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» Based on two papers with Yohann Le Floch:

» Semitoric families, arXiv:1810.06915 (to appear in the
Memoirs of the AMS)

» Families of four-dimensional integrable systems with
Sl-symmetries, arXiv:2307.10670
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Memoirs of the AMS)

» Families of four-dimensional integrable systems with
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> Primary goal: Write down an explicit example of a semitoric
integrable systems for a given semitoric polygon.
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» Based on two papers with Yohann Le Floch:

» Semitoric families, arXiv:1810.06915 (to appear in the
Memoirs of the AMS)

» Families of four-dimensional integrable systems with
Sl-symmetries, arXiv:2307.10670

> Primary goal: Write down an explicit example of a semitoric
integrable systems for a given semitoric polygon.

(M,w, Fr = (J, Hy))

» Along the way: bifurcations of integrable systems (nodal
trade, Hamiltonian-Hopf), hypersemitoric systems, semitoric
minimal models, etc...
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» Based on two papers with Yohann Le Floch:

» Semitoric families, arXiv:1810.06915 (to appear in the
Memoirs of the AMS)

» Families of four-dimensional integrable systems with
Sl-symmetries, arXiv:2307.10670

> Primary goal: Write down an explicit example of a semitoric
integrable systems for a given semitoric polygon.

(M,w, Fr = (J, Hy))

» Along the way: bifurcations of integrable systems (nodal
trade, Hamiltonian-Hopf), hypersemitoric systems, semitoric
minimal models, etc...

(I will also mention two papers with Sonja)
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Integrable systems Toric Semitoric Goal Example

Symplectic manifolds and integrable systems

» Let (M,w) be a symplectic manifold and f: M — R.

» Denote by Xr the Hamiltonian vector field of f, which satisfies

(.U(Xf, ) +df =0.
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Integrable systems Toric Semitoric Goal Example

Symplectic manifolds and integrable systems

» Let (M,w) be a symplectic manifold and f: M — R.

» Denote by Xr the Hamiltonian vector field of f, which satisfies

w(Xf, ) +df =0.

Definition

An integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{fi, i} = 0;

dfi,...,df, are linearly independent almost everywhere;
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Integrable systems Toric Semitoric Goal Example

Symplectic manifolds and integrable systems

» Let (M,w) be a symplectic manifold and f: M — R.

» Denote by Xr the Hamiltonian vector field of f, which satisfies

w(Xf, ) +df =0.

Definition

An integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{6} =0

dfi,...,df, are linearly independent almost everywhere;

» Flows of Xy, ... Xf induce (local) R"-action.

n
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Integrable systems Toric Semitoric Goal Example

Toric integrable systems

Definition

A toric integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{fi, i} =0;

dfi,...,df, are linearly independent almost everywhere;
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Integrable systems

Toric integrable systems

Toric Semitoric Goal Example

Definition

A toric integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{fi.fi} =0;
dfi,...,df, are linearly independent almost everywhere;
the flows of Xy, ..., X, are all periodic and generate an

effective T" action;

M is compact;
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Toric integrable systems

Definition
A toric integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{fi.fi} =0;

dfi,...,df, are linearly independent almost everywhere;

the flows of Xy, ..., X, are all periodic and generate an

effective T" action;
M is compact;

> i.e. a global Hamiltonian T"-action.
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Toric integrable systems

Definition
A toric integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{fi.fi} =0;

dfi,...,df, are linearly independent almost everywhere;

the flows of Xy, ..., X, are all periodic and generate an

effective T" action;
M is compact;

> i.e. a global Hamiltonian T"-action.

> f: M—R",
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Integrable systems Toric Semitoric Goal Example

Toric integrable systems

Definition
A toric integrable system is a triple (M,w, F = (f1,...,f,)) where
(M, w) is a 2n-dimensional symplectic manifold and

{fi.fi} =0;

dfi,...,df, are linearly independent almost everywhere;

the flows of Xy, ..., X, are all periodic and generate an

effective T" action;
M is compact;

> i.e. a global Hamiltonian T"-action.

