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Abstract. On a 4-dimensional compact symplectic manifold, we study how suitable
perturbations of a toric system to a family of completely integrable systems with S1-
symmetry lead to various hyperbolic-regular singularities. We compute and visualise as-
sociated phenomena like flaps, swallowtails, and k-stacked tori for k ∈ {2, 3, 4} and give
an upper bound for k in our family of systems.
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1. Introduction

Hamiltonian systems are an important class of dynamical systems since they appear
naturally in many different contexts from mathematics over physics to chemistry and bio-
logy. Hamiltonian systems always have at least one conservation law, namely conserva-
tion of energy, but there are surprisingly many systems that display additional conserva-
tion laws and/or symmetries. Intuitively a Hamiltonian systems is ‘completely integrable’
if it has a ‘maximal number’ of ‘conserved quantities/symmetries’ (see Definition 2.1 for
the proper definition specialised to dimension four).

In this paper, we focus on a certain family of integrable systems on a 4-dimensional
manifold that has an underlying S1-symmetry. This type of symmetry appears in many
natural systems, for instance the coupled spin oscillator, the coupled angular momenta,
the Lagrange, Euler, and Kovalevskaya spinning tops, and the spherical pendulum. Over
the course of the past decade, there has been a lot of progress in various aspects of com-
pletely intergable systems with S1-symmetry on 4-dimensional manifolds, for instance,
in symplectic classification (Pelayo & Vũ Ngo. c [PV11, PV09], Palmer & Pelayo & Tang
[PPT19]), computation of invariants (Alonso & Dullin & Hohloch [ADH19b, ADH19a],
Alonso & Hohloch [AH21]), study of specific examples (Hohloch & Palmer [HP18], De
Meulenaere & Hohloch [DMH21]), bifurcation behavior (Le Floch & Palmer [LFP21]),
quantum aspects (Le Floch & Vũ Ngo. c [FV21]), extension of S1-actions (Hohloch &
Palmer [HP21]), and so on.

So far, there are symplectic classifications in the following situations of interest for this
paper:

• for toric systems (see Definition 2.5), it was established by Delzant (cf. Theorem
2.7),
• for semitoric systems (see Definition 2.8), it was achieved by Pelayo & Vũ Ngo. c

[PV11, PV09] and Palmer & Pelayo & Tang [PPT19].
Neither of these two classes of systems admit singularities with hyperbolic compon-

ents. Unfortunately, there is not yet any symplectic classification for more general classes
up to our knowledge. The aim of the present paper is to gain more understanding of
‘semitoric systems with hyperbolic singularities’ in order to prepare the way towards a
symplectic classification in the future. This is done by suitable perturbations of the toric
system underlying the semitoric system studied by De Meulenare & Hohloch [DMH21].
This provides us with explicit examples of hyperbolic phenomena like flaps and swallow-
tails, see Figure 1.1.

Moreover, we can visualise the occuring hyperbolic-regular fibres, finding explicit ex-
amples of k-stacked tori for k ∈ {2, 3, 4}, see Figures 1.2a, 1.2b, 6.1, 6.2, and 6.6.

Now let us be more precise: Consider the octagon ∆ in Figure 1.3. Using Delzant’s
construction [Del88], De Meulenare & Hohloch [DMH21] built the toric system asso-
ciated with this octagon on a 4-dimensional, compact, connected, symplectic manifold
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(a) A flap displayed by an unfolded bifurcation
diagram. The flap branches off the darker gray-
ish background along the red line.

(b) A swallowtail displayed by an unfolded bi-
furcation diagram.

Figure 1.1. Flaps and Swallowtails: the red line consists of hyperbolic-
regular values, the green lines of elliptic-regular values and the dark dot is
an elliptic-elliptic value.

(M, ω) := (M∆, ω∆) by means of symplectic reduction by a Hamiltonian T6-action of
the 10-dimensional preimage of a certain map from C8 → R6 (more details are given in
Section 3 which summarises De Meulenare & Hohloch [DMH21]). Points in (M, ω) are
written as equivalence classes of the form [z] = [z1, . . . , z8] where zk = xk + iyk ∈ C for
1 ≤ k ≤ 8. The momentum map of the toric system on (M, ω) is given by

F = (J,H) : (M, ω)→ R2 with J([z1, . . . , z8]) =
1
2
|z1|

2 and H([z1, . . . , z8]) =
1
2
|z3|

2

and satisfies F(M) = ∆. The induced Hamiltonian 2-torus action is effective.
We now perturb the second component of the system F = (J,H). To this aim, we define

the function Ht : M → R via

Ht := H(t1,t2,t3,t4) := (1 − 2t1)H +

4∑
j=1

t jγ j

(a) A 2-stacked torus. (b) A 3-stacked torus.

Figure 1.2. Hyperbolic-regular fibres.
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Figure 1.3. The octagon ∆ ⊂ R2 with vertices (0, 2), (0, 1), (1, 0), (2, 0),
(3, 1), (3, 2), (2, 3) and (1, 3) is a Delzant polytope.

where t := (t1, t2, t3, t4) ∈ R4 and γ1, . . . , γ4 are given by

γ1([z]) :=
1

100
(
z2z3z4z6z7z8 + z2z3z4z6z7z8

)
=

1
50
<(z2z3z4z6z7z8)

where< denotes the real part of a complex number and

γ2([z]) :=
1

50
|z5|

4|z4|
4, γ3([z]) :=

1
50
|z4|

4|z7|
4, γ4([z]) :=

1
100
|z5|

4|z7|
4.

The term γ1 comes from the perturbation performed in De Meulenaere & Hohloch
[DMH21]. The terms γ2, γ3, γ4 are inspired by the work of Palmer & Le Floch [LFP21].

Theorem 1.1. For all t ∈ R4, the system Ft := (J,Ht) : (M, ω) → R2 is completely
integrable and has an effective Hamiltonian S1-action generated by J.

This statement summarises the results of Theorem 3.1, Proposition 4.1, and Proposition
4.2 which are proven in Section 3 and Section 4.

Central for us is a good knowledge of the whereabouts and types of the singular points
of the system Ft := (J,Ht):

Theorem 1.2. The four points[√
2, 0, 0,

√
2, 2, 2

√
2,
√

6,
√

6
]
,

[
2, 2
√

2,
√

6,
√

6,
√

2, 0, 0,
√

2
]
,[√

2,
√

6,
√

6, 2
√

2, 2,
√

2, 0, 0
]
,

[
2,
√

2, 0, 0,
√

2,
√

6,
√

6, 2
√

2
]

are singular of rank zero for Ft = (J,Ht) for all t ∈ R4. These points lie in J−1(1)∪ J−1(2).
Any other rank zero points of Ft = (J,Ht) can only appear in J−1(0) ∪ J−1(3). Rank one
singular points are determined by solving a certain polynomial equation.

This statement summarises the results of Theorem 5.1 and Theorem 5.2 and Corollary
5.5 which are proven in Section 5.

Knowing the whereabouts and types of singular points, we study the appearance and
topology of hyperbolic-regular fibres in the manifold:

Theorem 1.3. There are explicit, visualised examples of hyperbolic singular fibres are
given by k-stacked tori for k ∈ {2, 3, 4}. Moreover, k can be maximally 13 for this system.
Twisted tori (as displayed in Figure 2.2c) do not appear.
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This statement summarises the Examples 6.2, 6.3, and 6.6 and Theorem 6.8 which are
proven in Section 6.

Finally, we focus on the image of the momentum map and the unfolded bifurcationdia-
gram (see Definition 7.1) and study the effects of hyperbolic-regular values there.

Proposition 1.4. There are explicit, visualised examples for flaps and swallowtails and
their collisions.

This statement summarises the Examples 7.2, 7.3, 7.6, and 7.7 which are proven in
Section 7.

Overview of the paper. In Section 2, we introduce necessary notions and conventions.
In Section 3, we recall the toric octagon system from the work of De Meulenaere &
Hohloch [DMH21]. In Section 4, we define the perturbations of the toric octagon system
that form the foundation of this paper. In Section 5, we find criteria to determine the (type
of) singular points of this newly generated family of systems. In Section 6, we determine
and analyse the topological shape of the occuring hyperbolic-regular fibres. In Section 7,
we study explicit examples of the appearance of flaps and swallowtails in our family of
systems.

Acknowledgements. The authors wish to thank Jaume Alonso, Joaquim Brugués,
Yohann Le Floch, and Joseph Palmer for helpful discussions and useful comments.
Moreover, we thank Wim Vanroose for sharing his computational resources. The first
author was supported by the UA BOF DocPro4 grant with UA Antigoon ProjectID 34812
and the FWO-FNRS Excellence of Science project G0H4518N with UA Antigoon Pro-
jectID 36584. The second author was partially supported by these two grants.

2. Foundations and conventions

Throughout this paper, we are working mostly on 4-dimensional symplectic manifolds.
Thus, in order to keep the notation to a minimum, we will adapt the necessary definitions
and facts from the literature directly to our 4-dimensional setting.

2.1. Completely integrable systems in dimension four. Let (M, ω) be a 4-dimensional
symplectic manifold. Given a smooth function f : M → R, its Hamiltonian vector field
X f is defined viaω(X f , · ) = d f (·) and the flow of the (autonomous) Hamiltonian equation
z′ = X f (z) is denoted by Φ

f
t . In this situation, the function f is usually referred to as the

Hamiltonian.
On (M, ω), the induced Poisson bracket of two smooth functions g, h : M → R is given

by {g, h} := ω(Xg, Xh). If {g, h} = 0 the functions g and h are said to Poisson commute. For
the Lie bracket of two smooth vector fields A and B on M and a function f ∈ C∞(M,R), we
use the convention [A, B] = A(B( f ))− B(A( f )). This leads to the relation [Xg, Xh] = X{g,h}

for g, h ∈ C∞(M,R).

Definition 2.1. A 4-dimensional completely integrable system is a triple (M, ω,F ) con-
sisting of a 4-dimensional symplectic manifold (M, ω) and a smooth map F = (F1,F2) :
M → R2 such that the derivative dF has maximal rank almost everywhere and the com-
ponent functions F1 and F2 Poisson commute. The functions F1 and F2 are often referred
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to as the integrals of the integrable system (M, ω,F ) and F (M) as the momentum poly-
tope.

Wherever defined, the flow of (M, ω,F ) is given by ΦFt := Φ
F1
t1 ◦ Φ

F2
t2 for t := (t1, t2) ∈

R2 and it induces a (local) group action of R2 on M via t.p := ΦFt (p) for p ∈ M.
A point p ∈ M is regular if the derivative dF (p) has maximal rank and singular oth-

erwise. The set F −1(a, b) is referred to as the fibre over (a, b) ∈ R2. The connected com-
ponents of a fibre are called leafs.

There are several equivalent ways to define non-degeneracy of singular points, cf.
Bolsinov & Fomenko [BF04]. For us, the following version is the most convenient.

Definition 2.2. Let (M, ω,F = (F1,F2)) be a 4-dimensional completely integrable system
and p ∈ M a fixed point. Denote by ωp the matrix of the symplectic form with respect to a
chosen basis of TpM and, moreover, by d2F1(p) and d2F2(p) the matrices of the Hessians
of F1 and F2 w.r.t. this very basis. Then p is said to be non-degenerate if d2F1(p) and
d2F2(p) are linearly independent and, moreover, if there exists a linear combination of
ω−1

p d2F1(p) and ω−1
p d2F2(p) that has four distinct eigenvalues.

If p is a singular point of rank one of a 4-dimensional completely integrable system
(M, ω,F = (F1,F2)) then there exist constants c1, c2 ∈ R such that

0 = c1dF1(p) + c2dF2(p).

The space Lp := Span{XF1(p),XF2(p)} ⊂ TpM is the tangent line through p of the orbit
generated by the R2-action. Denote by L⊥p the symplectic orthogonal complement in TpM
of the tangent line Lp. Moreover, keep in mind that Lp ⊂ L⊥p . Since 0 = {F1,F2} both
integrals are invariant under the R2-action. Therefore c1d2F1(p) + c2d2F2(p) descends to
the quotient L⊥p /Lp.

Definition 2.3. A singular point p of rank one of a 4-dimensional completely integrable
system (M, ω,F = (F1,F2)) is non-degenerate if the expression c1d2F1(p) + c2d2F2(p) is
invertible on the quotient L⊥p /Lp.

The following local normal form and its generalisations and/or specializations were
established over the years by Colin de Verdière & Vey [CV79], Rüssmann [Rüs64],
Vey [Vey78], Eliasson [Eli84, Eli90], Dufour & Molino [DM88], Miranda & Vũ
Ngo. c [MV05], Vũ Ngo. c & Wacheux [VW13], Chaperon [Cha13], and Miranda &
Zung [MZ04].

Theorem 2.4 (Local normal form for non-degenerate singularities). Consider a 4-
dimensional completely integrable system (M, ω,F = (F1,F2)) and let p ∈ M be a
non-degenerate singular point. Then

(1) there exists an open neighbourhood U ⊂ M of p and, on it, local symplectic
coordinates (x1, x2, ξ1, ξ2) and smooth functions q1, q2 : U → R such that p cor-
responds to the origin in these coordinates and {qi,F j} = 0 for all i, j ∈ {1, 2}
where q1 and q2 stem from the following list:
• qi = (x2

i + ξ2
i )/2 (elliptic component),

• qi = xiξi (hyperbolic component),
• qi = xiξi+1 − xi+1ξi and qi+1 = xiξi + xi+1ξi+1 (focus-focus component),
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• qi = ξi (regular component).
(2) If there are no hyperbolic components, then the equations {qi,F j} = 0 for i, j ∈
{1, 2} are equivalent to the existence of a local diffeomorphism g : R2 → R2 such
that

g ◦ F = (q1, q2) ◦ (x1, x2, ξ1, ξ2).

