systems. Given a Hamiltonian action of an
n-dimensional Lie group G on a symplectic manifold (M,ω) with momentum map µ : M →
g∗, where g∗ is the dual Lie algebra of G, the symplectic reduction at level c ∈ µ(M) is
defined to be

(M//G)c := µ−1(c)/G.

Let πc : µ−1(c)→ (M//G)c be the projection on the quotient. If G acts freely on µ−1(c) then
(M//G)c is a smooth manifold which inherits a symplectic form ωc from (M,ω) satisfying
π∗cωc = ω|µ−1(c), as described in the Marsden-Weinstein-Meyer theorem [MW74, Mey73].
More generally, if G does not act freely on µ−1(c) then (M//G)c is a type of singular space
called a stratified symplectic space, but it still inherits smooth and symplectic structures on
the set of points [x] ∈ (M//G)c such that G acts freely on π−1

c ([x]). For a detailed study of
singular reduction and stratified symplectic spaces, see [CB97, SL91, Alo19].

Now let (M,ω, J) be an S1-space. Let M̂ := M/S1, let π : M → M̂ be the quotient map,

and let M̂j := (M//S1)j for j ∈ J(M). Then M̂ inherits a smooth structure away from

the set sing(M̂) := π(non-free(J)), where non-free(J) ⊂ M denotes the set of points on
which the S1-action generated by J does not act freely (i.e. those points are fixed by some

non-identity element of S1). Let smooth(M̂) := M̂ \ sing(M̂).

Note that M̂j = π(J−1(j)) ⊂ M̂ and let Ĥj := Ĥ|M̂j
.

Lemma 2.24. Let (M,ω, (J,H)) be an integrable system such that J generates an S1-action,

let p ∈ M be such that S1 acts freely on p, and let c = π(p) ∈ M̂j where j = J(p). Then

c ∈ smooth(M̂). Furthermore:

(a) c is a regular point of Ĥj if and only if p is a regular point of (J,H),

(b) c is a non-degenerate critical point of Ĥj with index 0 or 2 if and only if p is an
elliptic-regular critical point of (J,H),

(c) c is a non-degenerate critical point of Ĥj with index 1 if and only if p is a hyperbolic-
regular critical point of (J,H).

Proof. The fact that c ∈ smooth(M̂) is standard from the theory of group actions, since the
S1-action in this case is proper, smooth, and free at p.

To prove item (a), notice that c is a regular point of Ĥj if and only if dĤj(c) 6= 0 which is
equivalent to dH(p) and dJ(p) being linearly independent, which is the definition of p being
a regular point of (J,H).

Items (b) and (c) follow from the fact that in this case p is a non-degenerate critical point

of (J,H) if and only if c is a non-degenerate (i.e. Morse) point of Ĥj, this is well known and
proved for instance in [HP18, Lemma 2.4]2. Since S1 acts freely on p we know dJ(p) 6= 0,
so if p is a non-degenerate critical point of (J,H) then there are only two possibilities from
Theorem 2.10, p is either elliptic-regular or hyperbolic regular. On the other hand, in this
case c must be a non-degenerate critical point of Ĥj, and so it must have index 0, 1, or 2. By

matching up the behavior of the level sets of Ĥj, it can be verified that p is elliptic-regular
if and only if c has index 0 or 2, and p is hyperbolic regular if and only if c has index 1, as
claimed. �

2In the published version of [HP18] there is a small error in Lemma 2.4, it requires that dJ(p) 6= 0 but it
should actually require that the S1-action generated by J acts freely on p.
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2.11. Parabolic degenerate points. Hypersemitoric systems can also include a certain
type of degenerate point, called a parabolic singular point, which Colin De Verdiere [CDV03]
calls the “the simplest non-Morse [i.e. non-degenerate] example”. Parabolic singular points
are also sometimes called cuspidal singular points. These points are studied for instance
in [EG12, BGK18, BF04], and we will follow the definition of Bolsinov & Guglielmi &
Kudryavtseva [BGK18] since it is the best adapted to our situation. Before stating the
definition, we note that that any parabolic point p satisfies F (p) ∈ interior(F (M)) (this
follows from [BGK18, Proposition 2.1]), and thus the following lemma implies that we may
assume that dJ(p) 6= 0 at parabolic points when we define them below.

Lemma 2.25. Let p ∈ M be a rank 1 singular point of a compact integrable system
(M,ω, F = (J,H)) for which the flow of J generates a effective S1-action. If J(p) ∈
interior(J(M)) then dJ(p) 6= 0, and therefore any rank 1 singular point p with F (p) ∈
interior(F (M)) has dJ(p) 6= 0.

Proof. Assume that dJ(p) = 0, so that p is a fixed point of the S1-action generated by J .
Then all points in the orbit of p under the flow generated by H are also fixed points of the
flow generated by J , and since p is a rank 1 point it is not fixed by the flow generated by H,
so p is a non-isolated fixed point of the S1-action. By Lemma 2.1, this means that p belongs
to a fixed surface of the S1-action and J(p) is in the boundary of the interval J(M), and
thus F (p) is in the boundary of F (M). �

If p ∈ M is a singular point of rank 1, i.e. if rank(dFp) = 1, then the Hessian d2F (p) is
well defined on the kernel of dFp, and can have rank 0, 1, or 2. The case of rank(d2Fp) = 2
is that of non-degenerate singularities, so the next simplest case is when rank(d2Fp) = 1.
The degenerate points we will consider, and which are the ones we will see naturally occur
in systems with hyperbolic points, are as follows:

Definition 2.26 ([BGK18, Definition 2.1]). Suppose that p ∈ M is a singular point of the
integrable system F = (J,H) : M → R2 such that dJ(p) 6= 0. Define

H̃ := H̃p : J−1(J(p))→ R, H̃ := H|J−1(J(p)).

The point p is a parabolic degenerate singular point if:

(1) p is a critical point of H̃,
(2) rank(d2H̃(p)) = 1,
(3) there exists v ∈ ker(d2H̃(p)) such that the third derivative of H̃ in the direction

determined by v at p is nonzero (this is well-defined in this case, see Remark 2.27).
(4) rank(d2(H − kJ)(p)) = 3, where k ∈ R is determined by dH(p) = kdJ(p).

We call the image of a parabolic critical point a parabolic critical value of F .

Informally, a parabolic degenerate point can be thought of as a singular point where
the rank of all relevant operators is as maximal as possible without the point being non-
degenerate.

Remark 2.27. In general, the third derivative of a function is not well defined, but it is
well-defined when it is evaluated at a critical point and taken in the direction of a vector in
the kernel of the Hessian of the function, as in item (3) of the above definition. We define
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Figure 8. A flap in the momentum map image F (M). It is a triangular
region in the interior of F (M) containing three families of rank 1 singular
values, two of which correspond to families of elliptic-regular singular points
and one of which to a family of hyperbolic-regular singular points. The point
where the two families of elliptic-regular values meet is the image of an elliptic-
elliptic singular point and the other two corners of the triangle are the image of
parabolic singular points. The fibers above the interior points of the triangle
are the disjoint union of two Lagrangian tori, outside of the triangle they are
a single torus, above the elliptic-regular values they are the disjoint union of
a torus and a circle, above the elliptic-elliptic value it is the disjoint union of
a torus and a point, above the hyperbolic-regular values they are double tori
(as in Figure 15a), and above the two degenerate values they are cuspidal tori
(as in Figure 15c).

the third derivative of H̃ in the direction of v ∈ ker(d2H̃(p)) by

v3(H̃) =
d3

dt3
H̃(γ(t))|t=0

where γ : ]− ε, ε[ → J−1(J(p)) is a curve satisfying γ(0) = p and γ̇(0) = v. It can be shown
that this definition does not depend on the choice of such a curve γ by a short calculation,
see [BGK18, Remark 2.1].

These points do not admit a symplectic normal form, but they do admit a smooth normal
form.

Proposition 2.28 ([BGK18, Proposition 2.1]). Let p ∈ M be a parabolic singular point
of an analytic integrable system (M,ω, F = (J,H)) for which the flow of J generates an
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effective S1-action. Then there exists a neighborhood U of p equipped with coordinates
(x, y, t, θ) centered at p, and a local diffeomorphism g = (g1, g2) of R2 around the origin
with g1(x1, x2) = ±x1 + const and d

dx2
(g2) 6= 0 such that

g ◦ F |U = (t, x3 + tx+ y2).

For an example of a parabolic point, simply take the local normal form F : R4 → R2,
(x, y, t, θ) 7→ (t, x3 + tx+ y2) with symplectic form ω = dx∧dy+ dt∧dθ, but it is important
to keep in mind that the coordinates in Proposition 2.28 are in general not canonical (so the
symplectic form does not always take the form described here).

Remark 2.29. By construction, the parabolic points that appear in the present paper
will all have the local normal form described in Proposition 2.28, even when the integrable
systems are non-analytic (in our situation – only smooth). Non-analytic parabolic points do
not necessarily take this form in general, because for t < 0 the fibers of the integrable system
can be disconnected, in which case a flat function may be added on one of the branches of
the fibers but not the other.

Parabolic points come in one parameter families in M , parameterized by θ in the above
Proposition, which project to a single point in F (M). Furthermore, in a neighborhood of
a parabolic point there are two surfaces of non-degenerate singular points which meet at
the parabolic point, one of hyperbolic-regular type points and one of elliptic-regular type
points. In the momentum map image this appears as a curve of images of elliptic-regular
points which meets with a curve of images of hyperbolic-regular points. This behavior can
be seen for example in the neighborhood of the images of the parabolic degenerate points in
Figure 8, which has exactly two parabolic singular values.

A detailed discussion of the topological properties of parabolic singularities can be found
in [EG12] (where they are called cuspidal singular points), especially for the case that the
parabolic points appear in a configuration known as a flap. A flap is one of the typical
situations in which such parabolic points occur. The image of a flap in the momentum map
image is shown in Figure 8. These are called flaps because of their topological form in the
base space B of the singular Lagrangian fibration induced by F (as discussed in Section 2.6).
The region around this triangle in B can be obtained by gluing the triangle to the rest of the
base space along the curve of hyperbolic-regular points and parabolic degenerate points, so
it is like a flap glued onto the momentum map image. The examples discussed in Section 3.1
have such flaps, as does the system described in Example 3.2.