> F: M — R" Atiyah, Guillemin-Sternberg (1982) showed that
in this case the image F(M) C R" is a convex polytope.
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Integrable systems Toric Semitoric Goal Example

Toric integrable systems: the classification

F(M)

Theorem (Delzant, 1988)

Given any “Delzant polytope” A C R", there exists a unique (up
to isomorphism) toric integrable system (M, w, F) such that
F(M) = A.
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Toric integrable systems: the classification

F(M)

Theorem (Delzant, 1988)

Given any “Delzant polytope” A C R", there exists a unique (up
to isomorphism) toric integrable system (M, w, F) such that
F(M) = A.

{toric systems} & {Delzant polytopes}
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Toric integrable systems: the classification

F(M)

Theorem (Delzant, 1988)

Given any “Delzant polytope” A C R", there exists a unique (up
to isomorphism) toric integrable system (M, w, F) such that
F(M) = A.

{toric systems} & {Delzant polytopes}
(M,w,F) — F(M)
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Integrable systems Toric Semitoric Goal Example

Toric integrable systems: the classification

F(M)

Theorem (Delzant, 1988)

Given any “Delzant polytope” A C R", there exists a unique (up
to isomorphism) toric integrable system (M, w, F) such that
F(M) = A.

{toric systems} & {Delzant polytopes}
(M,w,F) — F(M)

» The toric system can be reconstructed from A by symplectic

reduction on CY.
5/43



Integrable systems Toric Semitoric Goal Example

Example

> M=52x5%  w=uw ®2uw

» coordinates (xi, y1, z1, X2, 2, Z2)
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Integrable systems Toric Semitoric Goal Example

ee

> M=52x5%  w=uw ®2uw

Example

» coordinates (xi, y1, z1, X2, 2, Z2)

> F=(J,H)
J=z1+22
H= Z1
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Integrable systems Toric Semitoric Goal Example

ee

> M=52%x5%  w=w D2

Example

» coordinates (xi, y1, z1, X2, 2, Z2)

> F=(J,H)
J=z1+22
H=2zn

F(M)
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Integrable systems Toric Semitoric Goal Example

Example: toric fibers

F(m)
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Example: toric fibers
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Integrable systems Toric Semitoric Goal Example

Example: toric fibers

F @) F0
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Integrable systems Toric Semitoric Goal Example

Example: toric fibers

- =)
F ) 120 (N £
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Integrable systems Toric Semitoric Goal Example

Semitoric integrable systems: definition

Definition (Vi Ngoc, 2007)

A semitoric integrable system is a triple (M,w, F = (J, H)) where
(M, w) is a 4-dimensional symplectic manifold and

{J,H} =0;

dJ and dH are linearly independent almost everywhere;
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Integrable systems Toric Semitoric Goal Example

Semitoric integrable systems: definition

Definition (Vi Ngoc, 2007)

A semitoric integrable system is a triple (M,w, F = (J, H)) where
(M, w) is a 4-dimensional symplectic manifold and

{J,H} =0;
dJ and dH are linearly independent almost everywhere;
the flow of X, is periodic (i.e. generates an S'-action);
J is proper;

all singularities of F are non-degenerate with no hyperbolic
blocks.
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Integrable systems Toric Semitoric Goal Example

Semitoric integrable systems: definition

Definition (Vi Ngoc, 2007)

A semitoric integrable system is a triple (M,w, F = (J, H)) where
(M, w) is a 4-dimensional symplectic manifold and

{J,H} =0;
dJ and dH are linearly independent almost everywhere;
the flow of X, is periodic (i.e. generates an S'-action);
J is proper;

all singularities of F are non-degenerate with no hyperbolic
blocks.

