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Outline - Lectures 1 & 2

¢ Symplectic geometry (with lots of examples)
¢ Group actions & fixed points (with lots of examples)

¢ Localization (with lots of examples)



Outline - Lectures 3 & 4

¢ More on equivariant cohomology calculations
¢ Classification results: toric symplectic manifolds

¢ Symplectic reduction (how to take a quotient)
(with lots of examples)

¢ Complexity one and how much cohomology conveys

¢ Symplectic embeddings (if time)
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Equivariant cohomology
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Equivariant cohomology




Equivariant cohomology
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Equivariant invariants of ()G
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Theorem [Harada-Henriques-H.]:
The GKM description works, even in
infinite dimensional cases, for

¢ Equivariant cohomology H}(M;Q)
(Sometimes integrally!) HT(M;Z)

¢ Equivariant K-theory K3(M)

¢ Equivariant cobordism MU7F (M)
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Localization and integration

For any compact T-manifold M, we may define an equivarian ,
integral
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Integration formula: (Atiyah- Bott Berline- Vergne)
For any class « € HT(M;R),
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where the summation runs over all connected components of the
fixed point set.
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Localization and integration

For any compact T-manifold M, we may define an equivariant
integral

J : HF (M;R) — HT (pt; R).
M

Integration formula: (Atiyah-Bott, Berline-Vergne)
For any class « € HT(M;R),
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FCMT
where the summation runs over all connected components of the
fixed point set.

H} (M;R) — HT(M';R)
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Localization and integration

Integration formula: (Atiyah-Bott, Berline-Vergne)
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Localization and integration

Integration formula: (Atiyah-Bott, Berline-Vergne)
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Toric symplectic manifolds

Let T4 = ST x...xSTCM?2™ be an effective Hamiltonian action.
Then d < n.

When d = n, the action is called toric.



Toric symplectic manifolds

Let T4 = ST x...xSTCM?2™ be an effective Hamiltonian action.
Then d < n.

When d = n, the action is called toric.

Let M be a compact toric symplectic manifold. The momentum map
O: M — t*
is the orbit map. That is, ®(M) = A = M/T.



Toric symplectic manifolds

LetTd = S x...x STCM2" be an effective Hamiltonian action.

Then d < n.

When d = n, the action is called toric.

Let M be a compact toric symplectic manifold. The momentum map
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Toric symplectic manifolds
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Delzant’s Theorem: e
compact toric s simple smooth
symplectic manifolds rational polytopes
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Topology of toric manitfolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ M simply connected
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Topology of toric manitfolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ M simply connected
Q HOdd(M) — 0 @ L/ 0*}[(€mﬁ/

g
¢ HY(M) = Stanley-Reisner ring of M /T _ /
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Topology of toric manitfolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ M simply connected
Q HOdd(M) — 0

¢ H*(M) = Stanley-Reisner ring of M/T —
GKM description
generated in degree 2

¢ H*(M) = H}(M)/ linear relations ——



Topology of toric manitfolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ M simply connected

o Hodd (M) =0
¢ H¥(M) = Stanley-Reisner ring of M/T Danilov
GKM description
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generated in degree 2

¢ H*(M) = H7(M)/ linear relations



Toric symplectic manifolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ More is known in 4 dimensions
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Toric symplectic manifolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ More is known in 4 dimensions
e Each toric symplectic 4-manifold is a k-fold symplectic blowup of
CP?, CP' x CP', or CP?#CP?
e The symplectic form is determined by the sizes of the blowups.

It can be put into reduced form by the Cremona Algorithm.



Toric symplectic manifolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ More is known in 4 dimensions
e Each toric symplectic 4-manifold is a k-fold symplectic blowup of
CP? , CP! xCP!, or CP?#CP?
e The symplectic form is determined by the sizes of the blowups.

It can be put into reduced form by the Cremona Algorithm.




Toric symplectic manifolds .
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¢ More is known in 4 dimensions L‘

e Each toric symplectic 4-manifold is a k-fold symplectic blowup of

CP?%/, CP! x CP!') or CP*#CP>2

e The symplectic form is determined by the sizes of the blowups.

It can be put into reduced form by the Cremona Algorithm.

e Each symplectic M* admits only finitely many toric and circle actions
These are always achieved as equivariant symplectic blowups.

[Karshon — Kessler — Pinsonnault]



More examples

Delzant’s Theorem:

compact toric . simple rational
symplectic manifolds smooth convex polytopes
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Toric symplectic manifolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ More is known in 4 dimensions
e Each toric symplectic 4-manifold is a k-fold symplectic blowup of
CP?, CP' x CP', or CP?#CP?
e The symplectic form is determined by the sizes of the blowups.
It can be put into reduced form by the Cremona Algorithm.
e Each symplectic M* admits only finitely many toric and circle actions
These are always achieved as equivariant symplectic blowups.

[Karshon — Kessler — Pinsonnault]



Toric symplectic manifolds

Delzant’s Theorem:

compact toric s simple smooth
symplectic manifolds rational polytopes

¢ More is known in 4 dimensions
e Each toric symplectic 4-manifold is a k-fold symplectic blowup of
CP?, CP' x CP', or CP?#CP?
e The symplectic form is determined by the sizes of the blowups.
It can be put into reduced form by the Cremona Algorithm.
e Each symplectic M#* admits only finitely many toric and circle actions
These are always achieved as equivariant symplectic blowups.

[Karshon — Kessler — Pinsonnault]

¢ The cohomology rings are well understood

e The manifolds are simply connected with no odd cohomology

e Danilov and GKM descriptions of Hr(M;Z)

o H7T.(M;Z)determines the toric structure [Masuda]