In [EG12] the authors also discuss pleats, which are sometimes also called swallow tails, and
these swallowtails are also studied from a global viewpoint by Efstathiou & Sugny [ES10].
Such configurations are also possible in hypersemitoric systems, see for instance Figure 9 and
the example in Section 6.6 of [LFP19]. Parabolic points are also very common in physical
systems, for instance see [BRF00] and see the references in [BGK18]. Recently, the complete
symplectic invariants of parabolic points and parabolic orbits were described in [BGK18];
these invariants are non-trivial and were found to be encoded in the affine structure of the
base of the Lagrangian fibration near the parabolic values.

2.12. Parabolic points and reduction. Parabolic points admit a natural S1-action, and
the coordinates from Proposition 2.28 can actually be extended to a tubular neighborhood
of the entire orbit of the parabolic point, taking θ ∈ R/2πZ. In these coordinates, the
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(a) The types of the points. (b) The fibers over the momentum map.

Figure 9. A momentum map image of a hypersemitoric system which in-
cludes a pleat (or “swallow tail”) configuration of singular points, such as the
system from [LFP19, Section 6.6].

Figure 10. The function ft(x) = x3 + tx + y2 and its level sets for various
choices of t. The left figure is t = 1, the middle is t = 0, and the right is
t = −1.

Hamiltonian of the S1-action is given by J(x, y, t, θ) = t, and the Hamiltonian vector field of
J is ∂

∂θ
, see [BGK18, Proposition 3.1]. Notice that this S1-action is free in a neighborhood

of the parabolic orbit. Locally, performing symplectic reduction with respect to this action
at some level t yields a disk and the other Hamiltonian reduces to a function

(3) ft(x, y) = x3 + tx+ y2.

We can think of this as a family of functions on the disk parameterized by t. The graph of
ft and its level sets for various values of t can be seen in Figure 10. Notice:

• if t < 0 then ft has two non-degenerate critical points (of index 1 and 0);
• if t > 0 then ft has no critical points;
• if t = 0 then ft has exactly one critical point, which is degenerate.
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Figure 11. Using the technique of [DP16] a focus-focus singular point as in
Figure (a) can be replaced with a triangle of singular points as in Figure (b).
The configuration of singular values in Figure (b) is called a flap.

This family parameterizes the process of two non-degenerate critical points coming together
and annihilating as t increases, or being born as t decreases, and thus it is called a birth-death
singularity. In fact, Equation (3) is the typical such bifurcation in Morse theory [Cer70].

For t < 0 the point (x, y) = (
√
−t/3, 0) is an index 1 critical point, and the level set

that it lies on, f−1
t

(
−2
(−t

3

)3/2
)

, traces out a curve with a loop, as in the right hand figure

in Figure 10. We will call the region enclosed by this loop the teardrop region. Notice
that in a system with a flap, the one-parameter family of functions on the reduced space at
level J−1(j), produces a teardrop region which appears, grows, shrinks, and disappears as j
increases.

Finally, notice that if a function takes the form of Equation (3) on the reduced space
(at a smooth point) then it extends to the typical example of a parabolic point given in
Section 2.11.

3. Examples

Hypersemitoric systems generalize semitoric systems and are defined in Definition 1.5.
These hypersemitoric systems in principle admit any type of non-degenerate singularity
(though we will see in Proposition 4.1 that hyperbolic-hyperbolic singular points cannot
occur due to the presence of the global S1-action) and additionally may have degenerate
singular points of parabolic type.

3.1. The Dullin & Pelayo technique and first examples. One way to obtain examples
of hypersemitoric systems is by a technique of Dullin & Pelayo [DP16]. They describe how
to start with any semitoric system (M,ω, (J,H)) and perturb H near a focus-focus point
to produce a flap of singularities, as shown in Figure 11. This technique does not change
J or (M,ω) and thus does not change the underlying S1-space. Moreover, if the original
system was hypersemitoric then this operation produces a hypersemitoric system, since the
S1-action is preserved and the only new singular points introduced are either non-degenerate
or parabolic (see [DP16, Remark 6.4]).

The idea in [DP16] is to define a function G : M → R supported in a neighborhood of a
given focus-focus point using the coordinates of the local normal form. Then they replace

the original integrable system (J,H) by (J, H̃ = H + G) and obtain a new system with a
triangle of singular points as desired.
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In [DP16, Section 8] using a version of their technique the authors give the following
example. Consider M = S2 × R2 taking ω to be the product of the standard symplectic
forms. Taking coordinates (x, y, z, u, v) where the coordinates on S2 are inherited from the
inclusion S2 ⊂ R3, let

J =
u2 + v2

2
+ z, H =

xu+ yu

2
, and Gγ = γz2,

where 0 ≤ γ ≤ 1. Here they use a globally defined Gγ since this is easier to work with in

practice. Let H̃γ = H + Gγ, so H̃0 = H. Then (M,ω, (J,H)) is the coupled spin oscillator

as in [VN07], and (M,ω, (J, H̃γ)) transitions from the coupled spin oscillator (when γ = 0)
into a system which has hyperbolic singularities (when γ > 1

2
).

In [LFP19, Section 6.6] the authors give an explicit example of a parameter-dependent
integrable system (J,Ht), 0 ≤ t ≤ 1 on the first Hirzebruch surface which transitions from
being toric for t = 0, to having a flap of singular values for t ≈ 1

2
, to having a pleat of

singular values for t ≈ 1.

Remark 3.1. The Dullin & Pelayo technique can produce many examples of hypersemitoric
systems from semitoric systems, but not all hypersemitoric systems can be formed this way.
For instance hypersemitoric systems can have fixed surfaces which are not spheres, in which
case they could never come from a semitoric system via this technique.

3.2. Representative examples. Next, we give two examples which are important in their
own right and also illustrate the idea of our proof of Theorem 1.6 in Section 5.

2

2

2

Figure 12. An S1-space which cannot be obtained from a toric or semitoric
system.

Example 3.2. In this example we will produce an S1-space on CP2 blown up six times
which cannot be extended to a semitoric system but can be extended to a hypersemitoric
system. We start with the S1-space on Bl5(CP2) described in Example 2.17 whose Karshon
graph is shown in Figure 7d. Now we perform another blowup of size λ2 (using the notation
from Example 2.17) at the isolated fixed point which is not at the maximum value of J ,
which produces the Karshon graph shown in Figure 12. This system cannot be extended
to a semitoric system since each edge in the Karshon graph must be associated to a unique
edge (or chain of edges) from the top or bottom boundary of the semitoric polygon, so there
cannot be three edges in the Karshon graph which intersect in a single level set J−1(j), but
we can describe how to produce a hypersemitoric system that this system extends to.

Start with the semitoric system (J,H) on Bl5(CP2) and use the Dullin & Pelayo technique
described in Section 3.1 around the unique focus-focus point to create a new integrable sys-

tem (J, H̃). The point p ∈ Bl5(CP2) that was focus-focus in (J,H) is now an elliptic-elliptic

singular point and the image of (J, H̃) now contains a triangle of singular values, as in Fig-

ure 11. Notice that (J,H) and (J, H̃) have the same underlying S1-space since the manifold,
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g = 1 g = 1

(a) The Karshon graph. There are no
Zk-spheres with k > 1 and the only
fixed points occur in the fixed surfaces,
which are both tori.

HE

HE

HE

HE

HR

HR

EE

EE EE

EE

(b) The momentum map image. The points are labeled
HR (hyperbolic-regular), HH (hyperbolic-hyperbolic),
and EE (elliptic-elliptic). The boundary is entirely
elliptic-regular points, except for the marked rank zero
points.

Figure 13. The Karshon graph and momentum map image for the system
on S2 × T2 from Example 3.3.

symplectic form, and J are all unchanged. Since p is an elliptic-elliptic singular point of

(J, H̃) we can perform a toric-type blowdown of size λ1 on p (assuming λ1 is sufficiently
small), producing a new integrable system on Bl6(CP2) which is of hypersemitoric type and
has the desired underlying S1-space. The idea of this trick is shown in Figure 2.

Example 3.3. Consider the S1-space with M = S2 × T2 (with the direct sum of the usual
symplectic forms) where the Hamiltonian J is the usual height function on the sphere. Thus,
the S1-action rotates the sphere component and does not effect the torus component. Then
MS1 is the disjoint union of two copies of T2 and there are no Zk spheres for k > 1, so
the Karshon graph is as in Figure 13a. In toric or semitoric systems the components of the
fixed point set are always isolated points or embedded spheres, so this cannot be extended
to a semitoric system. Consider the torus presented as the surface of revolution of the circle
x2 +(y−2)2 = 1 around the x-axis, and consider the function h(x, y, z) = z restricted to this
surface. Then h is the usual Morse function on T2, i.e. the (unperturbed) height function
when the torus is standing “on its end” which has four critical points: one of index 0, two of
index 1, and one of index 2. Now let πT2 : M → T2 be projection and let H = h◦πT2 : M → R.

Then, as discussed in Remark 2.11, (M,ω, (J,H)) is an integrable system with no degen-
erate points. By considering the index of the critical points of the Morse functions, this inte-
grable system has elliptic-elliptic, elliptic-regular, hyperbolic-regular, and hyperbolic-elliptic
points. Since J is proper and generates an effective S1-action (J,H) is thus a hypersemitoric
system. The image of (J,H) with the types of points labeled is shown in Figure 13b.

4. Properties of integrable systems with S1-actions

In this section we will make use of the local normal form theorem, Theorem 2.10, which im-
plies that in a neighborhood U of a rank 0 singular point p of an integrable system (M,ω, F =
(J,H)) there are coordinates ψ : U → R4, with coordinate functions ψ = (x, ξ, y, η), such
that there are functions f1, f2 : U → R of a specific type (depending on the type of p) satis-
fying that {fi, J} = {fi, H} = 0 for i ∈ {1, 2}. Note that the presence of hyperbolic blocks
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in the singularities means that in general we do not have a local diffeomorphism g of R2

such that g ◦ (J,H) = (f1, f2), but the fact that J Poisson commutes with each fi will be
sufficient for these proofs, since this implies that f1 and f2 are invariant under the flow of
X J , so the flow of X J must stay on the joint level sets (f1, f2) = (c1, c2). See item (2) of
Theorem 2.10.

4.1. Systems with S1-actions. In this section we prove some results which apply to any
integrable system in which one of the integrals generates an S1-action.

