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Outline of Lecture 3

§ Poisson structures and Hamiltonian systems

§ Compatible Poisson structures, bi-Hamiltonian systems

§ Recursion operator and its properties

§ Poisson-Nijenhuis structures

§ Local normal form for PN structures (algebraically generic case)

§ Local normal form for PN structures (singular points)

§ Integrability via symmetries of a Nijenhuis operator



Compatible Poisson structures and bi-Hamiltonian systems

Definition
Two Poisson structures P and rP are called compatible, if their sum
P ` rP is also a Poisson structure.

Notation. Xf “ P d f denotes the Hamiltonian vector field generated by
a function f . Similarly, rXf “ rP d f .

Definition
A vector field X is called bi-Hamiltonian, if it is Hamiltonian with respect
to two compatible Poisson brackets P and rP, that is,

X “ P dH “ rP d rH.

Question. Why are we interested in bi-Hamiltonian systems? What are
their properties? And why are such systems “better” than the others?

We will assume here that at least one of the compatible Poisson
structures P and rP is non-degenerate so that e.g. P´1 makes sense.



Basic properties

Consider the linear operator L “ rPP´1 or, equivalently,

PpL˚d f ,d gq “ rPpd f ,d gq for all f , g P C8pMq.

Theorem (F. Magri)
Let P and rP be Poisson structures. Then P and rP are compatible if and
only if L is Nijenhuis.

In the theory of bi-Hamiltonian systems, the operator L plays an impor-
tant role and is known as recursion operator.

In particular, notice the following formula for Hamiltonian vector fields:

rXf “ LXf .

Also notice that without loss of generality we may, at least locally,
assume that L is non-degenerate. Indeed, replacing rP with rP ` λP leads
to L ÞÑ L` λ Id.



Proof

We first recall that the Jacobi identity for a Poisson structure P can be
rewritten, in terms of Hamiltonian vector fields, as follows:

Xtf ,gu “ rXf ,Xg s.

Hence, the Jacobi identity for P ` rP can be rewritten as follows (below

we use the fact that P and rP are Poisson and remove the terms that
vanish automatically due to this fact):

rXtf ,gu ` X
Čtf ,gu

“ rĂXf ,Xg s ` rXf ,ĂXg s

Now we use the fact that ĂXf “ LXf for any f :

LXtf ,gu ` L´1
rX
Čtf ,gu

“ rLXf ,Xg s ` rXf , LXg s

Finally we use again the fact that P and rP are both Poisson to get

LrXf ,Xg s ` L´1rLXf , LXg s “ rLXf ,Xg s ` rXf , LXg s

Multiplying this identity by L we get the Nijenhuis identity.
It remains to recall that P is non-degenerate so that Hamiltonian vector
fields generate the whole tangent space.



Basic facts (continued...)

Let X be a bi-Hamiltonian vector field w.r.t. P and rP.

Proposition
The coefficients σk of the characteristic polynomial of the recursion
operator L “ rPP´1 are first integrals of X . Moreover, these integrals
commute with respect to the both structures P and rP.

Proof. 1. First integrals. It is a well known fact that P is preserved by
each Hamiltonian vector field Xf , i.e., LXf

P “ 0. Since in our case X is

bi-Hamiltonian, we conclude that X preserves both P and rP.
Hence, X also preserves the recursion operator L “ rPP´1, and therefore
all of its algebraic invariants including the coefficients σk of χLptq.
2. Commutativity. Instead of σk , we check commutativity of fk “

1
k tr Lk ,

i.e., the identities tfk , fmu “ 0. We use the following general property of

Nijenhuis operators d fk “ L˚d fk´1 which implies:

tfk , fmu “ Ppd fk ,d fmq “ PpL˚d fk´1,d fmq “ Čtfk´1, fmu “ tfk´1, fm`1u

and by induction tfk , fmu “ Čtfk´s , fm`s´1u “ tfk´s , fm`su. It remains to
notice that for a suitable s we have either k´s “ m`s or k´s “ m`s´1

and the statement follows from skew symmetry of P and rP.



Poisson-Nijenhuis structures

Since rP can be recovered from P and L, we can reformulate the
compatibility condition for P and rP in terms of L and P only as follows:
We will say that a Poisson structure P and Nijenhuis operator L are
compatible (or define a Poisson-Nijenhuis structure) if

(I) the form rPp ¨ , ¨ q “ Pp L˚ ¨ , ¨q is skew-symmetric, i.e., is a bivector,

(II) rP is Poisson (i.e. satisfies Jacobi identity).