» In particular, (M, w, J) is a Hamiltonian S!-space
> studied by Karshon [1999].
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Integrable systems Toric Semitoric Goal Example

Semitoric integrable systems: fibers

Fibers in simple semitoric systems:

regular elliptic-regular elliptic-elliptic focus-focus
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Integrable systems Toric Semitoric Goal Example

Semitoric integrable systems: fibers

Fibers in simple semitoric systems:

regular elliptic-regular elliptic-elliptic focus-focus

Vv
appear In toric systems
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Semitoric integrable systems: fibers

Fibers in simple semitoric systems:

regular elliptic-regular elliptic-elliptic focus-focus

vV
appear in toric systems semitoric
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Integrable systems Toric Semitoric Goal Example

Semitoric integrable systems: fibers

Fibers in simple semitoric systems:

regular elliptic-regular elliptic-elliptic focus-focus

vV
appear in toric systems semitoric

> A system is called simple if there is at most one focus-focus
point per fiber of J.
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants

» Five invariants of semitoric systems:

1) number of focus-focus points;

2) semitoric polygon (Vi Ngoc, Symington);

(1)
()
(3) height invariant;
(4) Taylor series invariant (Vi Ngoc);
()

5) twisting index invariant (Pelayo, Vi Ngoc);
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Semitoric invariants

» Five invariants of semitoric systems:

1) number of focus-focus points;

2) semitoric polygon (Vi Ngoc, Symington);

(1)
()
(3) height invariant;
(4) Taylor series invariant (Vi Ngoc);
()

5) twisting index invariant (Pelayo, Vi Ngoc);

Theorem (Pelayo-Vii Ngoc classification (2009, 2011))

Simple semitoric systems are classified by (1)-(5).
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(3) height invariant;
(4) Taylor series invariant (Vi Ngoc);
()

5) twisting index invariant (Pelayo, Vi Ngoc);
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Semitoric invariants

» Five invariants of semitoric systems:

1) number of focus-focus points;

2) semitoric polygon (Vi Ngoc, Symington);
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants

» Five invariants of semitoric systems:

1) number of focus-focus points;

2) semitoric polygon (Vi Ngoc, Symington);

(1)
(2)
(3) height invariant;
(4) Taylor series invariant (Vi Ngoc);
()

5) twisting index invariant (Pelayo, Vi Ngoc);

Theorem (Pelayo-Vii Ngoc classification (2009, 2011))

Simple semitoric systems are classified by (1)-(5).

{simple semitoric systems} N {admissible invts (1)-(5)}.

» Complete semitoric invariant can be thought of as marked

polygon with a label for each marked point.
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Marked polygons

» Complete semitoric invariant can be thought of as marked
polygon with a label for each marked point.

LY
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Integrable systems Toric Semitoric Goal Example

Marked polygons

» Complete semitoric invariant can be thought of as marked
polygon with a label for each marked point.

(s20x),Ka ) (87000, Ka )
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Integrable systems Toric Semitoric Goal Example

Marked polygons

» Complete semitoric invariant can be thought of as marked
polygon with a label for each marked point.

(s20x),Ka ) (87000, Ka )

» Classification extended to non-simple systems [P.-Pelayo-Tang,
2019] by making the labels more complicated.
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Integrable systems Toric Semitoric Goal Example

Marked polygons

» Complete semitoric invariant can be thought of as marked
polygon with a label for each marked point.

(s20x),Ka ) (87000, Ka )

» Classification extended to non-simple systems [P.-Pelayo-Tang,
2019] by making the labels more complicated.

» For this talk, we will be concerned with the marked polygon.
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» F: M — R? produces a singular Lagrangian torus fibration.
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Semitoric invariants: the marked polygon invariant

» F: M — RR? produces a singular Lagrangian torus fibration.
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» F: M — RR? produces a singular Lagrangian torus fibration.

» Action coordinates — integral affine structure on regular
values.
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» F: M — RR? produces a singular Lagrangian torus fibration.

» Action coordinates — integral affine structure on regular
values.

» NOT equal to integral affine structure of R2.
12/43
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» The integral affine structure may be “straightened out”
[Vii Ngoc (2007), Symington (2002)]
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Semitoric invariants: the marked polygon invariant

» The integral affine structure may be “straightened out”
[Vii Ngoc (2007), Symington (2002)]

Vg
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Semitoric invariants: the marked polygon invariant

» The integral affine structure may be “straightened out”
[Vii Ngoc (2007), Symington (2002)]

(T
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Semitoric invariants: the marked polygon invariant
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» The integral affine structure may be “straightened out”
[Vii Ngoc (2007), Symington (2002)]

7
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» The integral affine structure may be “straightened out”
[Vii Ngoc (2007), Symington (2002)]

7

» Marked semitoric polygon: Family of polygons including
marked points.
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Integrable systems Toric Semitoric Goal Example

Semitoric invariants: the marked polygon invariant

» The integral affine structure may be “straightened out”
[Vii Ngoc (2007), Symington (2002)]

7

» Marked semitoric polygon: Family of polygons including
marked points.