The following proposition is probably well-known to experts, but for the convenience of
the reader we include a short proof here. Part 2 also follows from the work of Zung [Zun96,
Zun03], in which he classifies the local symmetries of non-degenerate singular points without
depending on Eliasson’s theorem, and finds in particular that hyperbolic-hyperbolic singu-
larities do not admit a local S1-action, see [Zun96, Theorem 6.1].

Proposition 4.1. Let (M,ω, F = (J,H)) be an integrable system such that J generates an
effective S1-action. Then:

(1) If p ∈ M is a singular point of hyperbolic-elliptic type then p is a non-isolated fixed
point of the S1-action, and thus it lies in a fixed surface of the S1-action;

(2) (M,ω, F ) has no singular points of hyperbolic-hyperbolic type.

Proof. Assume that p ∈ M is a singular point and J : M → R generates an effective global
S1-action. Eliasson’s theorem (cf. Theorem 2.10) around p implies that in a neighborhood
U of p there are symplectic coordinates

ψ = (x, ξ, y, η) : U → R4

such that ψ(p) = (0, 0, 0, 0) and functions f1, f2 : U → R of a certain form (depending on
the type of p) such that {J |U , fi} = 0 for i ∈ {1, 2} in U . In both cases since p is a rank
0 singular point of (f1, f2) we have that dJ(p) = 0, so p is a fixed point for the associated
S1-action.

(1) If p ∈M is of hyperbolic-elliptic type then we may take

f1 = (x2 + ξ2)/2 and f2 = yη.

Consider the point p̃ = ψ−1(0, 0, y, 0) ∈ U for some sufficiently small y and let φt be the time-
t flow of X J . Since φt preserves f1 and f2 we see that φt(p̃) = ψ−1(0, 0, φ1

t (y), 0) for small
enough t, and thus if the action on p̃ is non-trivial then either the forwards or backwards
flow has to approach the fixed point p contradicting the fact that the flow is periodic. Thus,
for all sufficiently small y the point ψ−1(0, 0, y, 0) is fixed by the S1-action so p is not an
isolated fixed point of the S1-action, and so by Lemma 2.1 it must lie on a fixed surface.

(2) If p ∈M is of hyperbolic-hyperbolic type then we may take

f1 = xξ and f2 = yη.

Let p′ = ψ−1(x, 0, 0, 0) ∈ U for some sufficiently small x. Then

dJ(p′) ∈ span{df1(p′), df2(p′)} = span{dξ}
so X J ∈ span{∂x}. If p′ is not fixed by the S1-action then either forwards or backwards flow of
X J must approach the fixed point p. This contradicts the fact that the flow of X J is periodic,
so p′ must be a fixed point of the S1-action. Thus, following similar reasoning we see that
for all sufficiently small x, ξ, y, η ∈ R the points ψ−1(x, 0, 0, 0), ψ−1(0, ξ, 0, 0), ψ−1(0, 0, y, 0),
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and ψ−1(0, 0, 0, η) are all fixed by the S1-action, so p is not an isolated fixed point and also

the component of MS1 containing p is not a surface. This contradicts Lemma 2.1. �

Let MHR,MHE,MD ⊂ M be the set of hyperbolic-regular singular points, hyperbolic-
elliptic singular points, and degenerate singular points, respectively.

Lemma 4.2. Let (M,ω, (J,H)) be an integrable system such that J generates an effective
S1-action and let C ⊂ M be a connected component of MHR. Then F (C) ⊂ R2 does not
have any vertical tangencies.

Proof. Suppose that p ∈ MHR and let C ⊂ MHR be the connected component of MHR

containing p. By Lemma 2.12 F (C) ⊂ R2 is a one-dimensional immersed submanifold.
According to [BF04, Proposition 1.16], the tangent vector to the curve F (C) is given by
(a, b), where a, b ∈ R satisfy bX J(p)− aXH(p) = 0. Such a, b must exist since rank(p) = 1.
If F (C) has a vertical tangent we have that (a, b) = (0, 1) and therefore X J(p) = 0 so
dJ(p) = 0. This implies that dJ(p′) = 0 as well for any p′ obtained by flowing along XH

for a sufficiently short amount of time, and note that XH(p) 6= 0 since the rank of p is 1,
so p 6= p′. Therefore p is a non-isolated fixed point of the S1-action, so by Lemma 2.1 it
lies in a fixed surface Σ ⊂ MHR where Σ = J−1(jmin) or Σ = J−1(jmax). This implies that
F (p) ∈ ∂(F (M)), but the image of hyperbolic-regular points must lie in the interior of the
momentum map image, giving a contradiction. �

We know that the image of an connected component of MHR is an immersed curve by
Lemma 2.12, and Lemma 4.2 implies that it is actually embedded (and is a graph over J).

Corollary 4.3. If C ⊂M is a connected component of MHR then F (C) is homeomorphic to
an open interval, the endpoints of F (C) are distinct, and each endpoint is either an element
of F (MHE) or F (MD). In particular, F (C) is not a curve which connects the image of a
fixed surface back to itself and it is not homeomorphic to a loop.

Proof. By Lemma 4.2 F (C) does not have any vertical tangent so it cannot include a self-
intersection and cannot form a loop. Thus, F (C) is homeomorphic to an interval. Due
to the local normal forms result, Theorem 2.10, given any point p ∈ M which is regular or
singular of type elliptic-elliptic, elliptic-regular, or focus-focus, there exists a neighborhood of
p which does not include any hyperbolic-regular points. Thus, the end points of the interval
F (C) must be the image of the only other possible points in M , either hyperbolic-elliptic or
degenerate. �

Corollary 4.3 is illustrated in Figure 14.

Corollary 4.4. Let (M,ω, (J,H)) be an integrable system such that J generates an effective
S1-action. If the S1-action has strictly less than two fixed surfaces and (J,H) has a singularity
of hyperbolic-regular type, then (J,H) has at least one degenerate singular point.

Proof. Recall hyperbolic-regular values come in one-parameter families. By Corollary 4.3
this family terminates in two points, each of which are either the image of a degenerate or
hyperbolic-elliptic point. It is impossible for both endpoints to be the images of hyperbolic-
elliptic points, since hyperbolic-elliptic points always lie in a fixed surface by Lemma 4.1, a
single family of hyperbolic-regular points cannot connect the same fixed surface to itself by
Corollary 4.3, and we have assumed that there are strictly less than two fixed surfaces. �
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(a) Possible. (b) Impossible. (c) Impossible.

Figure 14. One possible momentum map image of a integrable system with
a global S1-action and two impossible ones: (a) is a possible momentum map
image. It include a flap, a pleat, and a curve of hyperbolic-regular points whose
two endpoints are both hyperbolic-elliptic points. We have seen such behaviors
in the examples discussed in Section 3. (b) is not possible since a family of
hyperbolic-regular points cannot connect a fixed surface to itself and (c) is not
possible because such a system cannot produce a loop of hyperbolic-regular
values.

Remark 4.5. By Corollary 4.4, if a compact integrable system with a Hamiltonian S1-
symmetry has a hyperbolic-regular point and has less than two fixed surfaces then it must
have a degenerate point, which is why we need to allow certain degenerate singular points
in order to be able to extend all possible S1-spaces. On the other hand, we conjecture that
if a S1-space has two fixed surfaces (in which case it is called tall as in [KT14]) then it can
always be extended to a hypersemitoric system which has no degenerate points.

Thus, any S1-action which has less than two fixed surfaces and cannot be extended to a
semitoric system must have at least one degenerate point in any extension:

Corollary 4.6. Let (M,ω, J) be an S1-space which has strictly less than two fixed surfaces
and has three or more Zk-spheres passing through a single level set of J . If H : M → R is such
that (M,ω, (J,H)) is an integrable system, then (M,ω, (J,H)) has at least one degenerate
singular point.

In particular, this implies that the S1-space on CP2 blown up six times from Example 3.2,
sketched in Figure 12, cannot be extended to an integrable system with no degenerate points.
This justifies why we need to allow degenerate points in hypersemitoric systems, since our
goal is to show that all S1-spaces can be extended to such a system.

Remark 4.7. (A question of Dullin & Pelayo). The nature of the relationship between the
existence of hyperbolic-regular singularities and degenerate singularities in the presence of a
global S1-action has long been considered3. The heart of this question is whether a loop of
hyperbolic-regular values is possible in the presence of a global S1-action. If such a loop is
not possible, then the endpoint of a one-parameter family of hyperbolic-regular values will
often be forced to be the image of a degenerate singular point (except in the cases that it can
instead be the image of a hyperbolic-elliptic point, which is what happens in Example 3.3).
In Corollary 4.3 we have shown that, as Dullin & Pelayo guessed, it is not possible to have
a loop of hyperbolic-regular values in the presence of a global S1-action, and in Corollary 4.4

3for instance see Question 5.2 and the following paragraph in the arXiv v1 version of [DP16], which can
be found at https://arxiv.org/abs/1503.01534v1.pdf.
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(a) The double torus. (b) The curled torus. (c) The cuspidal torus.

Figure 15. Some fibers which include hyperbolic-regular singular points.

we have shown that if the S1-action has less than two fixed surfaces then the presence of a
hyperbolic-elliptic singular point forces the presence of a degenerate singular point.

4.2. Fibers of hypersemitoric systems and isotropy. In this section we will discuss how
the topology of the fibers which contain hyperbolic-regular points is related to the isotropy
of the S1-action in certain cases. A common fiber which contains hyperbolic-regular points
is the double torus, which is homeomorphic to two tori glued along an S1, or equivalently as
a figure eight (an immersion of S1 with a single transverse self-intersection) crossed with S1,
as in Figure 15a. This fiber occurs in every example in Section 3, and in particular this is the
type of fiber that contains the hyperbolic-regular points produced by the technique of Dullin
& Pelayo [DP16]. The fibers of integrable systems for which one of the integrals generates
an S1-action can be more complicated than this, though. Another possibility, for instance,
is the curled torus, see Figure 15b. A curled torus fiber is homeomorphic to a figure eight
crossed with the interval [0, 1] modulo the relation (x, 0) ∼ (φ(x), 1), where φ is a map from
the figure eight to itself which switches the top and bottom teardrops (for instance rotation
by π).

Proposition 4.8. Let (M,ω, F = (J,H)) be an integrable system such that J generates an
effective S1-action and consider a fiber F−1(c). Then

(1) if F−1(c) is a double torus then the S1-action generated by J acts freely on F−1(c);
(2) if F−1(c) is a curled torus then the S1-action generated by J acts freely on the regular

points of F−1(c) and acts with isotropy subgroup Z2 on the hyperbolic-regular points
of F−1(c).