Denote by nE, nH and nFF the number of elliptic, hyperbolic, and focus-focus compon-
ents. Then the triple (nE, nH, nFF) locally classifies a non-degenerate singular point and is
referred to as the Williamson type of this non-degenerate singular point. Thus we conclude
that, on 4-dimensional manifolds, there are exactly six different types of non-degenerate
singular points possible:

• rank 0: elliptic-elliptic, focus-focus, hyperbolic-hyperbolic, hyperbolic-elliptic.
• rank 1: elliptic-regular, hyperbolic-regular.

It is important to note that the type of a non-degenerate fixed point p can actually also be
determined via its eigenvalues (see for instance Bolsinov & Fomenko [BF04, Theorem
1.3]): Let λ1, λ2, λ3, λ4 be the distinct eigenvalues of c1ω

−1
p d2F1(p) + c2ω

−1
p d2F2(p), then

the type of p is determined as follows:
• elliptic-elliptic: {λ1, λ2} = {±iα} and {λ3, λ4} = {±iβ},
• elliptic-hyperbolic: {λ1, λ2} = {±iα} and {λ3, λ4} = {±β},
• hyperbolic-hyperbolic: {λ1, λ2} = {±α} and {λ3, λ4} = {±β},
• focus-focus: {λ1, λ2, λ3, λ4} = {±α ± iβ}

with α, β ∈ R,0 and α , β for the elliptic-elliptic and hyperbolic-hyperbolic cases.

2.2. Toric systems. Recall from group theory that a group action is effective (or faithful)
if the neutral element is the only one that acts trivially. The most accessible class of
completely integrable systems is the following.

Definition 2.5. A 4-dimensional completely integrable system (M, ω,F ) is toric if the flow
of F generates an effective 2-torus action on M.

We will see below that toric systems on compact connected manifolds admit a very
nice classification. But to state it properly we first need some notation.

Definition 2.6. A convex polytope ∆ ⊂ R2 is said to be a Delzant polytope if
(1) ∆ is simple, i.e. exactly two edges meet at each vertex.
(2) ∆ is rational, i.e., all edges have rational slope, meaning, they are of the form v+bt

where v ∈ R2 is the vertex, b ∈ Z2 the directional vector of the given edge, and
t ∈ R the parameter.

(3) ∆ is smooth, i.e. at each vertex, the directional vectors of the meeting edges form
a basis for Z2.

The classification of compact toric systems is surprisingly straightforward:

Theorem 2.7 (Delzant, [Del88]). Up to symplectic equivariance, any toric system
(M, ω,F ) on a compact connected symplectic 4-dimensional manifold (M, ω) is determ-
ined by F (M) which is in fact a Delzant polytope. Conversely, for any Delzant polytope
∆, there exists a compact connected symplectic 4-dimensional manifold (M, ω) and a mo-
mentum map F : M → R2 such that (M, ω,F ) is toric with F (M) = ∆.
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Thus a toric system is determined by a finite number of points, namely the (coordinates
of the) vertices of the image of the momentum map. The construction of the toric system
from a Delzant polytope is explicit and not very difficult. We will use it later in Section 3.

2.3. Semitoric systems. The following class of completely integrable systems is a nat-
ural generalisation of toric systems in dimension four.

Definition 2.8. A 4-dimensional completely integrable system (M, ω,F = (F1,F2)) is
semitoric if

(1) F1 is proper and generates an effective S1-action on M.
(2) All singular points of F = (F1,F2) are non-degenerate and do not include hyper-

bolic components.

Semitoric systems are much more general than toric systems and their behavior is much
more complicated due to the presence of focus-focus singularities which cannot occur in
toric systems. In particular, semitoric systems usually depend on an infinite amount of
data. Pelayo & Vũ Ngo. c [PV09, PV11] and Palmer & Pelayo & Tang [PPT19] achieved
a symplectic classification of semitoric systems, hereby generalising Delzant’s [Del88]
toric classification. The semitoric classification is valid on compact as well as non-
compact manifolds.

2.4. Hypersemitoric systems. The class of systems described in this section is a natural
generalisation of semitoric systems.

Intuitively, a parabolic degenerate point can be seen as a singular point where the rank
of all relevant derivatives is as maximal as possible without rendering the point non-
degenerate. A parabolic orbit is the image of a parabolic point under the flow. Important
for us is the geometric interpretation described in the following smooth local normal form.
For the original abstract definition of parabolic points, we refer the reader to Bolsinov &
Guglielmi & Kudryavtseva [BGK18, Definition 2.1].

Theorem 2.9 (Kudryavtseva & Martynchuck [KM21, Theorem 3.1]). Let (M, ω,F =

(F1,F2)) be a 4-dimensional completely integrable system with a parabolic orbit α. Then
there exist

(1) a small neighbourhood U ⊆ M of α diffeomorphic to D3×S1 where D3 is the open
unit ball in R3,

(2) smooth functions J ,H : U → R that are constant on the leafs of F ,
(3) coordinates (x, y, λ, ϑ) on D3 × S1 such that

J(x, y, λ, ϑ) = λ and H(x, y, λ, ϑ) = x2 − y3 + λy

and, moreover, the symplectic form becomes

ω = g(x, y, λ)dx ∧ dy + dλ ∧
(
dϑ + A(x, y, λ)dx + B(x, y, λ)dy

)
where g, A and B are smooth functions.

Note that the level set (J ,H)−1(0, 0) of (J ,H) from Theorem 2.9 is locally homeo-
morphic to the geometric shape given by the letter V times a circle which motivates the
notion of ‘cusp’ for such degenerate singularities. The local shape as V can be observed
in Figure 2.1 in a small neighbourhood of the blue ‘cusp point’.

Now we consider
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-2

-1

0

1
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3

u

J(p)=0.664405

Figure 2.1. The blue point p at the ‘cusp’ of the red curve corresponds
to a parabolic point after dividing by the local S1-action. The shape of
the red curve near the parabolic point motivates the notion of ‘cusps’ or
‘cuspidal points’ for parabolic points. This plot is done at t =

(
1
2 ,

1
2 ,

1
3 , 1

)
and J(p) = 0.664405 =: j for the system (J,Ht) introduced and discussed
in Section 4.

Definition 2.10 (Hohloch & Palmer [HP21]). A hypersemitoric system is a 4-dimensional
completely integrable system (M, ω,F = (J,H)) such that

(1) J : M → R is proper.
(2) J generates an effective S1-action.
(3) All degenerate points of F = (J,H) : M → R2 (if any) are parabolic.

Hypersemitoric systems are significantly more general than semitoric systems since
they admit the full range of combinations of non-degenerate singular components ex-
cept for hyperbolic-hyperbolic points that are prevented by the existence of the global
S1-action (see for instance Hohloch & Palmer [HP21]). The occurrence of parabolic de-
generate points in hypersemitoric systems was admitted since they appear naturally in
combination with certain hyperbolic-regular points.

2.5. Proper S1-systems. Completing the line of generalisations from toric via semitoric
to hypersemitoric systems, we are now dropping the assumption on the type of degeneracy
of singular points:

Definition 2.11. A 4-dimensional completely integrable system (M, ω,F = (J,H)) is a
proper S1-system if

(1) J : M → R is proper,
(2) J generates an effective S1-action on M.
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The topological structure of the connected components of hyperbolic-regular fibres
turned out to be completely determined by the quotient under the S1-action induced by J.
In the following, we briefly recall the necessary notions for the construction.

Definition 2.12. An undirected generalised bouquet (G, S ,C) consists of a compact topo-
logical space G and finite disjoint subsets S ,C ⊂ G with S ∪ C , ∅ such that

(1) G \ {S ∪ C} is a smooth 1-dimensional manifold.
(2) For all p ∈ S there exists a small open neighbourhood in G which is homeo-

morphic to {(x, y) ∈ R2 | xy = 0, x ≥ 0, y ≥ 0} wherein p corresponds to (0, 0).
(3) For all p ∈ C there exists a small open neighbourhood in G which is homeo-

morphic to {(x, y) ∈ R2 | xy = 0} wherein p corresponds to (0, 0).

Geometrically, G \ {S ∪ C} is diffeomorphic to a disjoint union of open intervals.
Moreover, near points of S , G looks like a ‘corner’ and, near points of C, like a ‘cross’.
An example is sketched in Figure 2.2a.

Definition 2.13. Let (G, S ,C) be an undirected generalised bouquet and consider the
space GS :=

(
G × {0, 1}

)
�∼ where the equivalence relation ∼ is given by

(g, σ) ∼ (g̃, σ̃) ⇔ (g, σ) = (g̃, σ̃) or σ, σ̃ ∈ {0, 1} and g, g̃ ∈ S with g = g̃.

This space carries the natural involution T : GS → GS given by T (g, 0) = (g, 1) and
T (g, 1) = (g, 0) for all g ∈ G. We set GS := (GS × R)�' where the equivalence relation '
is given by (g, σ, r) ' (T (g, σ), r + π).

(a) Teardrop. (b) Figure eight curve. (c) A twisted 2-stacked torus.

Figure 2.2. The teardrop in (a) can be seen as a generalised bouquet
(G, S ,C) with C = ∅ and S consisting of the point at the tip of the teardrop.
GS looks like a figure eight curve, see (b), and GS is homeomorphic to a
twisted 2-stacked torus, see (c).

As sketched in Figure 2.2, the transition from G to GS ‘turns corners into crosses’ by
gluing a ‘mirrored image’ of G to G. Passing from GS to GS yields a twisted mapping
torus of GS . The geometric-dynamical meaning of these constructions becomes clear in
the following statement:

Theorem 2.14 (Gullentops [Gul22, Theorem 1.9], Gullentops & Hohloch [GH22]). Up
to homeomorphism, there exists a one-to-one correspondence between undirected gener-
alised bouquets and hyperbolic-regular leafs of proper S1-systems in the following sense:
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(1) Let (M, ω,F = (J,H)) be a proper S1-system. Given a leaf F of a hyperbolic-
regular fibre then the associated undirected generalised bouquet is

G := G(F) := F�S1 where the quotient is taken w.r.t. the action induced by J,

S := S (F) :=
{

[x] ∈ F�S1

∣∣∣∣ x ∈ F singular with ΦJ
π(x) = x

}
,

C := C(F) :=
{

[x] ∈ F�S1

∣∣∣∣ x ∈ F singular with ΦJ
π(x) , x

}
.

(2) Given an undirected generalised bouquet (G, S ,C) there exists a proper S1-system
having a hyperbolic-regular fibre homeomorphic to GS .

Note that the content of Theorem 2.14, on the one hand, expands and, on the other
hand, partially recovers results from the two following groups of authors.

• Bolsinov & Fomenko [BF04], Bolsinov & Oshemkov [BO06] and others devised
a semi-local classification of non-degenerate points of completely integrable sys-
tems based on the notion of atoms.
• Colin de Verdière & Vũ Ngo. c [CV00] did a semi-local classification of

hyperbolic-regular leafs.

2.6. Symplectic reduction. Delzant’s [Del88] construction is based on starting with the
symplectic manifold (Cn, i

2

∑n
j=1 dz j ∧ dz̄ j) for a certain n ∈ N and passing to a symplectic

quotient by various actions. For the reader’s convenience, let us briefly recall the neces-
sary hypothesis and resulting statement for passing to symplectic quotients adapted to our
setting: consider the following specialised version of the so-called Marsden-Weinstein
theorem which describes in more generality symplectic reduction for Hamiltonianian Lie
group actions.

Theorem 2.15 (Audin [Aud91, Proposition III.2.15]). Let (M, ω) be a 2n-dimensional
symplectic manifold and F : M → Rm the momentum map of an m-torus action. Let
t ∈ Rm be a regular value and assume that the m-torus (denoted by Tm) acts freely on the
regular level set F −1(t). Then the reduced space (or symplectic quotient)

Mred,t := (M//Tm)t := F −1(t)/Tm

is a symplectic manifold with symplectic form ωred,t. It satisfies τ∗ωred,t = κ∗ω where
τ : F −1(t)→ Mred,t denotes the quotient map and κ : F −1(t) ↪→ M the inclusion.

3. The toric system constructed from the octagon

In order to study transitions from elliptic-elliptic to focus-focus points and collisions
of focus-focus fibres more closely, De Meulenaere & Hohloch [DMH21] first constructed
via Delzant’s [Del88] construction the toric system that has the octagon from Figure 1.3
as image of the momentum map. Then they perturbed this toric system in order to obtain
a family of systems that is semitoric apart from the parameter values where the transitions
and collisions take place.

The aim of the present paper is to start with the toric system corresponding to the octa-
gon in Figure 1.3 and then find perturbation terms that yield singularities with hyperbolic
components and certain topological properties.
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We will now briefly recall from De Meulenaere & Hohloch [DMH21, Section 3] the
most important facts of the toric system constructed from the octagon in Figure 1.3.