For some reason, it will be more convenient to work with the symplectic
forms ω “ P´1 and rω “ rP´1 (assuming that P and rP are non-degenerate).
As above, we will say that a symplectic structure ω and a Nijenhuis
operator L are compatible if 1

(I’) the form rωp ¨ , ¨ q “ ωp L ¨ , ¨q is skew-symmetric, i.e., is a differential
2-form,

(II’) d rω “ 0, i.e., this form is closed.

(I’) + (II’) is equivalent to the fact that P and rP are Poisson and
compatible.

1This operator L is not the same as before. They are related by inversion, but we
prefer to keep the previous notation.



Local normal forms for Poisson-Nijenhuis structures

It is natural to ask about local simultaneous canonical form for ω and L.

In the case when L is diagonalisable and algebraically generic at a point
p P M2n, i.e., its algebraic type remains the same in a certain neighbour-
hood Uppq, the answer is easy to derive from Splitting Theorem.

Notice, first of all, that condition (I’) imposes natural algebraic
restrictions on the algebraic type of L:

Algebraic fact. If ω and ωL are both skew-symmetric, then in the Jordan
decomposition of L all the blocks can be partitioned into pairs of equal
blocks (i.e. of the same size and with the same eigenvalue).

In particular, the characteristic polynomial of L is a full square and each
eigenvalue has even multiplicity.



The most generic (and simplest) case

Assume that a symplectic structure ω and a Nijenhuis operator L are
compatible.

Theorem
If L has n “ 1

2 dimM distinct real eigenvalues, each of multiplicity 2, and
in addition their differentials are linearly independent at a point p P M,
then there exists a local symplectic coordinate system
x1, . . . , xn, p1, . . . , pn in which L is diagonal with xi being its i -th
eigenvalue:

ω “
ÿ

i

dpi ^ dxi , L “ diagpx1, x2, . . . , xn, x1, x2, . . . , xnq. (1)

Equivalently, one can say that the pair pω, Lq is the direct product of
two-dimensional blocks pωi , Li q of the form ωi “ dpi ^ dxi , Li “ xi ¨ Id.



Proof

Step 1. Apply the Splitting Theorem:

L “ L1 ‘ L2 ‘ ¨ ¨ ¨ ‘ Ls “
à

i

Li

Step 2. Use the following algebraic fact.
Let L “

À

i Li be a block-diagonal matrix such that Li and Lj have
no common eigenvalues. Let ω be a non-degenerate skew-symmetric
matrix such that ωL is skew symmetric too. Then ω is block
diagonal, i.e., ω “

À

i ωi .

Step 3. Let ω be a symplectic form such that in some coordinate coordinate
system its matrix is block diagonal as above. Then each ωi is also
symplectic and depends on ‘its own coordinates’ only. In other
words, ω “

À

i ωi is a direct product of symplectic forms.

Step 4. This shows that the Poisson-Nijenhuis structure pω, Lq splits into
direct product of two-dimensional Poisson-Nijenhuis structures
pωi , Li q.

Step 5. It remains to verify the statement in dimension 2 (Exercise).



More general result

Consider 4 elementary examples of compatible pairs:
Type 1. L has one real non-constant eigenvalue of multiplicity 2:

ω “ d p ^ d x , L “ λpx , pq ¨ Id.

Type 2. L has one real constant eigenvalue of multiplicity 2k;

ω “
k
ÿ

j“1

d pj ^ d xj , L “ λ ¨ Id, λ P R.

Type 3. L has one pair of non-constant complex conjugate eigenvalues of
multiplicity 2:

ω “ Re pd z ^ dwq, L “ αpz ,wq ¨ Id` βpz ,wq ¨ J,

where z “ x ` iy ,w “ u ` iv , J denotes the corresponding complex
structure and αpz ,wq ` iβpz ,wq is a holomorphic function in z , w .

Type 4. L has one pair of constant complex conjugate eigenvalues of
multiplicity 2k :

ω “ Re

˜

k
ÿ

j“1

d zj ^ dwj

¸

, L “ α ¨ Id` β ¨ J,

where zj “ xj ` iyj ,wj “ uj ` ivj , J denotes the corresponding
complex structure and α` iβ P C, β ‰ 0.



More general result

Theorem
Let ω and L be compatible. Suppose that L is semisimple and
algebraically generic in a neighbourhood of p P M. Then the pair pω, Lq
locally splits into a direct product of ‘elementary blocks’ of 4 types
described above. If dλppq ‰ 0 or d pαppq ` iβppqq ‰ 0 for some real or
complex eigenvalue, then in the corresponding ‘elementary block’ we may
set λ “ x (see Type 1) and α` iβ “ z (see Type 3).