Proof. First suppose that F−1(c) is a double torus fiber. Using the local normal form around
any of the hyperbolic-regular points we can see that the period of the flow of X J is equal for
all points in a neighborhood of the hyperbolic-regular point in question. Similarly, the flow
of a hyperbolic-regular point in a curled torus fiber will have exactly half of the period of the
flow of the regular points in an open set around that point. Since an effective Hamiltonian
S1-action is free on a dense set this proves the claim. �

More complicated fibers are also possible. In the following Example 4.9 there are fibers
which contain multiple curves of hyperbolic-regular points. Note that are also degenerate
points that are not parabolic and thus the system is not hypersemitoric.

Example 4.9 (Martynchuk & Efstathiou [ME17], Section 4.2). Consider M = S2× S2 with
coordinates ((x1, y1, z1), (x2, y2, z2)) obtained from inclusion as the product of unit spheres
in R3 × R3 and the standard product symplectic form ω = ωS2 ⊕ ωS2 and integrable system
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(a) The Karshon graph.

F(A)
F(B) F(C)

F(D)

(b) A sketch of the image F (M).

Figure 16. The Karshon graph and momentum map image for the system
described in Example 4.9. In the momentum map image, the images of the
fixed points are indicated with dots, and the curves inside of the interior of
the image are the image of hyperbolic-regular points.

F = (J,H) : S2 × S2 → R2 given by

J = z1 + 2z2, H = Re
(
(x1 + iy1)2(x2 − iy2)

)
.

Let N = (0, 0, 1) denote the north pole and S = (0, 0,−1) denote the south pole of each
sphere. J generates an effective S1-action with four fixed points given by

A = (S, S), B = (N,S), C = (S,N), and D = (N,N),

and two Z2-spheres: one connecting A to C, consisting of points of the form (S, (x2, y2, z2)),
and one connecting B to D, consisting of points of the form (N, (x2, y2, z2)). Thus the
Karshon graph of (M,ω, J) is as shown in Figure 16a. The integrable system (M,ω, (J,H))
is not hypersemitoric since the points A and D are degenerate points that are not parabolic
since parabolic points are always in the interior of the momentum map. The image of F is
shown in Figure 16b. Given any c ∈ R2 on the open interval connecting F (A) to F (B) or
F (C) to F (D) the fiber F−1(c) is a curled torus, and given any c ∈ R2 on the open interval
connecting F (B) to F (C) the fiber F−1(c) is two curled torus fibers glued along a regular
orbit. Comparing Figure 16a to Figure 16b we see that the two Z2-spheres get mapped to
the same points in the image in the region between F (B) and F (C).

5. All S1-spaces can be extended to hypersemitoric systems

In this section we prove Theorem 1.6, which states that any S1-space can be extended to
a hypersemitoric system. We prove this making use of Karshon’s classification of minimal
models.

5.1. Preparations for the proof. First we will show that all of the minimal S1-spaces
described by Karshon admit an extension to a hypersemitoric system.

Proposition 5.1. If (M,ω, J) is a four-dimensional compact Hamiltonian S1-space which
does not admit an S1-equivariant blowdown then there exists an H : M → R such that
(M,ω, (J,H)) is a hypersemitoric system with no degenerate singular points.

Proof. Due to Theorem 2.9 there are three classes of minimal S1-spaces. The first two classes
are induced by toric actions, so by definition these extend to toric integrable systems which
are in particular hypersemitoric. The remaining minimal models are spaces with two fixed
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surfaces and no interior points, which are thus S2-bundles over a closed surface Σ with an
S1-action that fixes Σ and rotates each fiber (i.e. ruled surfaces).

Given such a space (M,ω, J) let f : Σ→ R be any Morse function on Σ, let πΣ : M → Σ
be the projection map, and define H : M → R by H = f ◦ πΣ. We claim that (M,ω, F =
(J,H)) is hypersemitoric. Indeed, locally around any point p ∈ M there is a neighborhood
U = S2 × UΣ where UΣ ⊂ Σ is an open set and J |U = g ◦ πS2 , where g is the usual height
function on S2 and πS2 : U → S2 is the projection map. The function J locally has this form
because, as discussed in Theorem 2.9, the S1-action on the ruled surfaces is rotation of the
S2, which locally is thus generated by the height function on S2. This can also be seen in
the explicit realization of these minimal models described in [Kar99, proof of Lemma 6.15].
Thus, F |U = (g ◦ πS2 , f ◦ πΣ). Since g and f are both Morse as in Remark 2.11 this implies
that all singular points of F = (J,H) in U are non-degenerate, and thus all singular points
of F are non-degenerate, so the system is hypersemitoric. �

Remark 5.2. The image of the hypersemitoric system constructed on a ruled surface in the
proof of Proposition 5.1 will always be a rectangle, and the images of the hyperbolic-regular
points of the system will be horizontal lines across the rectangle (as in Figure 13b). So there
are two vertical boundary components in the image corresponding to the two fixed surfaces
in these S1-spaces, but even though these two edges of the image have the same length this
does not mean that the corresponding fixed surfaces have the same symplectic area (in fact,
they often do not). This is because the hypersemitoric system we construct is not toric so
there is no relationship between the length of the edges and the symplectic volume of the
corresponding submanifolds.

Remark 5.3. In Proposition 5.1 we show that given an S1-space with M = S2 × Σg where
J rotates the sphere, we can take a Morse function f on Σ to produce a hypersemitoric
system (M,ω, (J,H = f ◦ πΣ)). Notice that we may furthermore choose f so that XH

has 2π-periodic flow in a preimage of a neighborhood of the upper boundary of F (M), and
therefore on that neighborhood (J,H) forms an (open) toric integrable system.

Let Γ be a Karshon graph. We call each connected component of Γ a component of Γ. The
maximum component of Γ is the component of Γ which contains the vertex corresponding to
the maximum value of the momentum map and the minimum component of Γ is the compo-
nent of Γ which contains the vertex corresponding to the minimum value of the momentum
map.

Lemma 5.4. Let Γ be the Karshon graph of an S1-space (M,ω, J) and suppose that Γ can be
obtained from a minimal Karshon graph Γmin by a sequence of S1-equivariant blowups. Then
it is possible to obtain Γ from Γmin by performing blowups in an order given by three stages:

• Stage 1: Perform a sequence of blowups on isolated fixed points in the maximum
and minimum components to obtain a new graph Γ′ from Γmin;
• Stage 2: Perform a sequence of blowups on points that lie in fixed surfaces to obtain

a new graph Γ′′ from Γ′;
• Stage 3: Perform a sequence of blowups on isolated fixed points that correspond to

the components of Γ′′ which are not the maximum or minimum components to obtain
the desired graph Γ from Γ′′.

Remark 5.5. In Section 2.4.3 we list four possible cases of the effect of S1-equivariant
blowups on a Karshon graph, labeled (B1)–(B4). In Stage 1 from the above lemma all
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blowups will be of types (B2), (B3), and (B4). In Stage 2 all blowups will be of type (B1).
In Stage 3 all blowups will be of type (B4). An example of performing blowups in this order
is described in Section 5.2.

Proof of Lemma 5.4. This lemma follows from the fact that blowups in different components
of Karshon graph do not interact with each other. In Stage 1 the blowups needed so that the
maximum and minimum components of Γ′ agree with those of Γ are performed. Then each
remaining component of Γ has to be produced by a blowup on a point in a fixed surface which
produces a new component of the Karshon graph (these blowups are performed in Stage 2)
followed by a sequence of blowups on the new component (these blowups are performed in
Stage 3). �

5.2. Following the proof on an example. In this section we will sketch the proof of
Theorem 1.6 by applying it to a specific example. Let Γ denote the graph shown in Figure 17i.
We will show how a hypersemitoric system can be constructed which has Γ as the Karshon
graph of its underlying S1-space, and in the proof of Theorem 1.6 we will follow this same
construction and show that it works for all possible Karshon graphs Γ.

The entire process is shown in Figure 17. The Karshon graphs in Figures 17a, 17c, 17e, 17g,
and 17i correspond to the systems shown in Figures 17b, 17d, 17f, 17h, and 17j, respectively.

The graph Γ can be obtained from the minimal graph Γmin, shown in Figure 17a, by a
sequence of blowups. The graph Γmin is the Karshon graph of the third Hirzebruch surface
with the standard S1-action (with scaling such that it has the Delzant polygon as shown in
Figure 17b), and can thus be extended to a toric integrable system. The idea is to perform
the sequence of blowups on Γmin in three stages as discussed in Lemma 5.4, while showing
that the property of being able to be extended to a hypersemitoric system is preserved. Let
(Mmin, ωmin, Fmin) be the toric integrable system associated with the minimal model, so the
image of F is the polygon shown in Figure 17b with vertices at (0, 0), (0, 4), (3, 4), and
(12, 0).

Stage 1: Performing a toric blowup at the far right fixed point of size λ1 = 1 produces the
toric integrable system corresponding to the Delzant polygon shown in Figure 17d. Denote
this system by (M ′, ω′, F ′). The underlying S1-space has Karshon graph Γ′ as shown in
Figure 17c.

Stage 2: Next we perform three weak semitoric blowups all of the same size λ2 = λ3 = λ4 =
1 at points on the fixed surface at the minimum of the momentum map. This produces three
new focus-focus points. Let (M ′′, ω′′, F ′′) be the resulting semitoric system. A representative
of the semitoric polygon of this system is shown on the left in Figure 17f and the Karshon
graph for the underlying S1-space is the graph Γ′′ shown in Figure 17e.

Stage 3: In order to perform a toric blowup on the three new focus-focus points we will now
perform a supercritical Hamiltonian-Hopf bifurcation to transform them into elliptic-elliptic
points, as in Dullin & Pelayo [DP16]. The momentum map image of the resulting system

(M ′′, ω′′, F̂ ′′ = (J ′′, Ĥ ′′)) is shown on the right in Figure 17f. Notice that this bifurcation
does not change the underlying S1-space (M ′′, ω′′, J ′′) and thus the associated Karshon graph
shown in Figure 17g is still equal to the graph Γ′′ in Figure 17e. Now two of the focus-focus
points have been replaced by elliptic-elliptic points, at which we can perform toric blowups.

Now we perform a toric blowup of size λ5 = 1/2 on the top flap and a toric blowup of size
λ6 = 1/2 on the bottom flap. Finally, we perform one more blowup of size λ7 = 1/4 on one
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(a) Γmin.