3.1. The symplectic manifold. Denote the octagon displayed in Figure 1.3 by ∆ and
the standard symplectic form on Cn by ωst := i

2

∑n
j=1 dz j ∧ dz̄ j. The construction of a

symplectic manifold (M, ω) and a toric momentum mapF : (M, ω)→ R2 withF (M) = ∆

is done in De Meulenaere & Hohloch [DMH21, Section 3] and yields the map

L : (C8, ωst)→ R6,



z1

z2

z3

z4

z5

z6

z7

z8


7→
−1
2



|z1|
2 + |z5|

2 − 6

|z2|
2 + |z5|

2 + |z7|
2 − 10

|z3|
2 + |z7|

2 − 6

|z4|
2 − |z5|

2 + |z7|
2 − 4

|z5| − |z6| + |z7|
2 − 2

|z5|
2 − |z7|

2 + |z8| − 4


which generates a T6-action. The six equations in the definition ofL are also referred to as
manifold equations. After applying Theorem 2.15 at level zero, we obtain the symplectic
quotient

M := Mred,0 := L−1(0)/T6 with ω := ωred,0.

Elements of L−1(0) ⊂ C8 are denoted by (z1, . . . , z8) and elements of the quotient M =

L−1(0)/T6 by [z1, . . . , z8] unless we work with representatives for which we use again the
notation (z1, . . . , z8).

The desired momentum map F that generates a T2-action and satisfies F (M) = ∆ is
given by F := (J,H) : (M, ω)→ R2 with

J(z1, ..., z8) =
|z1|

2

2
and H(z1, ..., z8) =

|z3|
2

2
.

We recall and summarise

Theorem 3.1 (De Meulenaere & Hohloch [DMH21, Theorem 3.6]). The above construc-
ted symplectic manifold (M, ω) is 4-dimensional, compact, and connected and (M, ω,F =

(J,H)) is a toric system. In particular, J generates an effective S1-action.

3.2. Coordinate charts. The manifold M can be covered by explicit coordinate charts
that are constructed by means of the six manifold equations and the T6-action on L−1(0).
More precisely, De Meulenaere & Hohloch [DMH21, Lemma 3.3 and discussion after-
ward] show that M =

⋃8
ν=1 Uν where

Uν := { [z1, . . . , z8] ∈ M | zk , 0 for all k ∈ {ν + 2, . . . , ν + 7}mod 8 }

for 1 ≤ ν ≤ 8. Note that Uν is the only subset of M where zν and zν+1 may vanish.
Since there are at least six variables nonzero among [z1, . . . , z8] ∈ Uν one can use the
T6-action to choose strictly positive real numbers as representatives for them. If we write
zk = xk + iyk for 1 ≤ k ≤ 8, this means yk = 0 and xk > 0 for these six representatives.
Thus, for example, we may represent U1 by points of the form

(z1, . . . , z8) = (x1, y1, x2, y2, x3, 0, x4, 0, x5, 0, x6, 0, x7, 0, x8, 0)
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with x3, . . . , x8 > 0. By means of the manifold equations and by abbreviating |z1|
2 = x2

1+y2
1

and |z2|
2 = x2

2 + y2
2, the variables x3, . . . , x8 can be expressed in U1 as functions of x1, y1,

x2, y2 via

x3 =
√

2 − |z1|
2 + |z2|

2, x5 =
√

6 − |z1|
2, x7 =

√
4 + |z1|

2 − |z2|
2,

x4 =
√

6 − 2|z1|
2 + |z2|

2, x6 =
√

8 − |z2|
2, x8 =

√
2 + 2|z1|

2 − |z2|
2.

This leads to charts ϕν : C2 → Uν for all 1 ≤ ν ≤ 8 of which we exemplarily write down
the first one:

ϕ1 : C2 → U1, ϕ1(x + iy, u + iv) =



x + iy
u + iv√

2 − x2 − y2 + u2 + v2√
6 − 2x2 − 2y2 + u2 + v2√
6 − x2 − y2

√
8 − u2 − v2√
4 + x2 + y2 − u2 − v2√
2 + 2x2 + 2y2 − u2 − v2


The set Uν consists thus of those points in C2 for which the expressions under the square
roots are strictly positive. In particular, Uν is completely determined by its image under
the ‘coordinate distance map’ (x + iy, u + iv) 7→ (|x + iy|, |u + iv|) plotted in Figure 3.1.

Figure 3.1. The ‘coordinate distances’ of the points in U1 to the origin are
displayed by the image of the map (x + iy, u + iv) 7→ (|x + iy|, |u + iv|) for
all points with ϕ1(x + iy, u + iv) ∈ U1. Later on, we refer to this image as
D1.

Lemma 3.2 (De Meulenaere & Hohloch [DMH21, Section 3.3]). The symplectic form ω
on M becomes the standard symplectic form in the charts (Uν, ϕν) for all 1 ≤ ν ≤ 8, more
precisely, we have for all 1 ≤ ν ≤ 8

ϕ∗νω = dx ∧ dy + du ∧ dv.
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Recall that, for all 1 ≤ j, k ≤ 8, the functions |z j|
2 and |zk|

2 Poisson commute. Moreover,
if functions Poisson commute with |z j|

2 then linear combinations of them also Poisson
commute with |z j|

2. Thus every component of L Poisson commutes with |z j|
2 for all j.

Remark 3.3. The T6-action generated by L preserves the norm of z j for all j.

4. Our family of proper S1-systems

The idea is to perturb the toric octagon system
(
M, ω,F = (J,H)

)
from Theorem 3.1

to obtain a family of proper S1-systems that display various singularities with hyperbolic
components. Since M is compact, J is certainly proper. Moreover, it generates an effective
S1-action. So in order to construct a suitable family of proper S1-systems, we keep (M, ω)
and J as they are and only perturb H to a family (Ht)t∈R4 such that {J,Ht} = 0 for all
t ∈ R4. The family (J,Ht)t∈R4 will be our candidate.

4.1. The explicit family. Denote by < the real part of a complex number. We consider
t := (t1, t2, t3, t4) ∈ R4 and define the function

Ht : M → R, Ht := H(t1,t2,t3,t4) := (1 − 2t1)H +

4∑
j=1

t jγ j

where γ j : M → R for 1 ≤ j ≤ 4 are given by

γ1(z1, ..., z8) :=
1

100
(
z2z3z4z6z7z8 + z2z3z4z6z7z8

)
=

1
50
<(z2z3z4z6z7z8),

and

γ2(z1, ..., z8) :=
1

50
|z5|

4|z4|
4,

γ3(z1, ..., z8) :=
1

50
|z4|

4|z7|
4,

γ4(z1, ..., z8) :=
1

100
|z5|

4|z7|
4.

The map γ1 is inspired by the perturbation in De Meulenaere & Hohloch [DMH21]
that forced certain elliptic-elliptic points to turn into focus-focus points. The maps γ2, γ3,
γ4 are inspired by the work of Palmer & Le Floch [LFP21]. Note in addition that these
maps are compatible with the T6-action defined at the end of Section 3.2 and therefore
also descend to the symplectic quotient.

These perturbations will cause the occurence of hyperbolic-regular fibres. The coef-
ficients 1

50 and 1
100 in γ1, . . . , γ4 rescale the functions and parameter values to a more

convenient (in particular plottable) range.
Now we will show that Ft := (J,Ht) : (M, ω) → R2 forms a proper S1-system for all

t ∈ R. We start with

Proposition 4.1. γ1, γ2, γ3 and γ4 Poisson commute with J. In particular, Ht also Poisson
commutes with J for all t ∈ R4.

Proof. The pair (J, γ1) was already shown in De Meulenaere & Hohloch [DMH21, Pro-
position 4.6] to be a completely integrable system.
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Since γ2, γ3 and γ4 pass to the symplectic quotient it is enough to prove that γ2, γ3 and
γ4 commute with J already on (C8, ωst). Recall that ∂z j := 1

2 (∂x− i∂y) and ∂z̄ j := 1
2 (∂x + i∂y)

and calculate

{γ2, J} = ωst(Xγ2 , XJ) =
i
2

8∑
n=1

(dzn ∧ dz̄n)(Xγ2 ,−iz1∂z1 + iz̄1∂z̄1)

=
i
2

(dz1 ∧ dz̄1)(Xγ2 ,−iz1∂z1 + iz̄1∂z̄1) +
i
2

8∑
n=2

(dzn ∧ dz̄n)(Xγ2 ,−iz1∂z1 + iz̄1∂z̄1)

= 0 + 0 = 0.

The first zero is a consequence of γ2 not depending on z1. The second zero follows since
the vector field −iz1∂z1 + iz̄1∂z̄1 only contains ∂z1 and ∂z̄1 components. The calculations for
γ3 and γ4 are analogous. �

It remains to show

Proposition 4.2. For all t ∈ R4, the Hamiltonian vector fields XJ and XHt are linearly
independent almost everywhere.

Proof. W.l.o.g. we will proof it explicitly only for the chart (U1, ϕ1). For 1 ≤ k ≤ 4,
denote by XJ◦ϕ1

k and XHt◦ϕ1
k the kth coordinate component of the Hamiltonian vector fields

XHt◦ϕ1 and XJ◦ϕ1 and consider, for 1 ≤ j < k ≤ 4, the functions

f jk : U1 → R, x 7→ det
(
XJ◦ϕ1

j (x) XHt◦ϕ1
j (x)

XJ◦ϕ1
k (x) XHt◦ϕ1

k (x)

)
.

Since XJ◦ϕ1 and XHt◦ϕ1 are linearly dependent on a subset of f −1
jk (0) it is enough to show

that there exists j, k such that f −1
jk (0) has measure zero w.r.t. the Lebesgue measure. f12 and

f34 vanish, but the others do not. Thus, apart from the combinations ( j, k) ∈ {(1, 2), (3, 4)}
we can consider any of the functions f jk. Let us start with f14. As it turns out, we then
need not consider the others.

More precisely, we will now show that f −1
14 (0) is a zero set w.r.t. the Lebesgue meas-

ure. Recall that the zero set of a nonzero analytic function has Lebesgue measure zero.
The function f14 is analytic on U1 since it consists of polynomials and square roots in
x, y, u, v where the square roots are evaluated away from their poles. It remains to show
that no choice of the parameters t1, . . . , t4 can make f14 vanish completely. Arguing by
contradiction, assume that there is (t1, ..., t4) ∈ R4 such that f14 ≡ 0. By plugging the point(
0, 1

2 , 0, 0
)

into f14 we obtain

0 = f14

(
0,

1
2
, 0, 0

)
= −

t1

40

√
1309
10

.

Then plugging the (admissible) points

(x, y, u, v) ∈
{(

1
2
,

1
2
,

1
2
, 0

)
,

(
0,

1
2
,

1
3
, 0

)
,

(
0,

1
2
,

1
4
, 0

)
,

(
0,

1
2
,

1
5
, 0

)}
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into f14 we get via a short Mathematica calculation

f14

(
1
2
,

1
2
,

1
2
, 0

)
=
−400 − 42t2 + 714t3 + 17t4

1600
,

f14

(
0,

1
2
,

1
3
, 0

)
=
−1166400 − 32724t2 + 3190388t3 + 12069t4

6998400
,

f14

(
0,

1
2
,

1
4
, 0

)
=
−25600 − 712t2 + 65593t3 + 268t4

204800
,

f14

(
0,

1
2
,

1
5
, 0

)
=
−692500t2 + 62040244t3 + 625(−40000 + 421t4)

250000000
.

We verify with Mathematica that there are no values of t1, . . . , t4 that satisfy f14 ≡ 0
under the above conditions. Thus f14 cannot be identically zero. Therefore XHt and XJ are
linearly independent almost everywhere on M. �

4.2. Some technical properties. This subsection consists of two technical results that
we need later. First consider

Lemma 4.3. If γ1(ϕ1(x + iy, u + iv)) = 0 for (x + iy, u + iv) ∈ U1 then u = 0.

Proof. First, recall that, on U1,

γ1(z1, . . . , z8) =
1

50
<(z2z3z4z6z7z8) and (z1, . . . , z8) = ϕ1(x + iy, u + iv).

Second, recall that our preferred representatives of z3, ..., z8 are in fact real on U1. This
implies

γ1(z1, . . . , z8) =
1

50
<(z2z3z4z6z7z8) =

1
50

z3z4z6z7z8<(z2).

For a product to vanish, one of the factors needs to be zero. Thus if γ1(ϕ1(x+iy, u+iv)) = 0,
one of the<(z2), z3, z4, z6, z7, z8 must vanish. By definition of U1, de factors z3, z4, z6, z7,
z8 are strictly greater than zero and only z1 and/or z2 may vanish. Thus u = <(z2) must
vanish. �

When constructing the system (J,Ht), we took J unaltered from the toric system (J,H).
Thus the system (J,Ht) always contains a global S1-action. We now show that all regular
points of J have the same period:

Theorem 4.4. For all p ∈ M with dJ(p) , 0 the periods of regular points of J coincide,
i.e., we have 2π = PJ(p) := inf

{
t > 0

∣∣∣ ΦJ
t (p) = p

}
.

Proof. Let us assume for simplicity that p lies on the coordinate chart (U1, ϕ1), all other
cases are analogous. Whenever

d(J ◦ ϕ1)(x + iy, u + iv) = xdx + ydy , 0,

we have |x + iy|2 = x2 + y2 , 0 and thus z1 = x + iy , 0. Denote the domain in Figure 3.1
(that is associated with U1) by D1 and consider polar coordinates given by

(4.1)
P1 : D1 × ] − π, π[ × ] − π, π[→ U1,

P1(r1, r2, ϑ1, ϑ2) :=
(
r1cos(ϑ1) + ir1sin(ϑ1), r2cos(ϑ2) + ir2sin(ϑ2)

)
.
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In these coordinates, the symplectic form becomes

r1dr1 ∧ dϑ1 + r2dr2 ∧ dϑ2.