» Any marked polygon satisfying certain conditions (similar to
the Delzant conditions) is the polygon for a semitoric system.
13/43
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Integrable systems Toric Semitoric Goal Example

General goal

{semitoric systems} A4 {marked labeled semitoric polygons}
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Integrable systems Toric Semitoric Goal Example

General goal

o 1-1 oo
{semitoric systems} «— {marked labeled semitoric polygons}

» Toric integrable systems can be explicitly constructed from
the polytope by performing symplectic reductions on C¥ by a
torus action.

» Semitoric integrable systems can be constructed from
invariants by gluing of semi-local normal forms.
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General goal

o 1-1 oo
{semitoric systems} «— {marked labeled semitoric polygons}

» Toric integrable systems can be explicitly constructed from
the polytope by performing symplectic reductions on C¥ by a
torus action.

» Semitoric integrable systems can be constructed from
invariants by gluing of semi-local normal forms.

» Much harder to write down examples in semitoric case!
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General goal

o 1-1 oo
{semitoric systems} «— {marked labeled semitoric polygons}

» Toric integrable systems can be explicitly constructed from
the polytope by performing symplectic reductions on C¥ by a
torus action.

» Semitoric integrable systems can be constructed from
invariants by gluing of semi-local normal forms.

» Much harder to write down examples in semitoric case!

P in some sense unavoidable because semitoric systems are more
complicated, but should still be able to find some examples.
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Integrable systems Toric Semitoric Goal Example

General goal

o 1-1 oo
{semitoric systems} «— {marked labeled semitoric polygons}

» Toric integrable systems can be explicitly constructed from
the polytope by performing symplectic reductions on C¥ by a
torus action.

» Semitoric integrable systems can be constructed from
invariants by gluing of semi-local normal forms.

» Much harder to write down examples in semitoric case!

P in some sense unavoidable because semitoric systems are more
complicated, but should still be able to find some examples.

Given specified (unlabeled) marked semitoric polygon invariant try
to find an explicit system with that invariant.
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta
[Sadovskii and Zhilinskii, 1999]

“

> M=52x52 w=w D2

» coordinates (xi, y1, 21, X2, 2, Z2)
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta
[Sadovskii and Zhilinskii, 1999]

“

> M=52x52 w=w D2

» coordinates (Xl7 Y1,21,X2, Y2, 22)

J=z14+22
Hy = (1 —t)z1 + t(axe + y1y2 + 2122)

for t € [0, 1].
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta
[Sadovskii and Zhilinskii, 1999]

“

> M=52x52 w=w D2

» coordinates (xi, y1, 21, X2, 2, Z2)
J=z14+22
{Ht =(1—-t)a + thaxe + y1y2 + 2122)
for t € [0, 1].
» Notice (J, Hp) is toric system from before.
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Example: Coupled angular momenta
[Sadovskii and Zhilinskii, 1999]

“

> M=52x52 w=w D2

» coordinates (xi, y1, 21, X2, 2, Z2)
J=z14+22
{Ht =(1-t)z+ thaxe + yiy2 + 2122)
for t € [0, 1].
» Notice (J, Hp) is toric system from before.
» Let NS =(0,0,1,0,0,—1) s
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Example: Coupled angular momenta
[Sadovskii and Zhilinskii, 1999]

“

> M=52x52 w=w D2

» coordinates (xi, y1, 21, X2, 2, Z2)
J=z1422
{Ht =(1-t)z+ thaxe + y1y2 + 2122)
for t € [0, 1].
» Notice (J, Hp) is toric system from before.
» Let NS =(0,0,1,0,0,—1) s



Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta

J=z1422n
He = (1 —t)z1 + t(xaxe + y1y2 + 2122)
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta

J=z1422n
He = (1 —t)z1 + t(xaxe + y1y2 + 2122)

Theorem (Sadovskii-Zhilinskii (1999) and Le Floch-Pelayo (2018))
Let t € [0,1]. There exists t—,t* € (0,1) such that (J, H;) is:

semitoric with zero focus-focus points when t < t—;
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Example: Coupled angular momenta

J=z1422n
He = (1 —t)z1 + t(xaxe + y1y2 + 2122)

Theorem (Sadovskii-Zhilinskii (1999) and Le Floch-Pelayo (2018))
Let t € [0,1]. There exists t—,t* € (0,1) such that (J, H;) is:

semitoric with zero focus-focus points when t < t—;

degenerate at NS when t = t~;
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta

J=z1422n
He = (1 —t)z1 + t(xaxe + y1y2 + 2122)

Theorem (Sadovskii-Zhilinskii (1999) and Le Floch-Pelayo (2018))
Let t € [0,1]. There exists t—,t* € (0,1) such that (J, H;) is:

semitoric with zero focus-focus points when t < t—;

degenerate at NS when t = t~;

semitoric with one focus-focus point at NS when t— < t < tt;
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta

J=z1422n
He = (1 —t)z1 + t(xaxe + y1y2 + 2122)

Theorem (Sadovskii-Zhilinskii (1999) and Le Floch-Pelayo (2018))
Let t € [0,1]. There exists t—,t* € (0,1) such that (J, H;) is:

semitoric with zero focus-focus points when t < t—;

degenerate at NS when t = t~;
semitoric with one focus-focus point at NS when t— < t < tt;

degenerate at NS when t = t+;
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Integrable systems Toric Semitoric Goal Example

Example: Coupled angular momenta

J=z1422n
He = (1 —t)z1 + t(xaxe + y1y2 + 2122)

Theorem (Sadovskii-Zhilinskii (1999) and Le Floch-Pelayo (2018))
Let t € [0,1]. There exists t—,t* € (0,1) such that (J, H;) is:

semitoric with zero focus-focus points when t < t—;

degenerate at NS when t = t~;

semitoric with one focus-focus point at NS when t— < t < tt;

degenerate at NS when t = t+;

semitoric with zero focus-focus points when t > t+.
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Integrable systems Toric Semitoric Goal Example

Coupled angular momenta: moment map image

—+
I
‘o

h
D

RN
N L
w

4.0
vy

Toric
(figure made in Mathematica)
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Integrable systems Toric Semitoric Goal Example

Coupled angular momenta: moment map image

-1.01

Semitoric with zero focus-focus points
(figure made in Mathematica)
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Coupled angular momenta: moment map image

-1.01

Semitoric with one focus-focus point
(figure made in Mathematica)
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Toric Semitoric Goal Example

Integrable systems

Coupled angular momenta: moment map image

+
I
—_

h
D

Semitoric with zero focus-focus points
(figure made in Mathematica)
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Integrable systems Toric Semitoric Goal Example

Coupled angular momenta: semitoric polygon

The image of the momentum map for (J, H):
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Coupled angular momenta: semitoric polygon

The image of the momentum map for (J, H):

10 10 10) 10
03| g 03| 0|
T 3 = = 1 s aNe 4 1 3 s = T 3 3 =
s 03| o3| o3| Er
En En En

ARV

o

The semitoric polygons for (J, Hy):
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Coupled angular momenta: semitoric polygon

The image of the momentum map for (J, H;):
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The semitoric polygons for (J, Hy):
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Integrable systems Toric Semitoric Goal Example

Coupled angular momenta: semitoric polygon

The image of the momentum map for (J, H;):

10) 10 10) 10
0| 03| g 03| 0|
T ARV ) & = b 3 aNe « [ 33 = T ) E
s o3| 03| o3| o3| E
= En En En

The semitoric polygons for (J, Hy):

Given polygons, interpolate between systems “related to the
semitoric polygons” to find desired semitoric system.
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Semitoric families Intro  Example on W 2 focus-focus example

Semitoric families

Definition (Le Floch-P., 2018)

A semitoric family is a family of integrable systems (M, w, F;),
0<t<1, where

» dim(M) = 4;

> Fr=(J, He);

» J generates an S'-action;

» (t,p) — Hi(p) is smooth.