12

3

4

(b) The Delzant polygon for (Mmin, ωmin, Fmin).

3 2

(c) Γ′.

3
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(d) The Delzant polygon for (M ′, ω′, F ′).

3 2

(e) Γ′′.

11

4

2

1

(f) The semitoric polygon for (M ′′, ω′′, F ′′).

3 2

(g) Γ′′ again.

11

(h) The momentum map image of (M ′′, ω′′, F̂ ′′).

2

2 3

3 2

(i) Γ.

11

(j) The momentum map image of (M,ω, F ).

Figure 17. The Karshon graphs (left) and corresponding Delzant polygons,
semitoric polygons, and momentum map images (right) for the systems dis-
cussed in the example from Section 5.2. The Karshon graphs are drawn over
lines representing integer values of the momentum map so the momentum map
labels can be easily read off of the graph.
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of the two new elliptic-elliptic points formed on the bottom flap to produce a hypersemitoric
system (M,ω, F ). Since we were able to make this system by performing the same blowups
used to produce Γ from Γmin we see that the Karshon graph associated to (M,ω, J) is Γ, as
desired. The proof that these flaps can always be made large enough to admit blowups of
the desired size is the content of Section 5.4. This completes the example.

5.3. Semitoric blowups of hypersemitoric systems. In the proof of Theorem 1.6 we
will need to perform what is essentially a semitoric blowup on minimal hypersemitoric system
which is not semitoric. This means we cannot depend on the polygon invariant to define the
weak semitoric blowup as we did in Section 2.9.2, since this system is not semitoric. The
strategy we will employ follows from the observation that the minimal S1-spaces on ruled
surfaces can be obtained by gluing a Hirzebruch surface with a product manifold S2 × Σg,
where Σg is a surface of genus g. Thus, we may perform the semitoric blowups on the
Hirzebruch surface, which is a toric (and hence also semitoric) integrable system, before
gluing it with S2 × Σg, to obtain the desired S1-space. This technique allows us to be sure
that the hyperbolic-regular points do not interact with the semitoric blowups.

Roughly, the following lemma explains that a semitoric blowup can be performed without
changing the structure of the preimage of a neighborhood of the bottom boundary of the
momentum map image, which is the region we will use for the gluing.

Lemma 5.6. Let (M,ω, F ) be a semitoric system and let [∆,~ci, (+1)sj=1] be its marked
polygon invariant. Assume that ∆ has no vertices on the interior of its bottom boundary.
Suppose that [∆′, (c1, . . . , c`−1, c, c`), (+1)s+1

j=1] is a semitoric blowup of [∆,~ci, (+1)sj=1] and

let (M ′, ω′, F ′) be a semitoric system having [∆′, (c1, . . . , c`−1, c, c`), (+1)s+1
j=1] as its marked

polygon invariant. Let g and g′ be the straightening maps such that ∆ = g◦F and ∆′ = g′◦F ′,
as in Section 2.7. Then there exist open sets U ⊂M and U ′ ⊂M ′ and a symplectomorphism
φ : U → U ′ such that

• F (U) is an open neighborhood of ∂−(F (M)) and F ′(U ′) is an open neighborhood of
∂−(F ′(M ′)), as subsets of F (M) and F ′(M ′) respectively,
• g ◦F (U) and g′ ◦F ′(U ′) do not intersect the cuts or marked points in ∆ = g ◦F (M)

and ∆′ = g′ ◦ F ′(M ′),
• φ is equivariant with respect to the T2-action induced by the toric momentum maps
g ◦ F |U and g′ ◦ F ′|U ′.

Proof. By the description of semitoric blowups of polygons in Section 2.9.2, notice that ∆
and ∆′ are equal as sets in a neighborhood of their common bottom boundary. Let Ṽ ⊂ R2

be a convex open neighborhood of the bottom boundary (for instance, Ṽ could be an ε-
neighborhood of the bottom boundary in R2 for sufficiently small ε > 0), sufficiently small
such that Ṽ ∩∆ = Ṽ ∩∆′. Since we have chosen representatives where all cuts are upwards
by taking Ṽ small enough we may assume that V does not intersect any cuts or marked
points in ∆ or ∆′ . Let U = (g ◦F )−1(V ) and let U ′ = (g′ ◦F ′)−1(V ). Now (U, ω|U , (g ◦F )|U)
and (U ′, ω′|U ′ , (g′ ◦ F ′)|U ′) are open toric integrable systems, since (g ◦ F )|U and (g′ ◦ F ′)|U ′
each induce a T2-action. By Karshon & Lerman [KL15, Proposition] open toric integrable
systems are classified by their momentum map image if the momentum map is proper onto
a convex open set. Since (g ◦ F )|U and (g′ ◦ F ′)|U ′s are proper onto Ṽ they are isomorphic
as open toric systems, which means that there exists a T2-equivariant symplectomorphism

38



φ between them, as in the statement of the lemma. The other two points of the theorem are
automatic from the choice of V and the construction of U and U ′. �

The next lemma is exactly what we will need in the proof of Theorem 1.6.

Lemma 5.7. Let (Mmin, ωmin, Jmin) be a minimal S1-space which is a ruled surface (as in
Theorem 2.9), and let (M,ω, J) be an S1-space obtained by taking a sequence of k ∈ Z>0

blowups of (Mmin, ωmin, Jmin) on fixed surfaces (i.e. those of type (B1)). Then there exists
H : M → R such that (M,ω, (J,H)) is hypersemitoric with exactly k focus-focus points and
no degenerate points.

Figure 18. The strategy to obtain a hypersemitoric system with the desired
underlying S1-space in the proof of Lemma 5.7. We start with a Hirzebruch
surface, perform the desired semitoric blowups on the Hirzebruch surface, and
then glue to a system on S2 × Σg to obtain the desired genus of the fixed
surfaces.

Proof. Let Γ denote the Karshon graph of (M,ω, J). We will construct a hypersemitoric
system whose underlying S1-space also has Karshon graph Γ, and the result will follow. The
Karshon graph for (Mmin, ωmin, Jmin) is two fat vertices a distance of s > 0 apart (we assume
that the have J-values 0 and s), with genus g > 0 (they both have the same genus), and area
labels a > 0 for the vertex at J = 0 and a+ ns > 0 for the vertex at J = s, for some n ∈ Z.
On the other hand, for some small ε > 0 consider the nth Hirzebruch surface with Delzant
polygon given by the convex hull of (0, 0), (s, 0), (s, a− ε + ns), (0, a− ε). The underlying
S1-space of this toric system has Karshon graph given by two vertices at J-values 0 and s,
which have area labels a− ε and a− ε+ ns, and are both labeled with genus 0.

By assumption, (M,ω, J) can be obtained from (Mmin, ωmin, Jmin) by a sequence of blowups

of type (B1) of sizes λleft
1 , . . . , λleft

kleft
on the left fixed surface and λright

1 , . . . , λright
kright

on the right

fixed surface. Notice this implies that
∑kleft

i=1 λ
left
i − a > 0 and

∑kright
i=1 λright

i − (a + ns) >
0, we assume that ε > 0 is smaller than both of these values. Now, perform semitoric
blowups of sizes λleft

1 , . . . , λleft
kleft

on the left fixed surface of the Hirzebruch surface and sizes

λright
1 , . . . , λright

kright
on the right fixed surface of the Hirzebruch surface. This yields a semitoric

system (M ′, ω′, F ′) whose Karshon graph Γ′ is exactly the same as Γ except for the labels
on the fat vertices: the area labels on Γ′ are both too small by ε, and both have genus 0
instead of the desired genus g. We will change this system by gluing another system to the
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bottom to obtain the desired Karshon graph. Notice that by Lemma 5.6 this system is still
toric in a neighborhood of the bottom boundary.

By Proposition 5.1, there exists a hypersemitoric system on (Mε, ωε, Fε) with Mε = S2×Σg,
whose Karshon graph consists of two fat vertices at J-values 0 and s, which both are labeled
with area ε and genus g. Moreover, as in Remark 5.3 we may assume that the system is toric
in the preimage under Fε of a neighborhood of the top boundary of F (M). To complete the
proof, we will glue this system to the bottom of the system described above, as in Figure 18.
This is essentially the simplest case of symplectic gluing, we will describe it briefly here, but
the full details, and the general situation, can be found in [Gom95].

Since (M ′, ω′, F ′) is toric on the preimage U ′ ⊂ M ′ of a neighborhood of the bottom
boundary of F ′(M ′), whose momentum map image we may assume is F ′(U ′) = {(x, y) ∈
R2 | 0 < x < s, 0 < y < R}, we know that we may take U ′ = S2×D2

R with F ′ = (z, ρ) where z
is the height coordinate on S2 (appropriately scaled) and ρ is the radial coordinate on the disk
of radius R, D2

R. Similarly, the local model for the preimage of the top boundary of Fε(Mε)
is Uε = S2 × D2

r with Fε = (zε,−ρε) where zε is the height coordinate on S2 (appropriately
scaled) and ρε is the radial coordinate on Dr. These two regions, after removing the center
of each disk, may be embedded into a region modeled by (S1×]−r, R[)×S2 with momentum
map F = (z, ρ) where z is as before and ρ ∈] − r, R[. This can be used to glue the regions
together, and therefore glue together the integrable systems (M ′, ω′, F ′) and (Mε, ωε, Fε), to
obtain a new integrable system which is also of hypersemitoric type. This process does not
introduce any new Zk-spheres, and the fixed surfaces in the new system are the connected
sum of the fixed surfaces of the original two systems, and thus they are surfaces of genus g
with areas a and a+ ns. Therefore, this system has the desired Karshon graph. �

5.4. The size of flaps from Hamiltonian-Hopf bifurcations. There is one more result
needed to show that the algorithm from Section 5.2 works in full generality, which we estab-
lish in this section. We will show that the flaps produced by Hamiltonian-Hopf bifurcations
can be made large enough to contain the required blowups in the last step of the algorithm.
We will do this by first producing small flaps using the Pelayo-Dullin technique, and then
proving that we can enlarge each small flap to contain the desired set. On the reduced space,
the flap will correspond to the connected region below (or above) the level set of a Morse
function at the level of an index 1 singular point, see Section 2.12 and in particular Figure 10.