Important observation. To admit a compatible symplectic partner ω,
a semisimple algebraically generic Nijenhuis operator L should satisfy
the following additional condition: non-constant eigenvalues of L must
be all of multiplicity two.

If L is algebraically generic but not necessarily semisimple, the description
(rather non-trivial) of compatible pairs pω, Lq was obtained by F. Turiel
under additional assumptions on the differentials of tr Lk , k “ 1, . . . , n.
These assumptions basically mean that each eigenvalue is either constant
or its differential does not vanish.



What about singular points?

If we want to study singularities of Poisson-Nijenhuis structures, then it is
natural to ask which Nijenhuis operators admit compatible symplectic
structures and what is a simultaneous canonical form for ω and L near a
(possibly singular) point p P M?

What kind of singularities do we mean?
For a symplectic structure ω, all points p P M are obviously equivalent to
each other (in other words, there are no singular points). However it is
not the case for an operator L since its algebraic properties may vary
from point to point. Recall that p P M is singular for L if the algebraic
type of L changes at this point.

Among singular points, we distinguish a subclass of differentially
non-degenerate singular points p P M, i.e., such that the differentials of
the coefficients σk of the characteristic polynomial χLptq “ detpt Id´ Lq
are linearly independent at p. Here

χLptq “ detpt ¨ Id´ Lq “ tm ` σ1t
m´1 ` ¨ ¨ ¨ ` σm´1t ` σm.



Differential non-degeneracy in this context

Relation (I’), however, implies that the eigenvalues of L have always even
multiplicity, which in turn implies that L cannot be differentially
non-degenerate. Recall that the characteristic polynomial is a full square

χLptq “ pt
n ` h1t

n´1 ` ¨ ¨ ¨ ` hn´1t ` hnq
2, m “ 2n “ dimM,

and has therefore at most 1
2 dimM functionally independent coefficients.

A natural analog of differential non-degeneracy in this setup is as follows:

The differentials d h1ppq, . . . ,d hnppq of the functions hi are linearly
independent at a given (singular) point p P M.

Question. Do such singularities appear in Poisson-Nijenhuis structures?
If yes, can we describe local canonical forms for ω and L at such points?



New application of Nijenhuis Geometry

Theorem
Let ω and L be compatible (i.e., define a Poisson-Nijenhuis structure on
M2n) and real analytic. Suppose that at a point p P M2n, the differentials
d h1ppq, . . . ,d hnppq are linearly independent. Then there exists a local
coordinate system x1, . . . , xn, p1, . . . , pn such that ω “

ř

i d xi ^ d pi and
L is given by the matrix

ˆ

A 0n

S AJ

˙

, (2)

where

A “

¨

˚

˚

˚

˚

˚

˚

˚

˝

´x1 1 0 ¨ ¨ ¨ 0

´x2 0 1
. . .

...
...

...
. . .

. . . 0

´xn´1

...
. . . 1

´xn 0 ¨ ¨ ¨ ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, S “

¨

˚

˚

˚

˚

˚

˚

˝

0 ´p2 ´p3 ¨ ¨ ¨ ´pn
p2 0 0 ¨ ¨ ¨ 0

p3 0
. . .

...
...

...
. . .

...
pn 0 ¨ ¨ ¨ ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‹

‚

, (3)

0n is the zero n ˆ n-matrix, and AJ denotes the transposed of A.



Commuting integrals and symmetries of Nijenhuis
operators

Let N be a Nijenhuis operator on a Poisson manifold pM,Pq.
Assume that Id,N, . . . ,Nn´1 are linearly independent at each point, and
n is the maximal number with this property2.
Consider the space SpNq of strong symmetries of N that can be written
as linear combinations Q “ h1Id` h2N ` ¨ ¨ ¨ ` hnN

n´1 with functional
coefficients hi P C

8pMq:

SpNq “

#

Q “
ÿ

k

hkN
k´1 | xQ,Ny “ 0

+

.

Theorem
Let Q1, . . . ,Qn be a basis of SpNq in the sense that every Q P SpNq
can be written as a linear combination Q “

ř

i fiQi , fi P C
8pMq.

If N is self-adjoint w.r.t. P, that is, Ppα,N˚βq “ PpN˚α, βq for all
α, β P T˚x M, x P M, then for any Q P SpNq, the coefficients fi Poisson
commute.