Evaluating the equation

d(J ◦ ϕ1 ◦ P1)( · ) = (r1dr1 ∧ dϑ1 + r2dr2 ∧ dϑ2)(XJ◦ϕ1◦P1 , · )

on ∂r1 , ∂ϑ1 , ∂r2 and ∂ϑ2 yields

d(J ◦ ϕ1 ◦ P1)(∂r1) = r1dϑ1(XJ◦ϕ1◦P1) = r1, d(J ◦ ϕ1 ◦ P1)(∂r2) = r2dϑ2(XJ◦ϕ1◦P1) = 0,

d(J ◦ ϕ1 ◦ P1)(∂ϑ1) = −r1dr1(XJ◦ϕ1◦P1) = 0, d(J ◦ ϕ1 ◦ P1)(∂ϑ2) = −r2dr2(XJ◦ϕ1◦P1) = 0.

which implies XJ◦ϕ1◦P1 = ∂ϑ1 . This allows us to calculate the flow map of J in polar
coordinates explicitly as

Φ
J◦ϕ1◦P1
t (r1, r2, ϑ1, ϑ2) = (r1, r2, ϑ1 + t, ϑ2)

or, equivalently,
Φ

J◦ϕ1
t (z1, z2) = (eitz1, z2).

Therefore, if dJ(p) , 0 for some p ∈ U1, we find for the period PJ(p) = 2π. �

5. Singular points and the reduced manifold

In this section, we will calculate the singular points on the proper S1-system (J,Ht) for
certain t ∈ R4. In Section 7, we will observe how these points change when t ∈ R4 varies.

5.1. Criteria for rank zero singular points. Recall that the toric octagon system (J,H)
has eight singular points of rank zero, namely the preimages of the vertices of the octagon.
Moreover, each semitoric system of the semitoric transition family in De Meulenaere &
Hohloch [DMH21] also has exactly eight singular points of rank zero, of which four
undergo bifurcations from elliptic-elliptic to focus-focus and back when the perturbation
parameter passes from zero to one.

The following statements will show that the rank zero singular points can only appear
in the preimage of the blue points and lines in Figure 5.1.

Figure 5.1. Rank zero singular points can only appear in the preimage of
the blue points and lines which are given by (1, 0), (1, 3), (2, 0), (2, 3) and
{0} × [1, 2] and {3} × [1, 2].
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Theorem 5.1. For all t ∈ R4, the points

ϕ2(0, 0) =
[√

2, 0, 0,
√

2, 2, 2
√

2,
√

6,
√

6
]
,

ϕ3(0, 0) =
[
2,
√

2, 0, 0,
√

2,
√

6,
√

6, 2
√

2
]
,

ϕ6(0, 0) =
[
2, 2
√

2,
√

6,
√

6,
√

2, 0, 0,
√

2
]
,

ϕ7(0, 0) =
[√

2,
√

6,
√

6, 2
√

2, 2,
√

2, 0, 0
]

are singular points of rank zero of (J,Ht) with values

J
([√

2, 0, 0,
√

2, 2, 2
√

2,
√

6,
√

6
])

= 1 = J
([√

2,
√

6,
√

6, 2
√

2, 2,
√

2, 0, 0
])

and

J
([

2, 2
√

2,
√

6,
√

6,
√

2, 0, 0,
√

2
])

= 2 = J
([

2,
√

2, 0, 0,
√

2,
√

6,
√

6, 2
√

2
])
.

They are referred to as the invariant singular points since their coordinates do not depend
on the parameter t.

Proof. We will exemplarily prove it for (U2, ϕ2). Recall J(z1, ..., z8) = |z1 |
2

2 and

ϕ2(x + iy, u + iv) =



√
2 + x2 + y2 − u2 − v2

x + iy
u + iv√

2 − x2 − y2 + 2u2 + 2v2√
4 − x2 − y2 + u2 + v2√

8 − x2 − y2
√

6 − u2 − v2√
6 + x2 + y2 − 2u2 − 2v2


.

For (x + iy, u + iv) ∈ C2, calculate

J(ϕ2(x + iy, u + iv)) =
1
2

(2 + x2 + y2 − u2 − v2),

d(J ◦ ϕ2)(x + iy, u + iv) = (x, y, −u, −v).

Thus dJ = 0 is equivalent with x = y = u = v = 0. Thus the origin (0, 0) ∈ C2 is the only
singular point of the chart ϕ2. The argument for the charts (U3, ϕ3), (U6, ϕ6) and (U7, ϕ7)
is similar. Therefore the rank of ϕ`(0, 0) for ` ∈ {2, 3, 6, 7} can be maximally one. Now we
show that it is actually rank zero, i.e., we also have d(Ht ◦ ϕ`)(0, 0) = 0 for ` ∈ {2, 3, 6, 7}.
We give the argument in detail only for ` = 2 since the other cases are similar. From
Section 4, recall

Ht := H(t1,t2,t3,t4) = (1 − 2t1)H +

4∑
n=1

tnγn

and the definitions of γ1, γ2, γ3 and γ4. We calculate

(γ1 ◦ ϕ2)(x + iy, u + iv) =
1

50
<(z2z3)z4z6z7z8 =

1
50

(ux − vy)z4z6z7z8

= ux f (x + iy, u + iv) − vy g(x + iy, u + iv)
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where f , g : U2 → R are suitable smooth functions. Now we compute the partial derivat-
ives for x, y, u, v of (γ1 ◦ ϕ2) in (x + iy, u + iv):

∂x(γ1 ◦ ϕ2) = u f + ux ∂x f − vy ∂xg, ∂u(γ1 ◦ ϕ2) = x f + ux ∂u f − vy ∂ug,
∂y(γ1 ◦ ϕ2) = ux ∂u f − vg − vy ∂yg, ∂v(γ1 ◦ ϕ2) = ux ∂v f − yg − vy ∂vg.

Evaluating at (x, y, u, v) = (0, 0, 0, 0) = (0 + i0, 0 + i0), we find for all k ∈ {x, y, u, v}

∂k(γ1 ◦ ϕ2)(0 + i0, 0 + i0) = 0.

Now calculate

(γ2 ◦ ϕ2)(x + iy, u + iv) =
1

50
(2 − x2 − y2 + 2u2 + 2v2)2(4 − x2 − y2 + u2 + v2)2,

(γ3 ◦ ϕ2)(x + iy, u + iv) =
1

50
(2 − x2 − y2 + 2u2 + 2v2)2(6 − u2 − v2)2,

(γ4 ◦ ϕ2)(x + iy, u + iv) =
1

100
(4 − x2 − y2 + u2 + v2)2(6 − u2 − v2)2.

Note that these formulas depend only on x2 + y2 and u2 + v2. Therefore calculating the
derivatives for k ∈ {x, y, u, v} and evaluating them at (x, y, u, v) = (0, 0, 0, 0) = (0+i0, 0+i0)
yields

∂k(γk ◦ ϕ2)(0 + 0i, 0 + 0i) = 0

for all k ∈ {x, y, u, v}. It remains to consider

(H ◦ ϕ2)(x + iy, u + iv) =
u2 + v2

2
.

We compute

∂x(H ◦ ϕ2) = 0, ∂y(H ◦ ϕ2) = 0, ∂u(H ◦ ϕ2) = u, ∂v(H ◦ ϕ2) = v.

Evaluating at (x, y, u, v) = (0, 0, 0, 0) = (0 + i0, 0 + i0), we find for all k ∈ {x, y, u, v}

∂k(H ◦ ϕ2)(0 + i0, 0 + i0) = 0.

Altogether we therefore obtain for all k ∈ {x, y, u, v}

∂k(Ht ◦ ϕ2)(0 + i0, 0 + i0) = 0.

�

Note that Theorem 5.1 shows a property of (J,Ht) similar to the one in Le Floch &
Palmer [LFP21, Lemma 3.2].

Now we are interested in the whereabouts of the singular points of (J,Ht) that are not
invariant.

Theorem 5.2. If a rank zero singular point [z1, . . . , z8] of (J,Ht) is not an invariant sin-
gular point then either its first or its fifth coordinate is zero. If the first coordinate is zero
then its value under J is zero and if the fifth coordinate is zero then its value under J is
three.
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Proof. Given a singular point of rank zero, the proof of Theorem 5.1 showed that the
only points in U2, U3, U6 and U7 with dJ = 0 are the invariants singular points listed in
the statement of Theorem 5.1. Thus any further singular points of rank zero must lie in
(U1, ϕ1), (U4, ϕ4), (U5, ϕ5) and/or (U8, ϕ8). Recall J(z1, ..., z8) = |z1 |

2

2 and consider

ϕ1(x + iy, u + iv) =



x + iy
u + iv√

2 − x2 − y2 + u2 + v2√
6 − 2x2 − 2y2 + u2 + v2√
6 − x2 − y2

√
8 − u2 − v2√
4 + x2 + y2 − u2 − v2√
2 + 2x2 + 2y2 − u2 − v2



.

and calculate

J(ϕ1(x + iy, u + iv)) =
1
2

(x2 + y2),

d(J ◦ ϕ1)(x + iy, u + iv) = (x, y, 0, 0).

Thus dJ = 0 on (U1, ϕ1) is equivalent with x + iy = 0, i.e. with vanishing of the first
coordinate in ϕ1. For (U8, ϕ8) it is the same. For (U4, ϕ4) and (U5, ϕ5) it is the same w.r.t.
the fifth coordinate instead of the first one.

If the first coordinate vanishes, then, by definition, J(0, z2, . . . , z8) = |0|2

2 = 0. If the
fifth coordinate vanishes, we obtain from the definition of the charts via x5 =

√
6 − |z1|

2

immediately |z1|
2 = 6 and thus J(z1, z2, z3, z4, 0, z6, z7, z8) = 3. �

5.2. Criteria for rank one singular points. Now let us study the singular points of rank
one of (J,Ht).

Lemma 5.3.
(1) All rank one singular points with dJ = 0 lie in J−1(0) and J−1(3).
(2) All points in J−1(0) and J−1(3) satisfy dJ = 0 and are thus rank zero or rank one

singular points.

Proof. 1) Let p be a singular point with dJ(p) = 0. If p lies in U2 or U3 or U6 or U7 then,
by the proof of Theorem 5.1, p is an invariant singular point and thus, by Theorem 5.1, is
not of rank one. Therefore p must lie in U1 or U4 or U5 or U8. From the proof of Theorem
5.2, we deduce that J(p) equals either 0 and 3.

2) The value of J in its global maximum is 3 and in its global minimum 0. Thus we
automatically have dJ = 0 on J−1(0) and J−1(3). �

Now we will investigate the case of rank one singular points with dJ , 0. First deduce

Proposition 5.4. Let (x + iy, u + iv) ∈ ϕ−1
1 (U1) be a singular point of (J,Ht = H(t1,t2,t3,t4))

with d(J ◦ ϕ1)(x + iy, u + iv) , 0 and t1 , 0. Then v = 0.
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Proof. It is convenient to work with the polar coordinates P1 as defined in (4.1). Some-
times we identify cos(ϑ1) + i sin(ϑ1) = eiϑ1 etc. We compute

(J ◦ ϕ1)
(
r1 cos(ϑ1) + i r1 sin(ϑ1), r2 cos(ϑ2) + i r2 sin(ϑ2)

)
=

r2
1

2
,

(Ht ◦ ϕ1)
(
r1 cos(ϑ1) + i r1 sin(ϑ1), r2 cos(ϑ2) + i r2 sin(ϑ2)

)
= Γt(r1, r2) + t1 cos(ϑ2) Ω(r1, r2)

where t1 is the first coordinate of t = (t1, t2, t3, t4) and Γt : D1 → R and Ω : D1 → R are
defined by the equation above in the sense that Ω is the unique function that satisfies

(γ1 ◦ ϕ1)(r1eiϑ1 , r2eiϑ2) = cos(ϑ2) Ω(r1, r2)

and can be explicitly computed as

Ω(r1, r2) =
r2

50

√
(8 − r2

2)(2 + 2r2
1 − r2

2)(6 − 2r2
1 + r2

2)(4 + r2
1 − r2

2)(2 − r2
1 + r2

2)

and Γt is given by

Γt(r1, r2) =
1

100

(
100 − 200t1 + 1152t3 − 50r2

1 + 100t1r2
1 − 192t3r2

1 + 72t2r4
1 − 184t3r4

1

+ 16t4r4
1 − 48t2r6

1 + 16t3r6
1 + 8t4r6

1 + 8t2r8
1 + 8t3r8

1 + t4r8
1 + 50r2

2 − 100t1r2
2

− 192t3r2
2 + 304t3r2

1r2
2 + 24t2r4

1r2
2 − 8t3r4

1r2
2 − 8t4r4

1r2
2 − 8t2r6

1r2
2 − 24t3r6

1r2
2

− 2t4r6
1r2

2 − 88t3r4
2 − 16t3r2

1r4
2 + 2t2r4

1r4
2 + 26t3r4

1r4
2 + t4r4

1r4
2 + 8t3r6

2

−12t3r2
1r6

2 + 2t3r8
2

)
.