We say that a vertex of a Karshon graph is isolated if is a non-fat vertex which is not
connected to any edges, which means the weights of the fixed point it corresponds to both
have absolute value 1. Suppose that (M,ω, J) is an S1-space, let Γ be the associated Karshon
graph, and let v0 be an isolated vertex in Γ which is not at the maximum or minimum value
of J . Let Γ0 := Γ and suppose that Γ1 is a Karshon graph obtained from Γ0 by performing
a blowup at v0. Similarly, let Γ2, . . . ,Γk be Karshon graphs such that for each 1 ≤ ` ≤ k,
Γ` is obtained from Γ`−1 by a blowup, and further suppose that at each step the blowup
is performed on one of the new vertices created by this process, so all blowups will effect
the same connected component of the graph. Therefore, Γk is equal to Γ0 except that the
vertex v0 is replaced by a more complicated component. In such a situation we say that
Γk is obtained from Γ by a sequence of blowups at v0. For instance, vertices associated to
focus-focus points are always isolated.

For ` ∈ {0, . . . , k − 1} let (M`, ω`, J`) be the S1-space associated to Γ`. Performing a
blowup on Γ` corresponds to an S1-equivariant blowup on (M`, ω`) which corresponds to
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removing an S1-equivariantly embedded ball from (M`, ω`) and collapsing the boundary. Let
S` ⊂M` be the image of this ball and let π` : M` →M`−1 be the blowup map. Let S be the
union of the images of these balls projected to M . That is

S = S0 ∪

(
k⋃
`=1

(π1 ◦ . . . ◦ π`)(S`)

)
.

We say that S ⊂ M is the set associated to the sequence of blowups used to obtain Γk from
Γ. We call such a set a blowup set at p. The following Proposition depends on two technical
lemmas, Lemma A.1 and Lemma A.2, which we prove in Appendix A. Let D2

r = {z ∈ C |
|z|2 < r2} and let D2 = D2

1.
The aim of the following proposition is to turn blowups happening around a focus-focus

point into blowups happening around an elliptic-elliptic point by transforming the original
system into a system which includes a flap. The main difficulty is making sure that the flap is
large enough to include the entire set on which the blowups occur. Item (3) of Proposition 5.8

roughly states that π̃(S) lies entirely in the new flap created when transforming F into F̃ .

Proposition 5.8. Suppose that (M,ω, F = (J,H)) is a compact integrable system such that
J generates an effective S1-action and let Γ be the Karshon graph of the S1-space (M,ω, J).
Let p ∈M be a focus-focus singular point of (M,ω, F ) and let v0 be the corresponding isolated
vertex in Γ. Suppose that a Karshon graph Γk can be obtained from Γ by a sequence of k > 0
blowups at v0, as described above. Let S ⊂M be the set associated to this sequence of blowups.

Then for any open neighborhood U of S there exists an integrable system (M,ω, F̃ = (J, H̃))
satisfying

(1) H̃ and H are equal outside of U ;

(2) p is an elliptic-elliptic critical point of (M,ω, F̃ );

(3) let π̃ : M → B be the singular Lagrangian fibration induced by F̃ (see Section 2.6).

Then π̃(S) is in a single component of B \ π̃(MHR) where MHR ⊂ M is the set of
hyperbolic-regular points of M , and moreover all points in the preimage under π̃ of
this component are of either regular-regular or elliptic-regular type, with the exception
of p.

Furthermore, if (M,ω, F ) was of hypersemitoric type, then (M,ω, F̃ ) is also of hypersemitoric
type.

Proof. Let p ∈M be the focus-focus point in question, and let j0 = J(p). Suppose that the
blowups used to produce the set S have sizes λ1, . . . , λk. Then there exists an ε > 0 such
that the blowup set for a sequence of blowups of sizes λ1 + ε, . . . , λk + ε is contained in the
set U . Without loss of generality we assume that U is the interior of this blowup set, and
note that this means that U is closed under the S1-action.

The function H : M → R induces a function Ĥj : M̂j → R on each reduced space M̂j :=

(M//S1)j satisfying Ĥj ◦ πj = H (see Lemma A.1). Let Ûj = (J−1(j) ∩ U)/S1 ⊂ M̂j. Since
U is the interior of a blowup set, there are no Zk-spheres which intersect U and there are no
fixed points of the S1-action in U , with the exception of the focus-focus point p. Thus, for
j 6= j0 we have that Ûj ⊂ smooth(M̂j) and the functions Ĥj|Ûj

are Morse. Let [p] ∈ M̂j0 be

the image of the focus-focus point p. Then [p] /∈ smooth(M̂j), Ûj0 \ {[p]} ⊂ smooth(M̂j0),
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and Ĥj0|Ûj0
\{[p]} is Morse. Next we will show that we may assume that they have no singular

points restricted to Ûj, for j 6= j0, or Ûj0 \ {[p]}, for j = j0.
Step 1: We may assume the Morse functions have no critical points. Due to the fact

that U is the interior of a blowup set, each Ûj is homeomorphic to an open disk by a

homeomorphism which is furthermore a diffeomorphism for all points except [p] ∈ Ûj0 (we

verify this in Lemma A.2). So we may view Ĥ as a one parameter family of Morse functions
on the disk, except for at the point [p]. If U intersects any elliptic-regular or hyperbolic-
regular points of F then for some values of j there will be a non-degenerate critical point
of Ĥj inside Ûj, but it will be away from a neighborhood of [p]. Thus, we can change Ĥ to

move these critical points into Ûj \ Ŝj without changing anything in a neighborhood [p]. For

instance, we can compose Ĥ with a smooth automorphism of Ûj which is the identity near
[p] and near the boundary, and which moves all critical points to be close to the boundary.

Call the new function Ĥ ′. Now there exists a set V such that S ⊂ V ⊂ U which is also the
interior of a blowup set such that for each j the function Ĥ ′j|V̂j is a Morse function with zero

critical points for all j ∈ J(V )\{j0}, and Ĥ ′j|V̂j0\{[p]} is also a Morse function with no critical

points. As in Lemma A.1, {Ĥ ′j}j extends to an integrable system F ′ = (J,H ′) which still
has a focus-focus point at p since H and H ′ are equal in a neighborhood of p.

Step 2: Creating a flap with the Dullin-Pelayo technique. Next we apply the technique
of [DP16] to the focus-focus point p in the integrable system F ′ and obtain a new integrable
system F ′′ = (J,H ′′) in which p is an elliptic-elliptic point. The point [p] is either a local
max or local min of F ′′ on the reduced space, assume it is a local min. Furthermore, we may
assume that F ′′ is equal to F ′, and hence to F , outside of the set V . This new integrable
system satisfies all of the desired properties from the statement of the theorem except that
the new flap produced around the image of p is not necessarily large enough to contain all
of S.

Step 3: A family of Morse functions on the disk. As with the set U , the image of the
blowup set V in each reduced space is diffeomorphic to a disk (except for one point, at
which it is still homeomorphic to a disk but not diffeomorphic, this is at the focus-focus
point), so we can parameterize Û ⊂ M̂ as a disk times an interval, where Ŝ is a smaller
(sub-)disk times a smaller (sub-)interval. This is described more concretely (and proven) in

Lemma A.2. Thus, there exists a continuous map φ : D2×]a, b[→ Û such that

• φj := φ(·, j) is a diffeomorphism for all j 6= j0;
• φj0 is a homeomorphism which is a diffeomorphism when restricted to D2 \ {0}.

Furthermore, by Lemma A.2, we may assume that for j ∈]ã, b̃[⊂]a, b[ we have

φj(Ŝj) = D2
rj
⊂ D2

where 0 < rj < 1, the map j 7→ rj is continuous, and

lim
j→ã+

rj = lim
j→b̃−

rj = 0.

Step 4: Enlarging the flap. Let Ĥ ′′ be defined by Ĥ ′′ ◦ π = H ′′ and let

f : D2×]a, b[→ R

be given by f = Ĥ ′′ ◦ φ, and let fj := f(·, j).
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Since we have produced a flap around [p] using the Dullin-Pelayo technique, the function
z 7→ fj(z) is Morse with two critical points (of index 1 and 0) for all j in a neighborhood
of j0, not including j = j0, and z 7→ fj(z) is Morse with no critical points outside of the
closure of that neighborhood. This is the behavior of flaps on the reduced space, as discussed
in Section 2.12. The level set containing the index 1 point is in the shape of a curve with
one self-intersection point, forming a loop which encloses a teardrop shaped region (see
Figure 10). Now we want to edit j 7→ fj so that the function has precisely two critical points

for a larger interval of j-values, including interval j ∈ ]ã, b̃[, therefore producing a larger flap
in the integrable system. We can essentially achieve this by reparameterizing the j parameter
of fj, except that we have to be careful not to change any of the fj in a neighborhood of the
boundary of the disk. Let χ : D2 → D2 be a smooth function which is 0 in the neighborhood
of the boundary of the disk, but is identically 1 in a neighborhood of the origin of the disk
large enough to contain the teardrop shaped region for all fj. Now let

f̃j = (1− χ)fj + χfΨ(j),

where Ψ: ]a, b[→ ]a, b[ is a bijection such that the j-values for which f̃j has two critical

points has been extended to contain the interval ]ã, b̃[. We denote by ]α, β[ the interval of

j-values for which f̃j has two critical points. Notice that f̃j = fj near the boundary of the

disk, and we may assume that Ψ is the identity in a neighborhood of j0 so that f̃ = f in a
neighborhood of (0, j0) ⊂ D2×]a, b[ as well. Then f is of the form described in Section 2.12,
that is, it satisfies:

• f̃j is a Morse function with no critical points when a < j < α or β < j < b;

• f̃j is a Morse function with one critical point of index 1 and one critical point of
index 0 when α < j < β with j 6= j0;
• f̃α and fβ are smooth functions with exactly one critical point;

• f̃j0|D2\{0} is Morse with one critical point of index 1 and 0 ∈ D is a local minimum of
z 7→ fj0(z);

• there is a neighborhood O of the boundary of D such that f̃j|O is Morse with zero
critical points for all j ∈ ]a, b[.

We may assume that the origin is contained in the teardrop shaped region mentioned
above and drawn in Figure 10. For each j ∈]a, b[ let ψj be a smooth automorphism of D2

shrinking D2
(2rj+1)/3 and acting as the identity outside of D2

(rj+2)/3. Then f̃j ◦ ψt has the set

Drj contained in the teardrop shaped region enclosed by the level set of f̃j containing the

index 1 point, as desired. Finally, as in the work of Cerf [Cer70], we may perturb f̃j ◦ ψj
to make the degenerate points of the form (x, y) 7→ x3 + jx + y2 for some local coordinates
(x, y) on the disk. Let

g(z, j) = f̃(ψt(z), j) : D2×]a, b[→ R.