2Equivalently, n is the degree of the minimal polynomial of N so that for every
k ě n we can write Nk as a linear combination of Id,N, . . . ,Nn´1 with functional
coefficients.



Proof

The condition that Q “ f1Q1 ` ¨ ¨ ¨ ` fnQn is a strong symmetry of N is
equivalent to

0 “ xN, f1Q1 ` ¨ ¨ ¨ ` fnQny “
ÿ

i

`

fixN,Qiy ` N˚d fi b Qi ´ d fi b NQi

˘

.

Since xN,Qiy “ 0, we obtain
ř

i N
˚d fi b Qi “

ř

i d fi b NQi

Notice that NQi P SpNq and, therefore, we can set NQi “
ř

j c
j
i Qj to get

ÿ

j

˜

N˚d fj ´
ÿ

i

c ji d fi

¸

b Qj “ 0.

Since Q1, . . . ,Qn are linearly independent, we conclude that

N˚d fj “
ÿ

i

c ji d fi .

In particular, Spanpd f1, . . . ,d fnq is an N˚-invariant subspace.



Lemma
The subspace Spanpd f1, . . . ,d fnq is N˚-cyclic in the sense that there
exists α “

ř

j αjd fj such that

Spanpd f1, . . . ,d fnq “ Span
`

α,N˚α, . . . , pN˚qn´1α
˘

.

Proof.
Take α “

ř

j αjd fj P Spanpd f1, . . . ,d fnq. Then

N˚α “ N˚

˜

ÿ

j

αjd fj

¸

“
ÿ

j

αjN
˚d fj “

ÿ

i

˜

ÿ

j

c ji αj

¸

d fi “
ÿ

i

rαid fi “ rα.

Equivalently, this means that C “
´

c ji

¯

is the matrix of the map

α ÞÑ α˚ “ N˚α. Thus, it is sufficient to show that the matrix C is cyclic.

But C are defined from NQj “
ř

j c
j
i Qj , which means that C is the

matrix of the dual map Q ÞÑ NQ in the space Span
`

Id,N, . . . ,Nn´1
˘

.

It remains to notice this map is obviously cyclic with Id being one of its
cyclic vectors.



Lemma
Let P be a skew-symmetric bilinear form on a vector space V and
A : V Ñ V be a linear operator such that

PpAξ, ηq “ Ppξ,Aηq, for all ξ, η P V . (4)

Then every A-cyclic subspace of V is isotropic w.r.t. P.

Proof.
Exercise in Linear Algebra (cf. the slide Basic facts (continued ...)).

To summarise:
the subspace Spanpd f1, . . . ,d fnq is an N˚-invariant cyclic subspace and,
therefore, is isotropic w.r.t. the Poisson structure P, that is, f1, . . . , fn
Poisson commute, as required.



Construction (Step 1: Yano–Patterson lift)

Let θ “ pqd u
q be the Liouville form on the cotangent bundle T˚Mn and

Ω “ d θ “ d pq ^ d uq be the canonical symplectic structure on T˚Mn.
For any operator field L on Mn, the deformed Liouville form θL and
deformed symplectic form ΩL are defined by

θL “ pqL
q
s d u

s and ΩL “ d θL “ pq
BLqs
Bur

d ur ^ d us ` Lqs d pq ^ d us .

The complete (Yano–Patterson) lift pL of L onto T˚Mn is defined by

Ωp¨, pL¨q “ ΩLp¨, ¨q. (5)

In canonical coordinates, pL takes the form

pL “ Ω´1ΩL “

ˆ

LJ R
0nˆn L

˙

, where Rij “

´

BLqi
Buj

´
BLqj
Bui

¯

pq. (6)

Properties.
§ If L is Nijenhuis, then pL is Nijenhuis also.
§ If L is Nijenhuis, then ΩL and Ω are compatible, i.e. pΩ´1, pLq is

Poisson-Nijenhuis.
§ If M and L are symmetries (strong symmetries) of each other, then

pM and pL are symmetries (strong symmetries) of each other.



Further steps (without technical details)

Main idea: Take a gl-regular Nijenhuis operator on M and consider its
lift pL onto the cotangent bundle.
As before, let SppLq be the space of strong symmetries of pL that are linear

combinations of the powers of pL. For a given L, this space can be
described in reasonable terms.
Then choosing a basis in Q1, . . . ,Qn in SppLq and a particular symmetry

Q P SppLq, we construct an integrable Hamiltonian system on T˚M.