Recall that dJ , 0 by assumption. Thus a singular point is of rank one if there exists s ∈ R
such that for α ∈ {r1, r2, ϑ1, ϑ2}

s ∂α(J ◦ ϕ1 ◦ P1) = ∂α(Ht ◦ ϕ1 ◦ P1).

This leads to the equations

sr1 = ∂r1(Ht ◦ ϕ1 ◦ P1), 0 = ∂r2Γt1,t2,t3,t4(r1, r2) + t1 cos(ϑ2) ∂r2Ω(r1, r2),

0 = 0, 0 = −t1 sin(ϑ2) Ω(r1, r2).

The above equations reduce to

0 = ∂r2Γt1,t2,t3,t4(r1, r2) + t1 cos(ϑ2) ∂r2Ω(r1, r2), 0 = sin(ϑ2) Ω(r1, r2).

By Lemma 4.3, Ω(r1, r2) is non zero on its domain of definition. Therefore the only
way to have 0 = sin(ϑ2) Ω(r1, r2) is to require either ϑ2 = 0 or ϑ2 = π. Both cases result
in v = 0. �

In particular, we obtain

Corollary 5.5. Let r1 , 0 and t1 , 0 and let (r1, r2) ∈ D1 be a solution of

(5.1) 0 = (∂r2Γt1,t2,t3,t4(r1, r2))2 − t2
1(∂r2Ω(r1, r2))2.

Then for arbitrary ϑ1 and either ϑ2 = 0 or ϑ2 = π, we find that (ϕ1 ◦ P1)(r1, r2, ϑ1, ϑ2) is
a singular point of rank one.
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Proof. The choice of ϑ2 ∈ {0, π} at the end of the proof of Proposition 5.4 yields the two
equations

0 = ∂r2Γt1,t2,t3,t4(r1, r2) ± t1∂r2Ω(r1, r2)
which can be combined to

0 = (∂r2Γt1,t2,t3,t4(r1, r2))2 − t2
1(∂r2Ω(r1, r2))2.

�

The advantage of equation (5.1) is that it can easily be reduced to a polynomial since
there are no square roots involved in contrast to the original equations. A disadvantage of
this combined equation is that after having found a solution we still need to check whether
these solutions satisfy

0 = ∂r2Γt1,t2,t3,t4(r1, r2) + t1∂r2Ω(r1, r2) or 0 = ∂r2Γt1,t2,t3,t4(r1, r2) − t1∂r2Ω(r1, r2).

5.3. Criteria for singular points via symplectic reduction. Recall the notion of a sym-
plectic quotient from Theorem 2.15 and apply it to J : M → R and its induced S1-action
to obtain J−1( j)/S1 =: Mred, j. Denote by Hred, j

t : Mred, j → R the Hamiltonian Ht : M → R
descended to the symplectic quotient Mred, j. In this section, we show how to reduce the
problem of finding and determining singular points of (J,Ht) : M → R2 on M to finding
and determining singular points of Hred, j

t : Mred, j → R. The latter problem is easier to
solve since it is lower dimensional.

The reduced space Mred, j is plotted for various values of J in Figure 5.2. For details
about the topology and geometry of Mred, j, we refer the reader to the papers by De Meu-
lenaere & Hohloch [DMH21, Section 4] and Le Floch & Palmer [LFP21]. In short, for all
regular values of J, the reduced spaces Mred, j are smooth manifolds diffeomorphic to S2.
The J-values j ∈ {0, 1, 2, 3} are singular and the shape of the reduced space depends on
the J-value being at a maximum/minimum of J or not: according to Le Floch & Palmer
[LFP21, Lemma 2.12] and De Meulenaere & Hohloch [DMH21, Lemma 4.1], the re-
duced spaces for j ∈ {0, 3} are diffeomorphic to S2 but for j ∈ {1, 2} only homeomorphic
to S2.

For regular levels of J, the following statement explains the relation between rank one
singular points on M and singular points on the symplectic quotient. Recall that a group
action is free if it has no fixed points. Acting freely on a point means that the stabiliser of
this point is trivial.

Lemma 5.6. Let p ∈ M be a singular point of (J,Ht) such that the S1-action induced by
J acts freely on p and denote by [p] ∈ Mred,J(p) = J−1(J(p))/S1 the equivalence class of
p. Then

(1) p is non-degenerate if and only if [p] ∈ Mred,J(p) is non-degenerate (in the sense
of Morse theory) for Hred,J(p)

t .
(2) p is hyperbolic-regular if and only if [p] ∈ Mred,J(p) is a hyperbolic fixed point for

Hred,J(p)
t .

(3) p is elliptic-regular if and only if [p] ∈ Mred,J(p) is an elliptic fixed point for
Hred,J(p)

t .

Proof. See for example Le Floch & Palmer [LFP21, Lemma 2.6]. �
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Figure 5.2. The reduced manifold Mred, j for different values j of J.

Lemma 5.7. The S1-action induced by J acts freely on the set of points with dJ , 0.

Proof. In our convention, the maximal period of the S1-action induced by J equals 2π. By
Theorem 4.4, the period of points with dJ , 0 is 2π, thus the action on this set is free. �

Given a (2 × 2)-matrix A =
( a11 a12

a21 a22

)
, its characteristic polynomial is given by

χA(λ) := det(A − λ Id) = λ2 − (a11 + a22)λ + a11a22 − a12a21.

By means of det(A) = a11a22 − a12a21 and tr(A) = a11 + a22, we can reformulate χA as

χA(λ) = λ2 − tr(A)λ + det(A)

so that we obtain the following formula for the eigenvalues of A:

λ± = 1
2

(
tr(A) ±

√
tr(A)2 − 4 det(A)

)
.

Now consider

Lemma 5.8. Let p ∈ U1 be a rank one singular point with dJ(p) , 0.
(1) p is hyperbolic-regular for (J,Ht) if and only if

∂2
uHred,J(p)

t ∂2
vHred,J(p)

t −
(
∂u∂vHred,J(p)

t

)2
< 0.
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(2) p is elliptic-regular for (J,Ht) if and only if

∂2
uHred,J(p)

t ∂2
vHred,J(p)

t −
(
∂u∂vHred,J(p)

t

)2
> 0.

Proof. We only prove the first claim since the second one follows analogously. By Lemma
5.6, the point p is hyperbolic-regular if and only if

ω−1
p d2Hred,J(p)(p) =

(
−∂u∂vHred,J(p)

t −∂2
uHred,J(p)

t

∂2
vHred,J(p)

t ∂u∂vHred,J(p)
t

)
has two non-zero real eigenvalues. Since this matrix is traceless this is equivalent with

det
(
−∂u∂vHred,J(p)

t −∂2
uHred,J(p)

t

∂2
vHred,J(p)

t ∂u∂vHred,J(p)
t

)
< 0.

This gives us

∂2
uHred,J(p)

t ∂2
vHred,J(p)

t −
(
∂u∂vHred,J(p)

t

)2
< 0.

�

5.4. Criteria for degenerate singular points. Recall that we obtained (J,Ht) from the
toric system (J,H) by perturbing H to Ht while leaving J unchanged. This allows us to
give a fairly simple criterion in terms of the Hessian of Ht for degenerate singular points
whenever dJ , 0, as we will see below.

Theorem 5.9. Consider (J,Ht) and assume t1 , 0 in t = (t1, t2, t3, t4). Recall the polar
coordinates P1(r1, r2, ϑ1, ϑ2) = (r1eiϑ1 , r2eiϑ2) from (4.1). Let (r1eiϑ1 , r2eiϑ2) ∈ ϕ−1

1 (U1) be a
rank one singular point of (J,Ht) with dJ , 0. Then

(r1eiϑ1 , r2eiϑ2) degenerate ⇔
(
∂2

r2
Γt(r1, r2)

)2
+ t1 cos(ϑ2) ∂2

r2
Ω(r1, r2) = 0.

In particular, these degenerate singular points satisfy

(5.2)
(
∂2

r2
Γt(r1, r2)

)2
− t2

1

(
∂2

r2
Ω(r1, r2)

)2
= 0.

Proof. Let the rank of the singular point z := (r1eiϑ1 , r2eiϑ2) be one but d(J◦ϕ1) , 0. Please
note that, for sake of readability, we write in the following computation Hred, j

t instead of
Hred, j

t ◦ ϕ1 ◦ P1 where j := J(ϕ1(z)). Recall that degeneracy of a singular point z with
d(J ◦ ϕ1)(z) , 0 is, according to Lemma 5.6 and Lemma 5.7, equivalent with

(5.3) 0 = det
(
d2Hred, j

t

)
= det

(
∂2

r2
Hred, j

t ∂r2∂ϑ2 Hred, j
t

∂r2∂ϑ2 Hred, j
t ∂2

ϑ2
Hred, j

t

)
.

Using the formulas computed in the proof of Proposition 5.4 and in particular sin(ϑ2) = 0,
equation (5.3) becomes

0 = det
(
∂2

r2
Γt (r1, r2) + t1 cos(ϑ2) ∂2

r2
Ω (r1, r2) −t1 sin(ϑ2) ∂r2Ω (r1, r2)

−t1 sin(ϑ2) ∂r2Ω (r1, r2) −t1 cos(ϑ2) Ω (r1, r2)

)
= det

(
∂2

r2
Γt (r1, r2) + t1 cos(ϑ2) ∂2

r2
Ω (r1, r2) 0

0 −t1 cos(ϑ2) Ω (r1, r2)

)
= −t1 cos(ϑ2) Ω (r1, r2) ∂2

r2
Γt (r1, r2) − t2

1 cos2(ϑ2) Ω (r1, r2) ∂2
r2

Ω (r1, r2) .
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Using the fact that t1 , 0 and Lemma 4.3, we obtain

(5.4) ∂2
r2

Γt(r1, r2) + t1 cos(ϑ2) ∂2
r2

Ω(r1, r2) = 0.

Moreover, sin(ϑ2) = 0 implies cos(ϑ2) = ±1. Inserting both options in equation (5.4) and
multiplying them, yields (

∂2
r2

Γt(r1, r2)
)2
− t2

1

(
∂2

r2
Ω(r1, r2)

)2
= 0.

�

Note that equation (5.2) can be written as a polynomial fraction. In particular, when
working with Mathematica, determining the zeros of a polynomial is much faster than
determining the zeros of an arbitrary equation that contains square roots. In addition,
instead of solving two equations, finding degenerate points can be done by solving only
one equation.

6. Hyperbolic-regular fibres

In this section, we will study the occurrence and topology of hyperbolic-regular fibres
in the systems (J,Ht) for certain values of the parameter t by means of symplectic reduc-
tion. Note that the coordinate charts (Uν, ϕν) of (M, ω) for 1 ≤ ν ≤ 8 are closed w.r.t. the
actions induced by J and H but not always w.r.t. the action induced by Ht. In particular,
the coordinate charts descend to the reduced space Mred, j. For example, ϕ1 descends to
Mred, j as

ϕ
red, j
1 : C→ Ured, j

1 :=
(
U1 ∩ J−1( j)

)
/S1 ⊂ Mred, j, ϕ

red, j
1 (u, v) := ϕ1

( √
2 j, 0, u, v

)
.

In case the reduced spaces are not smooth, one may need certain additional assumptions
which we will introduce when needed.

Now recall some notions and results from Gullentops [Gul22] and Gullentops &
Hohloch [GH22] concerning hyperbolic-regular fibres of proper S1-systems.

Definition 6.1. If a space is homeomorphic to the product of a figure eight loop (cf. Figure
6.1b) with a circle we call it a 2-stacked torus (see Figure 1.2a). Moreover, if a space is
homeomorphic to the product of a curve as in Figure 6.2b with a circle then it is said to
be a 3-stacked torus (see Figure 1.2b). Analogously we define a 4-stacked torus and so
on.

Intuitively, a 2-stacked torus can be seen as two tori ‘glued on top of each other’, a
3-stacked torus as three tori ‘glued on top of each other’ and so on for the 4-stacked torus
etc.

6.1. Appearing hyperbolic-regular fibres. Note that the symplectic quotient Mred, j has
certain features in common with the generalised bouquet (G, S ,C) in Theorem 2.14: G
is defined as the quotient of a given hyperbolic-regular fibre w.r.t. the action induced by
J. Therefore G appears naturally as a subset of some reduced space Mred, j. Because of
Lemma 5.6, G is in fact a hyperbolic fibre of (Mred, j,Hred, j). The set S is the quotient of
the set of points with J-period π. Note that S = ∅ here due to Theorem 4.4.

We want to use this to deduce the topology of a hyperbolic-regular fibre of Ht by
looking at the level sets of Hred, j

t on Mred, j.
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Example 6.2. Let t = (t1, t2, t3, t4) =
(

1
4 ,

1
3 ,

1
3 , 1

)
and j = 2. Then there exists h ∈ R such

that the fibre (Hred,2
t )−1(h) is homeomorphic to a figure eight (see Figure 6.1a) and, as a

result, the fibre (J,Ht)−1(2, h) is homeomorphic to a 2-stacked torus (see Figure 1.2a).