Let gj := g(·, j).
Then g has the following properties:

• g = f̃ = f in a neighborhood of (0, j0) ∈ D2×]a, b[;

• g = f̃ = f in a neighborhood of the boundary (S1×]a, b[) ∪ (D2 × {a, b});
• gj is a Morse function with no critical points for j satisfying a < j < α or β < j < b;
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• gj is a Morse function with one critical point of index 1 and one critical point of index
0 for j satisfying α < j < β with j 6= j0;
• all degenerate points can be locally modeled by (x, y) 7→ x3 ± (j − γ)x+ y2,

• for each j satisfying ã < j < b̃ the function gj has exactly one critical point p1 of
index 1, and g−1

j (p1) ∩ D2
rj

= ∅.

Step 5: Completing the proof. Let g : D2×]a, b[→ R be as described in the previous step,

and define Ĥ ′′′ = g◦φ−1, where φ : D2× ]a, b[→ Û is as defined in Step 3. Notice that Ĥ ′′ and

Ĥ ′′′ are equal in a neighborhood of [p] ∈ M̂ , so in particular Ĥ ′′ and Ĥ ′′′ only differ at points
of the reduced spaces which correspond to free orbits of S1, and therefore by Lemma A.1 we

can extend Ĥ ′′′ to an integrable system (J, H̃ = Ĥ ′′′ ◦ π) on M . Since the only degenerate

points of Ĥ ′′′j for any j were of the form x3 + tx ± y2, the degenerate points of (J, H̃) are

parabolic, and by Lemma 2.24 all of the non-degenerate singular points of (J, H̃) are of the

desired type from the statement of the proposition. Finally, since the set Ŝj lies below the

level of the index 1 critical point of Ĥ ′′′j (i.e. in the teardrop shaped region) for all relevant
j, item (3) of the statement of the proposition is also satisfied. �

Remark 5.9. Notice that Proposition 5.8 can be applied to several focus-focus points simul-
taneously. This is because the change in the momentum map is only in a small neighborhood
of the embedded ball related to the blowup, and if the given S1-space admits blowups at
several different fixed points then the related embedded balls are disjoint, and furthermore
each such embedded ball admits a neighborhood such that all of these neighborhoods are
also disjoint.

5.5. Proof of Theorem 1.6. Now we are prepared to prove Theorem 1.6.

Proof of Theorem 1.6. Let (M,ω, J) be any S1-space and let Γ be the associated Karshon
graph. If we can find any hypersemitoric system which induces the same Karshon graph Γ
then the proof is complete, since in that case there would exist an S1-equivariant symplec-
tomorphism Φ from the (M,ω, J) to the hypersemitoric system [Kar99] and the structure of
the hypersemitoric system (i.e. the new integral H) can be pulled back by Φ. First of all,
notice that if Γ has no fat vertex then all fixed points are isolated and thus by Lemma 2.7
the S1-space (M,ω, J) can be extended to a toric integrable system, which is in particular
hypersemitoric, and so we are done. Now assume that Γ has at least one fat vertex. From
Karshon’s result Theorem 2.9 we know Γ can be obtained from a minimal Karshon graph,
Γmin, by a finite sequence of S1-equivariant blowups and by Lemma 5.4 we know that these
blowups can be performed in three stages. By Karshon’s classification of minimal S1-spaces
(Theorem 2.9), Γmin can either be extended to a toric system (on CP2 or a Hirzebruch
surface) or corresponds to a ruled surface.

Case 1: Γmin can be extended to a toric system. If Γmin is not a ruled surface then it
can be extended to a toric system (Mmin, ωmin, Fmin). We will perform the required blowups
to this toric system in stages, as described in Lemma 5.4, to obtain a hypersemitoric system
with the required Karshon graph Γ. We will first perform blowups on the components of
Γ which are connected to the vertices with maximal and minimal J-value. Then, making
use of the fixed surface, we will perform blowups which produce one isolated fixed point
(which will correspond to a focus-focus point in the associated integrable system) for each
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remaining component of the graph Γ. Finally, we perform a sequence of blowups on each of
these isolated points to obtain the remaining components of Γ.

Stage 1: The connected components of the extreme vertices. First we perform blowups on
the graph Γmin to obtain a new graph Γ′ so that the connected components of the extreme
vertices of Γ′ are equal to those of Γ, with the possible exception of the normalized area labels
on the fat vertices. This produces at most two non-trivial chains of Zk-spheres and thus, by
Lemma 2.6, the graph Γ′ is the Karshon graph of an S1-space which can be extended to a
toric system (M ′, ω′, F ′). This toric system has at least one fixed surface since the graph Γ
has at least one fat vertex.

Stage 2: Producing the focus-focus points. Now Γ′ ⊂ Γ and let k ∈ Z be the number
of connected components of Γ \ Γ′. We will call each connected component of Γ \ Γ′ an
island. We want to perform blowups on the fixed surface(s) of (M ′, ω′, F ′) to produce one
focus-focus point corresponding to each island, and then in the next stage we will perform
a sequence of blowups on those focus-focus points to produce the desired island, but first
we have to work backwards to determine the J-value that these focus-focus points should
have. Each island in Γ admits a blowdown since the minimal models do not have islands.
For each island, perform as many blowdowns as possible until it is an isolated vertex and let
Γ′′ be the graph obtained in this way. So Γ′′ is obtained from Γ by performing a sequence of
blowdowns.

On the other hand, Γ′′ can be obtained from Γ′ by performing blowups on the fixed
surface(s) of the S1-space (M ′, ω′, J ′), as in Case (B1) from Section 2.4.3. Indeed, if there
is only one fixed surface Σ = J−1(jmin) (respectively Σ = J−1(jmax)) then suppose that the
isolated points in Γ′′ have J-values jmin + λ` (respectively jmax − λ`) for ` = 1, . . . , k. Then
Γ′′ is obtained from Γ′ by performing k blowups on points in the fixed surface Σ of sizes
λ1, . . . , λk. If (M ′, ω′, J ′) has two fixed surfaces Σmin = J−1(jmin) and Σmax = J−1(jmax)
then there is a choice m such that blowups of size λ1, . . . , λm on Σmin and blowups of size
λm+1, . . . , λk on Σmax produce Γ′′ from Γ, where the J-values of the isolated points in Γ′′

are jmin + λ1, . . . , jmin + λm, jmax − λm+1, . . . , jmax − λk. Such blowups are possible because
Γ can be obtained from Γmin by a sequence of blowups performed in the order specified in
Lemma 5.4, which can only occur if the blowups discussed in this paragraph are possible.

Since the integrable system (M ′, ω′, F ′) is toric, and in particular semitoric, Lemma 2.21
implies that the blowups used to obtain Γ′′ from Γ′ can be realized by performing weak
semitoric blowups on (M ′, ω′, F ′). Let (M ′′, ω′′, F ′′) be the resulting system, which is thus
semitoric and has associated Karshon graph Γ′′. Let p1, . . . , pk ∈ M ′′ be the focus-focus
points of this system. Note that we may, and do, choose to perform the weak semitoric
blowups in such a manner that each level set of F ′′ : M ′′ → R2 contains at most one focus-
focus point (so the fibers of F ′′ which contain focus-focus points are all single-pinched tori).

Stage 3: Constructing the islands. Now, for ` = 1, . . . , k, we will start with the focus-
focus point p`, corresponding to a vertex v` of Γ′′, and construct the `th island of Γ. Since
each island is connected in Γ, they can be obtained from the corresponding focus-focus
point (i.e. isolated vertex in Γ′′) by a sequence of blowups on that point (the inverses of the
blowdowns from the previous stage), and on the new fixed points produced from that blowup,
and so on. This is exactly the setting of Proposition 5.8, so by applying Proposition 5.8 on
each focus-focus point p1, . . . , pk simultaneously there exists a function Ĥ ′′ such that the
system (M ′′, ω′′, F̂ ′′ = (J ′′, Ĥ ′′)) is a hypersemitoric system, and notice that this new system
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still has the same underlying S1-space as (M ′′, ω′′, F ′′) so the associated Karshon graph is
still Γ′′. There are no issues applying Proposition 5.8 on all focus-focus points simultaneously
as discussed in Remark 5.9. Now each p` is an elliptic-elliptic critical point of (M ′′, ω′′, F̂ ′′)
and by Proposition 5.8, p` is lying in a flap which is large enough so that the blowup of the
desired size can be achieved by performing a toric blowup on this flap. The new elliptic-
elliptic singular points formed by this blowup also admit the required blowups (again as toric
blowups), and so on. The resulting integrable system after these operations is hypersemitoric
and has the desired Karshon graph Γ. This completes the proof in this case.

Case 2: The minimal model is a ruled surface. In this case the minimal graph Γmin

can be obtained from a ruled surface which is a sphere bundle over a surface Σ of genus g.
We may assume that g > 0 since in the case that g = 0 the minimal model extends to a toric
integrable system and we are back in Case 1. Let Γmin denote the Karshon graph of this
minimal model. We will follow nearly the same stages as in Case 1. The minimal model has
two fixed surfaces, and blowups cannot remove fixed surfaces completely, so Γ necessarily
has two fixed surfaces. Thus, there are no edges which connect to the maximal or minimal
vertices of Γ, so Stage 1 is trivial in this case. That is, the Karshon graph Γ′ produced
in Stage 1 satisfies Γ′ = Γmin. For Stage 2, as in the previous case we perform a series of
blowups of type (B1) on Γ′ to produce a new Karshon graph Γ′′. By Lemma 5.7, there exists
a hypersemitoric system (M ′′, ω′′, F ′′) which has Γ′′ as its Karshon graph. Finally, Stage 3
works exactly the same as in the previous case, and the proof is complete. �

From the algorithm in the above proof, we automatically have the following refined version
of Theorem 1.6.