Question. How to choose Q1, . . . ,Qn and Q to get something
interesting?

Possible answer. Let S1, . . . ,Sn be symmetries of L, then we can set
Qi “ pSi .
What about Q? If Q “ pM, where M is a symmetry of L, then we the
output of the construction is trivial:

f1 pS1 ` ¨ ¨ ¨ ` fn pSn “ pM ô f1S1 ` ¨ ¨ ¨ ` fnSn “ M

and therefore, f1, . . . , fn are functions on the configuration space. They
Poisson commute, but...
Conclusion. We need to take a symmetry Q P SppLq that is essentially

different from pM. What are they?



The classical (diagonal) example

Let L “ diagpu1, . . . , unq, then pL “

ˆ

L 0
0 L

˙

.

The symmetries of L are of the form S “ diag
`

s1, ..., snq, s j “ s jpujq and

pS “

ˆ

S 0
0 S

˙

.

Important: strong symmetries Q P SppLq have the form Q “

ˆ

R 0
0 R

˙

,

with R “ diag
`

r1, ..., rn
˘

, r j “ r jppj , u
jq.

Hence, our relation f1 pS1 ` ¨ ¨ ¨ ` fn pSn “ Q reads f1S1 ` ¨ ¨ ¨ ` fnSn “ R or
equivalently

¨

˚

˝

s1
1 . . . s1

n
...

. . .
...

sn1 . . . snn

˛

‹

‚

¨

˚

˝

f1
...
fn

˛

‹

‚

“

¨

˚

˝

r1

...
rn

˛

‹

‚

, s ji “ s ji pu
jq, r j “ r jppj , u

jq,

which is exactly classical Stäckel relations. If we assume that s ij depends

on ui only and r j “ p2
j ` Vjpu

jq, then we obtain classical Stäckel
integrable systems with Poisson commuting integrals fα quadratic in
momenta pj .



Good choice for Q?

Let L be gl-regular, f a regular conservation law of L,
u1, . . . , un local coordinates, p1, . . . , pn the corresponding momenta.
Then there exists a unique operator

Bi P SpanpId, L, . . . , Ln´1q such that B˚i d f “ d ui .

Definition. P “ p1B1 ` ¨ ¨ ¨ ` Bnpn. Less formally,
P P SpanpId, L, . . . , Ln´1q is such that P˚ d f “

ř

i pid u
i .

Example

If L “

¨

˚

˚

˚

˝

u1

u2

. . .

un

˛

‹

‹

‹

‚

and f “ tr L, then P “

¨

˚

˚

˚

˝

p1

p2

. . .

pn

˛

‹

‹

‹

‚

.

If L “

¨

˚

˚

˚

˝

u1

u2 u1

...
. . .

. . .

un . . . u2 u1

˛

‹

‹

‹

‚

and f “ un, then P “

¨

˚

˚

˚

˝

pn
...

. . .

p2 . . . pn
p1 p2 . . . pn

˛

‹

‹

‹

‚



Final result: constructing integrable systems from L

Ingredients of the construction:

§ L, gl-regular Nijenhuis operator on the configuration space Mn

§ Sym L, the symmetry algebra of L (locally near generic points,
we have an explicit description of Sym L; these symmetries are
parametrised by n functions of one variables)

§ S1, . . . ,Sn P Sym L, a basis of Sym L

§ a regular conservation law f of L (locally near generic points,
we have an explicit description of conservation laws; they are
parametrised by n functions of one variables)

§ from f we construct P “ p1B1 ` ¨ ¨ ¨ ` pnBn as above (it is a good
invariant object which corresponds to a certain strong symmetry

Q “

ˆ

PJ ˚

0 P

˙

P SppLq).

§ (optional) U P Sym L, an additional symmetry (which will later serve
as potential energy of the system).



Final result: constructing integrable systems from L

Theorem
Let L be a gl-regular Nijenhuis operator on Mn and Sym L be the space
of its symmetries. Choose a basis S1, . . . ,Sn in Sym L and an additional
symmetry U P Sym L. Then the functions hαpp, uq, α “ 1, . . . , n, defined
from the relation

h1S1 ` ¨ ¨ ¨ ` hnSn “ P2 ` U, (7)

have the form

hαpp, uq “
1
2gαpp, pq ` Vαpuq, gαpp, pq “ pgαq

qspuqpqps ,

and Poisson commute on T˚Mn with respect to the canonical Poisson
structure. These functions are functionally independent and therefore
define and integrable Hamiltonian system on T˚Mn with integrals
quadratic in momenta.