» it is semitoric for all but finitely many values of t
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Semitoric families

Definition (Le Floch-P., 2018)

A semitoric family is a family of integrable systems (M, w, F;),
0<t<1, where

» dim(M) = 4;

> Fr=(J, He);

» J generates an S'-action;

» (t,p) — Hi(p) is smooth.

» it is semitoric for all but finitely many values of t

(arXiv:1810.06915, to appear in the Memoirs of the AMS)
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Semitoric families

Definition (Le Floch-P., 2018)

A semitoric family is a family of integrable systems (M, w, F;),
0<t<1, where

» dim(M) = 4;
> Fe = (J7 Ht);
» J generates an S'-action;

» (t,p) — Hi(p) is smooth.

» it is semitoric for all but finitely many values of t

(arXiv:1810.06915, to appear in the Memoirs of the AMS)

Lemma (Invariance of polygons, Le Floch-P. 2018)

The (unmarked) semitoric polygon in a semitoric family can only
change at the values of t for which the system is degenerate.
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Polygons in a semitoric family
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Polygons in a semitoric family

t<t t-<t<tt

m B
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Polygons in a semitoric family
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Polygons in a semitoric family

t<t t-<t<tt t>tt
1

» For example, can we construct a system with the above
polygons?
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The first Hirzebruch surface

_ N

> Applying the Delzant construction we obtain the first
Hirzebruch surface:
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The first Hirzebruch surface

_ N

> Applying the Delzant construction we obtain the first
Hirzebruch surface: C* reduced by the T?-action generated by

N = (1/2) (Jur]® + Juz|® + |us|?, [us]? + ua]?) — (2,2).

» Toric system: J = 1/2|us|?, Hy = 1/2|us|?.
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The first Hirzebruch surface

_ N

> Applying the Delzant construction we obtain the first
Hirzebruch surface: C* reduced by the T?-action generated by

N = (1/2) (Jur]® + Juz|® + |us|?, [us]? + ua]?) — (2,2).

» Toric system: J = 1/2|us|?, Hy = 1/2|us|?.

» Hope to transition between (J, Hp) and (J, —Hp).
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The first Hirzebruch surface

_ N

> Applying the Delzant construction we obtain the first
Hirzebruch surface: C* reduced by the T?-action generated by

N = (1/2) (Jur]® + Juz|® + |us|?, [us]? + ua]?) — (2,2).

» Toric system: J = 1/2|us|?, Hy = 1/2|us|?.

» Hope to transition between (J, Hp) and (J, —Hp).
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Semitoric families Intro Example on W; 2 focus-focus example

Example on W, the first Hirzebruch surface

Let Hy = (1 — t)Ho + t(—Ho + YRe(T1u3ta)).

Theorem (Le Floch-P., 2018)

(J, H:) is a semitoric family on Wy with the desired polygons at
t=1/2.

22/43
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Example on W, the first Hirzebruch surface

Let Hy = (1 — t)Ho + t(—Ho + yRe(uiusua)).

Theorem (Le Floch-P., 2018)

(J, H:) is a semitoric family on Wy with the desired polygons at
t=1/2.
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Example on W, the first Hirzebruch surface

Let Hy = (1 — t)Ho + t(—Ho + yRe(uiusua)).
Theorem (Le Floch-P., 2018)

(J, H:) is a semitoric family on Wy with the desired polygons at

t=1/2.
t=0 t=0.071 t=0.143 t=0.214 t=0.286
2 2 2 2 2
1 3 1 3 1 3 1 3 1 3
-2 -2 -2 -2 -2
t=0.357 t=0429 =05 t=0.571 t=0.643
2 2 2 2 2
B —
1 3 1 3 3 3 3
-2 -2 -2 -2 -2
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A system with two focus-focus points

» Another semitoric polygon:
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A system with two focus-focus points

» Another semitoric polygon:

» The entire family of polygons:

I I
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A system with two focus-focus points

» Another semitoric polygon:

X
3= -

» The entire family of polygons:

:
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A system with two focus-focus points

» Another semitoric polygon:

X__
X__

» The entire family of polygons:

:
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A system with two focus-focus points

» Another semitoric polygon:

X__

» The entire family of polygons:

:
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A system with two focus-focus points

» Another semitoric polygon:

X__

» The entire family of polygons:

:
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Semitoric families Intro Example on W; 2 focus-focus example

A two parameter family

> Let M = S? x S? with w = w1 @ 2wy.
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A two parameter family

> Let M = S? x S? with w = w1 @ 2wy.