Corollary 5.10. Let (M,ω, J) be an S1-space. Then there exists a smooth function H : M →
R2 such that (M,ω, F = (J,H)) is a hypersemitoric system such that:

• every degenerate orbit of (M,ω, F ) lies in a cuspidal torus (Figure 15c), and every
hyperbolic-regular point lies in a double torus (Figure 15a);
• there is at most one focus-focus point in each fiber of F ;
• all Zk spheres, k 6= 0,±1, of (M,ω, J) consist entirely of elliptic-regular points of

(M,ω, F );
• if (M,ω, J) has less than two fixed surfaces, or if it has two fixed surfaces which are

both diffeomorphic to spheres, then (M,ω, F ) has no singular points of hyperbolic-
elliptic type.
• (M,ω, F ) has no swallowtails (see Section 2.11);

5.6. Extending to semitoric systems. The techniques developed in this paper also pro-
vide a method to easily obtain a result originally announced by Hohloch & Sabatini & Sepe
& Symington [HSSS]. Specifically, we can now reprove their result which is stated in the
present paper as Theorem 1.7 part (2).

Corollary 5.11. If (M,ω, J) is a compact S1-space such that each non-extremal level set of
J intersects at most two non-free orbits of the S1-action which are not fixed points, and all
fixed surfaces of the S1-action are genus zero, then it can be extended to a semitoric system.

Proof. If the fixed points of the S1-action are all isolated then (M,ω, J) extends to a toric
system by Lemma 2.7 and we are done. Otherwise, the system has a fixed surface and thus if
the Karshon graph has any isolated vertices we may remove them by performing a blowdown
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of type (B1), which increases the volume of the fixed surface and removes an isolated vertex
of the Karshon graph. This can be repeated to remove as many isolated vertices as needed
(possibly zero) so that the system has only two non-free orbits in each non-extremal level
set of the periodic momentum map; call the resulting system (M ′, ω′, J ′). Thus (M ′, ω′, J ′)
satisfies the requirement of Lemma 2.6 to ensure that there exists a function H ′ : M ′ → R
such that (M ′, ω′, F ′ = (J ′, H ′)) is a toric system, and in particular it is semitoric. Now using
Lemma 2.21 we can perform a sequence of semitoric blowups on (M ′, ω′, F ′) which invert all
of the blowdowns used to obtain (M ′, ω′, J ′) from (M,ω, J) while preserving the fact that the
system is semitoric. Thus, there exists a function H : M → R such that (M,ω, F = (J,H))
is semitoric, as desired. The reverse direction follows quickly from [HSS15], and thus the
result is established. �

Appendix A. Technical lemmas

The following lemmas are unsurprising, but technical to state, results which were needed
in Proposition 5.8.

Lemma A.1. Suppose that (M,ω, (J,H)) is a completely integrable system such that J

generates an effective S1-action. Let M̂ = M/S1 and let smooth(M̂) and sing(M̂) be as

above. Then there exists a function Ĥ : M̂ → R such that Ĥ ◦ π = H and which is smooth
when restricted to smooth(M̂). Furthermore, let Û ⊂ M̂ be an open neighborhood of sing(M̂)

and let Ĥ ′ : M̂ → R be a function which is smooth on smooth(M) and equal to Ĥ on Û , and

assume that dĤ ′ is non-zero almost everywhere on M̂ . Let H ′ = Ĥ ′◦π. Then (M,ω, (J,H ′))
is a completely integrable system.

Proof. The existence of Ĥ is immediate since H is constant under the flow of J , which gen-
erates the S1-action. Next suppose that Û and Ĥ ′ are as in the statement. The conditions
for the function H ′ to form an integrable system with J are all local, so there are no obstruc-
tions in π−1(Û). The function H ′ is constant on the orbits of the S1-action since they are
the orbits of the flow of J , so H ′ and J Poisson commute. Finally, dH ′ and dJ are linearly
independent almost everywhere in M since the fibers of π are measure zero, dH ′∧dJ(p) = 0

implies that dĤ ′(π(p)) = 0, and dĤ ′ is non-zero almost everywhere on M̂ . �

Let D2 = {z ∈ C | |z|2 < 1} be the standard 2-disk. The following lemma essentially
explains how the blowup set of a sequence of blowups descends to the reduced spaces. This
is needed in the proof of Proposition 5.8 when arguing that such a set can be put onto a flap
of the system.

Lemma A.2. Let (M,ω, J) be an S1-space, let p ∈ M be a fixed point with weights m,−n
with m,n ∈ Z>0, and let j0 = J(p). Let S ⊂ M be a blowup set at p (as described in

Section 5.4). Let Ŝ = S/S1 and M̂ = M/S1. Then J(S) =]a, b[ for a, b ∈ R, and Ŝ is the

image of a continuous map ρ : D2× ]a, b[→ M̂ satisfying:

• ρ(z, j) ∈ J−1(j) for all z ∈ D2 and j ∈ ]a, b[;

• for j ∈ ]a, b[ the map ρ(·, j) : D2 → M̂j is a homeomorphism onto its image. If j 6= j0

then ρ(·, j) is a diffeomorphism, and the map ρ(·, j0)|D2\0 is a diffeomorphism;

• there exist points pa ∈ M̂a and pb ∈ M̂b such that for all z ∈ D2 we have

lim
j→a+

ρ(j)(z) = pa and lim
j→b−

ρj(z) = pb.
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Proof. Suppose that S is the blowup set of a single blowup of size r at a fixed point of the S1-
action with weights m and −n where m,n ∈ Z>0. Then S is the image of an S1-equivariantly
embedded ball and we may choose local coordinates (z, w) on U ⊂ M such that S ⊂ U ,
and the S1 action is given by λ · (z, w) = (λmz, λ−nw) for λ ∈ S1 with momentum map
J(z, w) = 1

2
(m|z|2 − n|w|2). We may assume that we have taken the coordinates (z, w) to

be adapted to this ball, that is, we may assume S = {(z, w) ∈ C2 | |z|2 + |w|2 < r2}. Taking
H(z, w) = 1

2
|w|2 we have a toric integrable system (J,H) on U . Take some level set J−1(j)

and we will compute that Ŝj := (J−1(j) ∩ S)/S1 ⊂ J−1(j)/S1 is a disk. Assume that j > 0
(the case of j ≤ 0 is similar). Then m|z|2− n|w|2 = 2j, and in particular m|z|2− n|w|2 > 0,
so z 6= 0. Using the S1-action we may assume that z ∈ R>0, which yields coordinates

z ∈ R>0 and w ∈ C on J−1(j)/S1. These coordinates satisfy z =
√

2j+n|w|2
m

from the fact

that J(z, w) = j. Using the fact that |z|2 + |w|2 < r2 we obtain that

0 ≤ |w|2 <
r2 − 2j

m
n
m

+ 1
.

Therefore, the image of S in the reduced space can be naturally identified with its w ∈ C
coordinate, for the above bound on the magnitude of w, and therefore Ŝj is a disk. Moreover,
this disk will vary continuously with j, and shrinks to nothing as j → 1

2
mr2. Therefore, the

lemma is proved in the case that S is the blowup set of a single blowup.
Now suppose that S̃ is a blowup set obtained from taking k > 0 blowups and has the

properties described in the lemma, and assume that S is obtained by taking the same se-
quence of blowups and then one more. After performing the first k blowups, the next
blowup is obtained by removing an S1-equivariantly embedded ball, whose image Sk+1 again
has the desired properties in the theorem. The set S is obtained as the union of S̃ with
S̃k+1 := π(Sk+1), where π is the projection M blown up k + 1 times onto the original mani-
fold M . For any value of j such that S̃ ∩ J−1(j) = ∅ or S̃k+1 ∩ J−1(j) = ∅ the result clearly
holds. Suppose that J−1(j) intersects both S̃ and S̃k+1. Then the (k+1)st blowup must have
occurred at a point for which one of the weights is not 0 or 1, and therefore the Zk-spheres
coming from that point must include the exceptional divisor from one of the earlier blowups,
and therefore the Sk+1 blowup must include this exceptional divisor in its interior (at least
at the level J = j). Taking the image in the reduced space at level j, this implies that the
image of S̃k+1 in the reduced space at level j is an annulus which is perfectly filled in by the
image of S̃ in the reduced space. The result now follows. �
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[DP16] H. Dullin and Á. Pelayo. Generating hyperbolic singularities in semitoric systems via Hopf bi-
furcations. J. Nonlinear Sci., 26(3):787–811, 2016.

[EG12] K. Efstathiou and A. Giacobbe. The topology associated with cusp singular points. Nonlinearity,
25(12):3409–3422, 2012.

[Eli84] L.H. Eliasson. Hamiltonian systems with Poisson commuting integrals. PhD thesis, University of
Stockholm, 1984.

[Eli90] L.H. Eliasson. Normal forms for Hamiltonian systems with Poisson commuting integrals—elliptic
case. Comment. Math. Helv., 65(1):4–35, 1990.

[ES10] K. Efstathiou and D. Sugny. Integrable Hamiltonian systems with swallowtails. J. Phys. A,
43(8):085216, 25, 2010.

[Gia07] A. Giacobbe. Infinitesimally stable and unstable singularities of 2-degrees of freedom completely
integrable systems. Regul. Chaotic Dyn., 12(6):717–731, 2007.

[Gom95] R.E. Gompf. A new construction of symplectic manifolds. Ann. of Math. (2), 142(3):527–595,
1995.

[GS82] V. Guillemin and S. Sternberg. Convexity properties of the moment mapping. Invent. Math.,
67(3):491–513, 1982.

[HK19] T.S. Holm and L. Kessler. Circle actions on symplectic four-manifolds. Comm. Anal. Geom.,
27(2):421–464, 2019.

[HP18] S. Hohloch and J. Palmer. A family of compact semitoric systems with two focus-focus singular-
ities. Journal of Geometric Mechanics, 10(3):331–357, 2018.

[HSS15] S. Hohloch, S. Sabatini, and D. Sepe. From compact semi-toric systems to Hamiltonian S1-spaces.
Discrete Contin. Dyn. Syst., 35(1):247–281, 2015.

[HSSS] S. Hohloch, S. Sabatini, D. Sepe, and M. Symington. From Hamiltonian S1-spaces to compact
semi-toric systems. In preparation.

[Kar99] Y. Karshon. Periodic Hamiltonian flows on four-dimensional manifolds. Mem. Amer. Math. Soc.,
141(672):viii+71, 1999.

[KKP15] Y. Karshon, L. Kessler, and M. Pinsonnault. Counting toric actions on symplectic four-manifolds.
C. R. Math. Acad. Sci. Soc. R. Can., 37(1):33–40, 2015.

[KL15] Y. Karshon and E. Lerman. Non-compact symplectic toric manifolds. SIGMA Symmetry Inte-
grability Geom. Methods Appl., 11:Paper 055, 37, 2015.
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