Proof. To determine the singular points on Mred,2, we employ Corollary 5.5: For t =

(t1, t2, t3, t4) =
(

1
4 ,

1
3 ,

1
3 , 1

)
and j = 2, the following polynomial is the numerator of the

expression (5.1) evaluated with Mathematica:

0 = 655.36 − 286855 r2 + 797691 r4 − 972680 r6 + 684747 r8

− 309212 r10 + 94171.9 r12 − 19783.5 r14 + 2874.65 r16

− 283.91 r18 + 18.1967 r20 − 0.682667 r22 + 0.0113778 r24

Solving this equation gives us exactly two singular points in the domain of ϕred,2
1 , namely

ξ1 := (1.48116, 0) and ξ2 := (−1.66216, 0). Using Lemma 5.8, we conclude that ξ1 ∈

Mred,2 is a singular point of hyperbolic type of Hred,2
t and ξ2 ∈ Mred,2 is a singular point

of elliptic type of Hred,2
t . Now set h := Hred,2

t (ξ1). Plotting (Hred,2
t )−1(h), see Figure 6.1a,

we find it to be homeomorphic to a figure eight curve, see Figure 6.1b. The associated
generalised bouquet is given by(

G := (Hred,2
t )−1(h), S := ∅, C := {ξ1}

)
and therefore, by Theorem 2.14, the fibre (J,Ht)−1(2, h) is homeomorphic to a 2-stacked
torus. �

-3 -2 -1 0 1 2 3
v-3

-2

-1

0

1

2

3
u

J(p)=2.0

(a) Hyperbolic fibre on the reduced chart ϕred,2
1

with one elliptic and one hyperbolic singular
point visible.

(b) Figure eight curve.

Figure 6.1. 2-stacked torus on the reduced space Mred,2 from Example 6.2.

Example 6.3. Let t = (t1, t2, t3, t4) =
(

1
2 ,

1
2 ,

1
3 , 1

)
and j = 2. Then there exists h ∈ R such

that the fibre (Hred,2
t )−1(h) is homeomorphic to the curves plotted in Figure 6.2 and, as a

result, the fibre (J,Ht)−1(2, h) is homeomorphic to a 3-stacked torus (see Figure 1.2b).

Proof. To determine the singular points on Mred,2, we employ Corollary 5.5: For t =

(t1, t2, t3, t4) =
(

1
2 ,

1
2 ,

1
3 , 1

)
and j = 2, the following polynomial is the numerator of the
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expression (5.1) evaluated with Mathematica:

0 = 2621.44 − 366594 r2 + 966351 r4 − (1.12567 ∗ 106) r6 + 761534 r8

− 332674 r10 + 98714.3 r12 − 20343.5 r14 + 2917.25 r16 − 285.733 r18

+ 18.2302 r20 − 0.682667 r22 + 0.0113778 r24

Solving this equation gives us exactly four singular points in the domain of ϕred,2
1 , namely

ξ1 := (1.56842, 0), ξ2 := (2.23607, 0), ξ3 := (−2.23607, 0), ξ4 := (2.74592, 0).

Using Lemma 5.8, we conclude that ξ1, ξ4 ∈ Mred,2 are singular points of hyperbolic
type of Hred,2

t and ξ2, ξ3 ∈ Mred,2 are singular points of elliptic type of Hred,2
t . Now set

h := Hred,2
t (ξ1) = Hred,2

t (ξ4). Plotting (Hred,2
t )−1(h), see Figure 6.2a, we find it to be homeo-

morphic to the curve plotted in Figure 6.2b. The associated generalised bouquet is given
by (

G := (Hred,2
t )−1(h), S := ∅, C := {ξ1, ξ4}

)
and therefore, by Theorem 2.14, the fibre (J,Ht)−1(2, h) is homeomorphic to a 3-stacked
torus. �

-3 -2 -1 0 1 2 3
v-3

-2

-1

0

1

2

3
u

J(p)=2.0

(a) Hyperbolic fibre on the reduced chart ϕred,2
1

with two hyperbolic and two elliptic singular
points visible.

(b) Homeomorphic drawing of the plotted red
curve in Figure 6.2a.

Figure 6.2. 3-stacked torus on the reduced space Mred,2 from Example 6.3.

6.2. Collisions of 2-stacked torus fibres. Example 6.2 and Example 6.3 are in fact part
of a larger picture in the sense that transition from one to the other happens naturally for
certain values of J and t as we will see now. Moreover, we observe again the importance
of Theorem 2.14 when we deduce the topology of the fibre from its topological shape in
the reduced space.

Example 6.4. Consider (J,Ht) for t =
(

1
2 ,

1
2 ,

1
3 , 1

)
. In Figure 6.3, the domains of ϕred, j

1 for

certain values of J are plotted. Figure 6.3 displays the fibres of Hred, j
t . Thus, by Theorem

2.14, the connected components of the hyperbolic-regular fibres are 2-stacked tori except
for j = 2 where the collision of two 2-stacked tori creates a 3-stacked torus, see Figure
6.4. Note that this is the only fibre of

(
J,H( 1

2 ,
1
2 ,

1
3 , 1)

)
that is not a 2-stacked torus.
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Proof. Let t =
(

1
2 ,

1
2 ,

1
3 , 1

)
. Figure 6.3 and Figure 6.4 are obtained similarly as the figures

used for Example 6.2 and Example 6.3. The sequence of subfigures of Figure 6.3 shows
the fibres of Hred, j

t transitioning from two elliptic singular points via one figure eight curve
to two figure eight curves and back to two elliptic points. Figure 6.4 zooms in between
j = 1.90125 and j = 2.10125 and displays how the two figure eight curves collide into a
curve underlying a 3-stacked torus and then revert back into a figure eight curve. �
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Figure 6.3. Domains of ϕred, j
1 for certain values of j = J(p) where p is

some representative point in the domain to trace the value of J. The subfig-
ures show the fibres of Hred, j

( 1
2 ,

1
2 ,

1
3 , 1) transitioning from two elliptic singular

points via one figure eight curve to two figure eight curves and back to two
elliptic points.

Example 6.4 can also be observed via the bifurcation diagram:

Remark 6.5. Each point of a blue line in Figure 6.5 has a 2-stacked torus as fibre. At the
intersection point of the blue lines, the fibres of the 2-stacked tori collide into a 3-stacked
torus.
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Figure 6.4. Quotient of the transition from two 2-stacked tori via one 3-
stacked torus to one 2-stacked torus by the S1-action of J.

6.3. Upper bound. We can also easily produce a 4-stacked torus. It is generated by a
collision of a 3-stacked torus with a 2-stacked torus:

Example 6.6. Let τ = −12.045 and t = (t1, t2, t3, t4) =
(

1
2 ,

τ
2 ,

τ
3 , τ

)
and consider (J,Ht) for

j = 2. Then there exists h ∈ R such that the fibre (Hred,2
t )−1(h) is homeomorphic to the

curve plotted in Figure 6.6 and, as a result, the fibre (J,Ht)−1(2, h) is homeomorphic to a
4-stacked torus.

Proof. Let τ = −12.045 and t = (t1, t2, t3, t4) =
(

1
2 ,

τ
2 ,

τ
3 , τ

)
. To determine the singular

points on Mred,2, we use Corollary 5.5 and obtain for the numerator of the expression
(5.1) evaluated with Mathematica:

0 = 2621.44 − (5.11466 ∗ 107) r2 + (1.35995 ∗ 108) r4 − (1.59003 ∗ 108) r6

+ (1.07988 ∗ 108) r8 − (4.73907 ∗ 107) r10 + (1.41302 ∗ 107) r12

− (2.92511 ∗ 106) r14 + 421026 r16 − 41351 r18 + 2642.8 r20

− 99.0427 r22 + 1.65071 r24

Solving this equation gives us exactly six singular points in the domain of ϕred,2
1 , namely

ξ1 := (−1.78207, 0), ξ2 := (2.23607, 0), ξ3 := (−2.61232, 0),
ξ4 := (−2.23607, 0), ξ5 := (1.83516, 0), ξ6 := (2.5753, 0).

Figure 6.5. Bifurcation around the 3-stacked torus.
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Using Lemma 5.8, we conclude that ξ1, ξ2, ξ3 ∈ Mred,2 are singular points of hyperbolic
type of Hred,2

t and ξ4, ξ5, ξ6 ∈ Mred,2 are singular points of elliptic type of Hred,2
t . Now set

h := Hred,2
t (ξ1) = Hred,2

t (ξ2) = Hred,2
t (ξ3) = −14.7267. Plotting (Hred,2

t )−1(h) we find it to
be the curve plotted in Figure 6.6. The associated generalised bouquet is given by(

G :=
(
Hred,2

t
)−1(h), S := ∅, C := {ξ1, ξ2, ξ3}

)
and therefore, by Theorem 2.14, the fibre (J,Ht)−1(2, h) is homeomorphic to a 4-stacked
torus. �
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Figure 6.6. Appearance of a 4-stacked torus as explained in Example 6.6
where t = (t1, t2, t3, t4) =

(
1
2 ,

τ
2 ,

τ
3 , τ

)
with τ = −12.045.

The natural question now is how far we can push this — can we get a 5-stacked torus, a
6-stacked torus and so on? To answer this questions, we need, among others, the following
result:

Proposition 6.7 (Gullentops [Gul22, Theorem 3.16]). Let (N, ω) a compact symplectic
2-dimensional manifold and H : N → R a smooth Hamiltonian function. For every point
x in a hyperbolic fibre, limt→±∞ΦH

t (x) is a hyperbolic fixpoint.

Now we determine an upper bound k for k-stacked tori in our family (J,Ht) of proper
S1-systems.

Theorem 6.8. Let t1 , 0. Then the number of hyperbolic points in a fibre of
(
Mred, j,Hred, j

t

)
cannot exceed twelve. In particular, there are no k-stacked tori possible for k > 13.
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Proof. Step 1: Obtaining of an upper bound. Every hyperbolic point is a solution of equa-
tion (5.1) which, in our situation, takes the form

0 = f1(r1, r2, t) +
f2(r1, r2, t)
f3(r1, r2, t)

where r1 =
√

2 j, and thus j =
r2

1
2 , and f1, f2 and f3 are polynomials defined on D1 (see

Figure 3.1 and Equation (4.1)) with values in R given by

f1(r1, r2, t) := r2
2
(
−25 + 50t1 + 2(−6 + r2

1)2(−6 + 2r2
1 − r2

2)t2 + 96t3 − 152t3r2
1 + 4t3r4

1+

12t3r6
1 + 88t3r2

2 + 16t3r2
1r2

2 − 26t3r4
1r2

2 − 12t3r4
2 + 18t3r2

1r4
2 − 4t3r6

2 + 144t4

− 12t4r2
1 − 8t4r4

1 + t4r6
1 − 36t4r2

2 + 12t4r2
1r2

2 − t4r4
1r2

2
)2
,

f2(r1, r2, t) := (−384 + 160r2
2 + 324r4

2 − 88r6
2 − 15r8

2 + 3r10
2 + 4r8

1(−4 + r2
2) + r6

1(96r2
2 − 18r4

2)

+ 2r4
1(120 − 46r2

2 − 75r4
2 + 13r6

2) + r2
1(−160 − 600r2

2 + 192r4
2 + 84r6

2 − 15r8
2))2t2

1,

f3(r1, r2, t) := (−8 + r2
2)(−8 + r4

1 − 2r2
2 + r4

2 − 2r2
1(−1 + r2

2))(−12 + 4r4
1 + 4r2

2 + r4
2 − 4r2

1(2 + r2
2)).

As in Examples 6.2, 6.3, 6.6 with associated Figures 6.1, 6.2, 6.6 it is enough to work on
the reduced space Mred, j. Since r1 =

√
2 j where j is the level of J, we are only interested

in the properties concerning r2. The highest order term in r2 of the numerator of the
rational function f1(r1, r2, t) +

f2(r1,r2,t)
f3(r1,r2,t)

is 16t2
3r24

2 which is of degree 24 in the variable r2.
Thus the expression f1(r1, r2, t) +

f2(r1,r2,t)
f3(r1,r2,t)

can maximally have 24 zeros in the variable
r2 for every value of r1. Therefore Ured, j

1 can maximally contain 24 singular points. The
chart Ured, j

1 covers all of Mred, j apart from a finite number of points: for j ≤ 1, the chart
misses exactly one point, and, for j > 1, the chart misses exactly two points. Therefore
Mred, j contains maximally 26 singular points.

Step 2: Determining the number of hyperbolic points. Let (J,Ht)−1( j, h) be a hyperbolic-
regular fibre and assume that it is connected (otherwise see Step 11). The connected com-
ponents of Mred, j \

(
Hred, j

t
)−1(h) are open in Mred, j and are referred to as faces. We con-

sider
(
Hred, j

t
)−1(h) as graph where the vertices are given by the hyperbolic singular points

Hyp
(
Hred, j

t

)
and the edges by the connected components of

(
Hred, j

t
)−1(h) \ Hyp

(
Hred, j

t

)
.

Now we will show that each face contains at least one singular point of Hred, j
t . Let C

be a face and C its closure. Since Mred, j is homeomorphic to a 2-sphere C is compact.
Therefore Hred, j

t attains a maximum and a minimum on C. By definition, Hred, j
t is constant

on
(
Hred, j

t
)−1(h). Since the boundary C \ C is a subset of

(
Hred, j

t
)−1(h) the function Hred, j

t is
either constant on C or has at least one extremum in C. If Hred, j

t is smooth in the extremum
then the extremum is attained in a singular point of Hred, j

t . The only points where Hred, j
t is

not smooth are the invariant singular points (see Theorem 5.1). Therefore the face Cmust
contain at least one singular point.

Euler’s formula for connected graphs with finite number of faces, edges, and vertices
in R2 is given by

(6.1) | f aces| − |edges| + |vertices| = 2.

By definition, the vertices of the graph induced by
(
Hred, j

t
)−1(h) are the hyperbolic singular

points. Since a hyperbolic point p in the plane has exactly one stable and one unstable
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manifold a small neighbourhood of p in
(
Hred, j

t
)−1(h) \ {p} has 4 connected components of

which two come from the stable manifold (‘stable branches’) and two from the unstable
one (‘unstable branches’). These are the ends of the edges meeting in p. By Theorem 6.7
the two ends of an edge are always branches. Therefore

|edges| =
4 |vertices|

2
= 2 |vertices|.

By definition of the graph, we obtain

2
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣ = |edges|.

Together with Euler’s formula (6.1), this leads to

2 = | f aces| − 2
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣ +
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣ = | f aces| −
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣
and therefore

(6.2) | f aces| =
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣ + 2.

Since each face contains at least one singular point and since the total of singular points
is maximally 26, we deduce

26 ≥ | f aces| +
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣ = 2
∣∣∣∣Hyp

(
Hred, j

t

)∣∣∣∣ + 2.

which results in
12 ≥

∣∣∣∣Hyp
(
Hred, j

t

)∣∣∣∣ .
Step 3: Location of singular points. Recall that Mred, j is diffeomorphic to a 2-sphere

for j , {1, 2} and homeomorphic to a 2-sphere for j ∈ {1, 2}. The chart (Ured, j
1 , ϕ

red, j
1 )

covers all but one point of Mred, j if j < 1 and all but two points if j ≥ 1. By Proposition
5.4, all singular points (x + iy, u + iv) in the chart (U1, ϕ1) satisfy v = 0. This property
descends to the reduced chart

(
Ured, j

1 , ϕ
red, j
1

)
. Therefore all these points lie on a line L ⊂ C,

more precisely in L∩
(
ϕ

red, j
1

)−1 (
Ured, j

1
)
. The image ϕ1(L) consists of a circle minus one or

two points in Mred, j. We denote by SL the closure of ϕ1(L), i.e., it includes these missing
points. Note that the points missing in ϕ1(L) coincide with the points missed by the chart
ϕ1. Thus any singular point on Mred, j must lie on SL.

Step 4: Whereabouts of the faces. Recall that each face contains a singular point. Thus
each face has to intersect SL.

Step 5: Reflection along SL. From the definition of Ht and Hred, j
t , we obtain that

Hred, j
t (ϕred, j

1 (u + iv)) = Hred, j
t (ϕred, j

1 (u− iv)), meaning, the function Hred, j
t ◦ϕ

red, j
1 is invariant

under reflection along the line L containing the singular points. Thus Hred, j
t is invariant

under reflection along the circle SL containing the singular points. Therefore the ‘graph’(
Hred, j

t
)−1(h) is invariant under this reflection.

Step 6: Transverse intersections withSL. A Hamiltonian solution γ of Hred, j
t is said to be

heteroclinic from the hyperbolic point p− to the hyperbolic point p+ if lims→±∞ γ(s) = p±.
A Hamiltonian solution is said to be homoclinic if it is heteroclinic with p− = p+.

Endow the line L with the ordering induced by the ascending real coordinate and induce
a (circular) ordering on SL.
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Let p̃ ∈ SL ∩
(
Hred, j

t
)−1(h) and let V be a sufficiently small neighbourhood of p̃ in(

Hred, j
t

)−1(h). The number of connected components of V \ {p̃} must be even since p̃ is
either hyperbolic (causing four components) or regular (causing two components).

We now show that these connected components of V \ {p̃} can never lie on SL. We
argue by contradiction: Assume that p̃ ∈ SL ∩

(
Hred, j

t
)−1(h) where two of the components

of V \ {p′} are contained in SL. If p̃ is regular then the flow line s 7→ Φ
Hred, j

t
s ( p̃) must stay

in SL for all s ∈ R due to the invariance of
(
Hred, j

t
)−1(h) under reflection (otherwise the

solution would have to split into two branches in contradiction to uniqueness of ODEs).
Since dimR(SL) = 1 it is either heteroclinic or homoclinic to some hyperbolic points.

In particular, s 7→ Φ
Hred, j

t
s (p̃) lies on one branch of the 1-dimensional stable and unstable

manifolds of these hyperbolic points. These branches therefore have to lie on SL. Since(
Hred, j

t
)−1(h) is invariant under the above mentioned reflection, the other branch has to

lie on SL, too. Therefore the whole stable or unstable manifolds of the hyperbolic points
adjacent to p̃ on the circle lie on SL. Iterating this argument, we obtain that SL must be a
subset of

(
Hred, j

t
)−1(h). Therefore no face intersects SL. This leads to a contradiction with

the result of Step 4.
Therefore all intersections of

(
Hred, j

t
)−1(h) withSL are transverse in the following sense:

if the intersection point is hyperbolic, the stable and unstable manifolds both intersect
the circle transversely. If the intersection point is regular then, due to invariance under
reflection, the intersection is in fact perpendicular and the intersection point must lie on a
homoclinic orbit.

Step 7: Existence of a homoclinic orbit. We want to show that there exists at least one
homoclinic orbit. We argue by contradiction: assume that there is no homoclinic orbit.
This means in particular that the only intersections of

(
Hred, j

t
)−1(h) with SL are precisely

the hyperbolic points. These cut SL into as many segments as there are hyperbolic points.
Moreover, each segment between two adjacent hyperbolic points lies completely in a face.
By equation (6.2), we have two more faces than hyperbolic points. Therefore there exist
at least two faces which do not intersect the circle which contradicts the result of Step 4.

Step 8: The generalised bouquet. By Theorem 6.7, every flow line begins and ends at
a hyperbolic point, i.e., all flow lines are heteroclinic or homoclinic. Consider a hyper-
bolic point with a homoclinic orbit. Then either the remaining stable and unstable branch
are connected by another homoclinic orbit or not. In the latter case, both are connected
via heteroclinic orbits to hyperbolic points. Due to invariance under reflection, these hy-
perbolic points must coincide. Now repeat this argument for this hyperbolic point. Since
there are only finitely many hyperbolic points this procedure terminates after finitely many
steps with an homoclinic orbit. Intuitively,

(
Hred, j

t
)−1(h) thus looks like a ‘loop chain’ as

in Figure 6.2b.
Step 9: The shape of the fibre. By Theorem 2.14 and Theorem 4.4, we obtain the fibre

(J,Ht)−1( j, h) by taking the product of the ‘loop chain’
(
Hred, j

t
)−1(h) with S1.

A ‘loop chain’ containing precisely one hyperbolic point leads to a 2-stacked torus.
More generally, a ‘loop chain’ with k hyperbolic points leads to a (k + 1)-stacked torus,
see Figure 1.2 for 2-stacked and 3-stacked ones.

Step 10: Working on ϕ1 is sufficient. Note that we need not look at other charts than ϕ1

since we accounted for all points missed by the chart ϕ1 in the steps above.
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Step 11: Case of graphs with several connected components. Concerning Step 2, if a
graph has N connected components, Eulers formula becomes

| f aces| − |edges| + |vertices| = N + 1,

see Wilson [Wil10, Corollary 13.3]. Thus our estimates continue to hold true since 2 ≤
N + 1 for 1 ≤ N. In all subsequent Steps, one may always work componentwise. �

The content of the proof of Theorem 6.8 gives rise to an interesting observation:

Corollary 6.9. Each connected components of Mred, j \
(
Hred, j

t
)−1(h) contains at least one

singular point of Hred, j
t .

Proof. See Step 2 in the proof of Theorem 6.8. �

7. Bifurcations of singular points

In this section, we will study how the position and type of singular points of (J,Ht)
change when the parameter t = (t1, t2, t3, t4) varies. Here both the rank zero singular points
and the rank one singular points display interesting behavior. We will not only consider
non-degenerate but also degenerate singular points.

7.1. Bifurcation diagram. Given a 4-dimensional completely integrable system
(M, ω,F ), the image of the momentum map F (M) is a subset of R2. When decorated
with the singular values of the system, we rather refer to it as bifurcation diagram. The
leaf space of (M, ω,F ) is the space M�∼, where p ∼ q if and only if p and q belong to the
same connected component of a fibre of F .

In the classification of toric and semitoric systems, the image of the momentum map
plays a crucial role: for toric systems, it is the only invariant and, for semitoric systems, it
is used to construct the so-called polygon invariant. For hypersemitoric systems or even
more general S1-systems, there is not yet any symplectic classification in the spirit of
the ones for toric and semitoric systems. In particular, it is not yet clear how the image
of the momentum map would/will be incorporated: The main problem is that fibres of
hypersemitoric systems or even more general S1-systems are not necessarily connected.

Since the fibres of toric and semitoric systems on connected manifolds are connected,
the image of the momentum map can be identified with the leaf space.

Definition 7.1. An unfolded bifurcation diagram (short UBD) of a 4-dimensional com-
pletely integrable system (M, ω,F ) is a path connected topological spaceUBD together
with a projection π : UBD → F (M) such that, for all r ∈ R2, the number of points in
π−1(r) equals the number of connected components of F −1(r).

If there exists a continuous embedding i : F (M) ↪→ M that is a right inverse of F then
the leaf space forms a canonical unfolded bifurcation diagram.

Unfolded bifurcation diagrams and leaf spaces are essential tools when studying the
dynamics of hypersemitoric and proper S1-systems since they allow for visualization of
features that the image of the momentum map cannot provide (for instance displaying
so-called flaps and swallowtails, see Figure 1.1 and Section 7.2).



CREATING HYPERBOLIC-REGULAR SINGULARITIES IN THE PRESENCE OF AN S1-SYMMETRY 35

7.2. Flaps and swallowtails. Intuitively, a flap (cf. Figure 1.1a and Figure 7.1) can be
thought of as triangular shaped momentum map image of a toric system that is attached
to another integrable system along one side consisting of hyperbolic-regular values and
ending in parabolic values. The other two sides of the triangle consist of elliptic-regular
values that become an elliptic-elliptic value at the common vertex of these sides.

Thus flaps are easier visualised in an unfolded bifurcation diagram than just in the usual
bifurcation diagram. The hyperbolic-regular values are thus located where the unfolded
bifurcation diagram splits into different branches. On the image of the momentum map, a
flap looks like in Figure 7.1.

Figure 7.1. This plot shows a flap in the bifurcation diagram of (J,Ht) for
t =

( 7
20 ,

7
20 ,

7
30 ,

7
10

)
. The blue line consists of hyperbolic-regular values, the

red lines of elliptic-regular values and the dark dot is an elliptic-elliptic
value. The elliptic-elliptic point is

[√
2, 0, 0,

√
2, 2, 2

√
2,
√

6,
√

6
]
.

Example 7.2. For the parameter value t =
(

7
20 ,

7
20 ,

7
30 ,

7
10

)
, the system (J,Ht) has the flap

plotted in Figure 7.1.

Dullin & Pelayo [DP16] show how to create a small flap from a focus-focus point in
a 4-dimensional integrable system in the presence of an S1-action. Flaps play an essen-
tial role in Hohloch & Palmer [HP21] when extending S1-actions to (as nice as possible)
4-dimensional integrable systems. Note that, by using so-called blow-up or cutting tech-
niques (see for instance Hohloch & Palmer [HP21]), a flap can be modified to contain
several elliptic-elliptic points. This has a natural impact on its shape in the sense that the
flap gets more vertices, see Figure 7.2.

We will now see that the family (J,Ht) contains, for certain values of t, flaps of various
shapes:
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Figure 7.2. A flap displayed via the unfolded bifurcation diagram with
two elliptic-elliptic values as vertices along the green line consisting of
elliptic-regular values.

Example 7.3. For the parameter value t =
(

9
20 ,

9
20 ,

9
30 ,

9
10

)
, the system (J,Ht) has a flap

with two elliptic-elliptic vertices as plotted in Figure 7.3. This flap appears as the result
of the collision of two flaps.

De Meulenaere & Hohloch [DMH21] perturb the toric octagon system (J,H) by means
of a 1-dimensional family of parameters to generate focus-focus points from elliptic-
elliptic ones and to observe the collision of two fibres with one focus-focus point con-
tained in each in order to create one fibre containing 2 focus-focus points. Since their
perturbation is included as t = (t1, 0, 0, 0) ∈ R × {0} × {0} × {0} in our more general
family parametrised by t = (t1, t2, t3, t4) ∈ R4 it is only natural to expect the creation of
focus-focus points also in our family (J,Ht) for certain values of t.

In our system (J,Ht), singular points with J-value equal to zero or three can never be of
focus-focus type since their image never lies in the interior of the image of the momentum
map (cf. Theorem 2.4).

Transitions between elliptic-elliptic and focus-focus singularities are often called
Hamiltonian Hopf bifurcations and are, for instance, discussed in Van der Meer [vdM85]:
Such a bifurcation is called supercritical when the focus-focus value is generated by
passing of an elliptic-elliptic value from a boundary of the bifurcation diagram (see Figure
7.4a) to the interior and subcritical when the focus-focus point transitions to an ‘elliptic-
elliptic point on a flap’ (see Figure 7.4b).

Now we consider an example where all the invariant singular points become focus-
focus type for a certain interval and then, when they transition back to elliptic-elliptic
points, in addition a flap will be attached to them.

Example 7.4. Let p :=
[√

2, 0, 0,
√

2, 2, 2
√

2,
√

6,
√

6
]

(which is an invariant singular

point) and consider the 1-parameter subfamily
(
J,H( τ2 , τ2 , τ3 ,τ)

)
for τ ∈ R. For τ < 25

69 , the
point p is elliptic-elliptic and transitions at τ = 25

69 to a focus-focus point (see Figure
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Figure 7.3. Part of the bifurcation diagram of (J,Ht) for t =
(

9
20 ,

9
20 ,

9
30 ,

9
10

)
where two smaller flaps collided and a flap with two elliptic-elliptic vor-
tices appears. The red lines consist of elliptic-regular values and the blue
ones of hyperbolic-regular values and the dots mark elliptic-elliptic values.
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(a) Transition from elliptic-elliptic to focus-focus.
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(b) Transition from focus-focus to elliptic-elliptic with flap.

Figure 7.4. Transitions of the point ϕ2(0, 0). The associated values of the
parameter t = (t1, t2, t3, t4) are displayed above each subfigure.

7.4a). Eventually at τ = 5
9 , the point p transitions to a elliptic-elliptic point but with a flap

attached (see Figure 7.4b).
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Proof. To find the values of τ such that ϕ2(0, 0) is a degenerate singular point we calculate
the eigenvalues of ω−1

ϕ2(0,0)d
2H( τ2 , τ2 , τ3 ,τ) at ϕ2(0, 0). These eigenvalues are given by

λ1 = −
1
25

√
−

625
2

+ 6000τ −
91017τ2

2
+

(
25
2
−

423
2
τ

) √
625 − 2850τ + 3105τ2,

λ2 =
1
25

√
−

625
2

+ 6000τ −
91017τ2

2
+

(
25
2
−

423
2
τ

) √
625 − 2850τ + 3105τ2,

λ3 = −
1
25

√
−

625
2

+ 6000τ −
91017τ2

2
−

(
25
2
−

423
2
τ

) √
625 − 2850τ + 3105τ2,

λ4 =
1
25

√
−

625
2

+ 6000τ −
91017τ2

2
−

(
25
2
−

423
2
τ

) √
625 − 2850τ + 3105τ2.

These eigenvalues only vanish for parameter value τ = 0 where the system actually sat-
isfies (J,H0) = (J,H), where, due to the contribution of d2J, the point remains nondegen-
erate. Thus ϕ2(0, 0) can only be degenerate if two or more of these eigenvalues coincide.
This is equivalent with 625 − 2850τ + 3105τ2 = 0 of which the solutions are τ = 25

69 and
τ = 5

9 .
To verify that these two values corresponds to degenerate singularities we calculate the

eigenvalues of ω−1(c1d2J + c2d2Ht). The eigenvalues for τ = 25
69 are√

−1250c2
1 + 205000c1c2

23 −
8405000c2

2
529

25
√

2
and −

√
−1250c2

1 + 205000c1c2
23 −

8405000c2
2

529

25
√

2
and for τ = 5

9√
−1250c2

1 + 13000c1c2 − 33800c2
2

25
√

2
and −

√
−1250c2

1 + 13000c1c2 − 33800c2
2

25
√

2
.

All the above eigenvalues appear in multiplicity two, thus proving degeneracy. �

Now consider the following statement which is of more general nature:

Proposition 7.5. The invariant singular points of rank zero ϕ2(0, 0), ϕ3(0, 0), ϕ6(0, 0) and
ϕ7(0, 0) from Theorem 5.1 can never be of hyperbolic-elliptic type, i.e., there is no para-
meter value t ∈ R4 such that these points are hyperbolic-elliptic fixed points of (J,Ht).

Proof. Recall from the discussion after Theorem 2.4 that a non-degenerate singular point
is hyperbolic-elliptic if the eigenvalues of ω−1(c1d2J + c2d2Ht) are of the form α, −α, iβ,
−iβ with α, β ∈ R,0. Thus det

(
ω−1(c1d2J + c2d2Ht)

)
= −α2β2 < 0 is strictly negative.

Now consider p ∈ {ϕ2(0, 0), ϕ3(0, 0), ϕ6(0, 0), ϕ7(0, 0)} and find the value of the determ-
inant det

(
ω−1

p
(
c1d2J(p) + c2d2Ht(p)

))
. We get for k ∈ {2, 3, 6, 7}

det
(
ω−1
ϕk(0,0)

(
c1d2J + c2d2Ht

)
(ϕk(0, 0))

)
=

1
390625

(
fk(t1, t2, t3, t4, c1, c2)

)2
≥ 0

where fk are real polynomials for k ∈ {2, 3, 6, 7} given by

f2(t1, t2, t3, t4, c1, c2) = 625c2
1 + 25c1c2(−25 + 50t1 − 256t2 − 384t3 − 192t4)
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+ 48c2
2(3t2

1 + 320t2
2 + 75t3 + 720t2

3 + 75t4 + 864t3t4

+ 144t2
4 + t2(50 + 960t3 + 576t4) − 50t1(2t2 + 3(t3 + t4))),

f3(t1, t2, t3, t4, c1, c2) = 625c2
1 − 25c1c2(−25 + 50t1 + 168t4)

+ 72c2
2(2t2

1 + 50t1t4 + t4(−25 + 96t4)),

f6(t1, t2, t3, t4, c1, c2) = 625c2
1 + 25c1c2(−25 + 50t1 − 432t4)

+ 48c2
2(3t2

1 − 200t1t2 + 20t2(5 + 48t2)),

f7(t1, t2, t3, t4, c1, c2) = 625c2
1 − 125c1c2(−5 + 10t1 + 256t2)

+ 48c2
2(3t2

1 + 800t1t2 + 16t2(−25 + 512t2)).

Note that, for all k ∈ {2, 3, 6, 7}, the determinant above is always non-negative. Therefore
ϕ2(0, 0), ϕ3(0, 0), ϕ6(0, 0) and ϕ7(0, 0) can never be of hyperbolic-elliptic type. �

After discussing flaps, let us now consider another bifurcation phenomenon. Intuitively,
a swallowtail (or pleat) of a 4-dimensional completely integrable system is created by
‘pulling a part of the elliptic-regular boundary’ of the image of the momentum map over
another part of the ‘elliptic-regular boundary’ resulting in the situation displayed in Figure
7.5.

1.95 2.00 2.05 2.10 2.15 2.20

1.2

1.4

1.6

1.8

(2/5,2/5,4/15,4/5)

Figure 7.5. A swallowtail: red lines consist of elliptic-regular values and
the blue one of hyperbolic-regular values. There is no elliptic-elliptic value
where the two red lines pass over each other.

In a swallowtail, the point where the lines of elliptic-regular values seem to intersect in
the bifurcation diagram is no elliptic-elliptic value but just the overlapping of two elliptic-
regular values, i.e., in the unfolded bifurcation diagram, there is no intersection at all. The
alternative name pleat becomes clear when considering a swallowtail in the unfolded
bifurcation diagram as drawn in Figure 1.1b. Swallowtails are discussed in more detail in
the works by Sadovskii & Zhilinskii [SZ07] and Efstathiou & Sugney [ES10]. Our family
(J,Ht) contains swallowtails for certain values of the parameter t:
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Example 7.6. In (J,Ht), swallowtails appear as plotted in Figure 7.6 in the 1-parameter
family τ 7→ t(τ) :=

(
τ
2 ,

τ
2 ,

τ
3 , τ

)
. The swallowtail is found by observing the boundary of the

bifurcation diagram and tracing where it gets pulled over itself.

1.952.002.052.102.152.20

1.6

1.8

2.0

2.2

(3/10,3/10,1/5,3/5)

1.952.002.052.102.152.20

1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1

(7/20,7/20,7/30,7/10)

1.952.002.052.102.152.20

1.2

1.4

1.6

1.8

(2/5,2/5,4/15,4/5)

Figure 7.6. A swallowtail appearing along the family τ 7→ t(τ) :=
(
τ
2 ,

τ
2 ,

τ
3 , τ

)
.

Now we are interested in what happens when a flap and a swallowtail collide. In par-
ticular, we would like to know if this collision result in a swallowtail, a flap or maybe
something entirely different.

Example 7.7. Looking at Example 7.3 and Figure 7.3, we see that there two smaller flaps
collided and, after the collision, formed a bigger flap with more vertices. Later on, the
swallowtail will meet the flap and the bifurcation diagram becomes very complicated, see
Figure 7.7. This collision happens between the parameter values tl =

(119
200 ,

119
200 ,

119
300 ,

119
100

)
and tr =

(3
5 ,

3
5 ,

2
5 ,

6
5

)
.

Figure 7.7. On the right, a schematic sketch of a part of the unfolded
bifurcation diagram at t =

(
3
5 ,

3
5 ,

2
5 ,

6
5

)
of (J,Ht). On the left, a Mathematica

plot of the associated singular points.

7.3. Occurence of rank one singular points. Recall that, on four-dimensional man-
ifolds, there are only two types of non-degenerate rank one singular points possible,
namely elliptic-regular and/or hyperbolic-regular ones. We will now show that both types
appear for certain values of t ∈ R4 in (J,Ht).
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Example 7.8. For t =
(

7
20 ,

7
20 ,

7
30 ,

7
10

)
, the system (J,Ht) has (among others) elliptic-

regular and hyperbolic-regular singular points as sketched in Figure 7.8.

Proof. Fill the parameter values t =
(

7
20 ,

7
20 ,

7
30 ,

7
10

)
into equation 5.1 which leads to

0 = (∂r2Γ( 7
20 ,

7
20 ,

7
30 ,

7
10 )(r1, r2))2 −

(
7

20

)2

(∂r2Ω(r1, r2))2.

Now calculate its zeros with Mathematica. This yields singular points which, by Theorem
5.4, lie on the hypersurface u = 0. The situation is plotted in Figure 7.8. �

-3 -2 -1 0 1 2 3

0.0

0.5

1.0

1.5

2.0

2.5

v

(t1,t2,t3,t4)=(7/20,7/20,7/30,7/10)

Figure 7.8. We consider the system for t =
(

7
20 ,

7
20 ,

7
30 ,

7
10

)
. The light green

set is a plot of
(
ϕ−1

1 (U1) ∩ {u = 0}
)
/S1. The choice of the section {u = 0}

is due to Lemma 4.3. The set of singular points is disconnected and con-
sists of three connected components (one focus-focus point, one ‘loop’ of
different types of singular points, all remaining singular points). More pre-
cisely, the red lines represent the elliptic-regular points, the blue lines the
hyperbolic-regular points, and the purple points are the invariant singular
points.

7.4. Occurence of degenerate singular points. In this subsection, we turn our atten-
tion to degenerate singular points. In hypersemitoric systems, the only admissible type
of degenerate singular points are parabolic ones. We will now show that (J,Ht) contains,
for certain t ∈ R4, degenerate points that are not parabolic. The family (J,H(t1,0,0,0)) with
t1 ∈ R coincides in fact with the perturbation of (J,H) used in De Meulenaere & Hohloch
[DMH21], but there the type of degeneracy was not investigated.

Example 7.9. For t1 = 25
74 and t1 = 25

26 , the point ϕ2(0, 0) is a degenerate singular point of
rank zero of (J,H(t1,0,0,0)) and therefore in particular not parabolic.
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Proof. According to Theorem 5.1, the point ϕ2(0, 0) is a rank zero singular point. Now
we check if it is (non-)degenerate. To this aim, calculate the eigenvalues of

ω−1
ϕ2(0,0)

(
c1d2J + c2d2H( 25

74 ,0,0,0)
) (
ϕ2(0, 0)

)
which turn out to be, each with multiplicity two,

±

√
−36c2

2 + 444c1c2 − 1369c2
1

37
.

Since the multiplicity of these eigenvalues is two and the eigenvalues of a non-degenerate
point all have to be distinct it follows that ϕ2(0, 0) is degenerate for

(
25
74 , 0, 0, 0

)
∈ R4.

Similarly, the eigenvalues of

ω−1
ϕ2(0,0)

(
c1d2J + c2d2H( 25

26 ,0,0,0)
) (
ϕ2(0, 0)

)
turn out to be, each with multiplicity two,

±

√
−36c2

2 − 156c1c2 − 169c2
1

13
.

Since the multiplicity of the eigenvalues is two it follows as above that ϕ2(0, 0) is also
degenerate for

(
25
26 , 0, 0, 0

)
∈ R4. �

Therefore there are t1 ∈ R in the family of systems (J,H(t1,0,0,0)), studied in De Meu-
lenaere & Hohloch [DMH21], for which the system is not hypersemitoric. Thus, the same
is certainly true for our family (J,Ht) where t varies in R4.

Remark 7.10. For t =
(

7
20 ,

7
20 ,

7
30 ,

7
10

)
, the system (J,Ht) displays elliptic-regular points

transitioning into hyperbolic-regular points by passing through a degenerate rank one
singular point, see Figure 7.8. These degenerate points are located where the blue and
red line meet.

Parabolic degenerate points are sometimes also referred to as cusps which is due to
their geometric shape, see Figure 2.1.

Remark 7.11. For t =
(

1
2 ,

1
2 ,

1
3 , 1

)
and j = 0.664405, the system (J,Ht) has a loop of

parabolic points ϑ 7→ ϕ1(1.15274 eϑi, 0.470033 i). Descended to the (chart Ured, j
1 of the)

reduced space Mred, j, the loop becomes the blue point at the ‘cusp’ of the red curve in
Figure 2.1.
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