> lLet J =2z + 22.
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A two parameter family

> Let M = S? x S? with w = w1 @ 2wy.

> Let J =2z +22.

» Define:
Hoo = x1x0+ y1ys +z120
Hio =21
Hop =2
Hi1 =x1x0+y1ys — 2122
and
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A two parameter family

> Let M = S? x S? with w = w1 @ 2wy.

> Let J =2z +22.

» Define:
Hoo = x1x0+ y1ys +z120
Hio =21
Hop =2
Hi1 =x1x0+y1ys — 2122
and

Hs s, = (1—52) ((1 —s1)Hoo+s1 H1,o> + 5 ((1 —s1)Ho1+ 51H1,1)

for s1,s € [0,1].
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The momentum map image

Image of (J, Hs, s,) for si, s € [0, 1]
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Image of (J, Hs, s,) for si, s € [0, 1]
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The momentum map image

Image of (J, Hs, s,) for si, s € [0, 1]
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The momentum map image

il

4
/7'
.
>

M\MA
PPN
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y 4
PN

Theorem

Ny
LT

Theorem (Hohloch-P., 2018)

The system (J, H1 1) is a semitoric integrable system with exactly
272

two focus-focus points which has the above polygons as its

semitoric polygon invariant.
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Strategy (naive...)

> Start with semitoric polygon
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> Start with semitoric polygon

» Erase the dotted lines
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Strategy (naive...)

> Start with semitoric polygon
» Erase the dotted lines

> Hope that the result is Delzant...
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Strategy (naive...)

> Start with semitoric polygon
» Erase the dotted lines

» Hope that the result is Delzant...

» Use Delzant construction to obtain toric system
(M,w, Fo = (J, ho)) where M = C9//T for some torus T.
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Strategy (naive...)

> Start with semitoric polygon
» Erase the dotted lines

» Hope that the result is Delzant...

» Use Delzant construction to obtain toric system
(M,w, Fo = (J, hg)) where M = C?//T for some torus T.

» Note: this gives us preferred variables zy, ...,z on M
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Strategy (naive...)

> Start with semitoric polygon
» Erase the dotted lines

» Hope that the result is Delzant...

» Use Delzant construction to obtain toric system
(M,w, Fo = (J, hg)) where M = C?//T for some torus T.
» Note: this gives us preferred variables zy, ...,z on M

> Idea is to write functions in terms of these variables (keeping
invariant under T-action)
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Strategy (naive...)

> Start with semitoric polygon
Erase the dotted lines

>
» Hope that the result is Delzant...
>

Use Delzant construction to obtain toric system
(M,w, Fo = (J, hg)) where M = C?//T for some torus T.

» Note: this gives us preferred variables zy, ...,z on M

> Idea is to write functions in terms of these variables (keeping
invariant under T-action)

» Make some choice of H; and let H; = (1 — t)Hp + tH;.
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Strategy (naive...)

> Start with semitoric polygon
Erase the dotted lines

>
» Hope that the result is Delzant...
>

Use Delzant construction to obtain toric system
(M,w, Fo = (J, hg)) where M = C?//T for some torus T.

» Note: this gives us preferred variables zy, ...,z on M

> Idea is to write functions in terms of these variables (keeping
invariant under T-action)

» Make some choice of H; and let H; = (1 — t)Hp + tH;.

» If we are lucky, now (M,w, Fy = (J, Ht)) is a semitoric family
with the desired polygon when t= < t < tT.
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Strategy (naive...)

> Start with semitoric polygon
Erase the dotted lines

>
» Hope that the result is Delzant...
>

Use Delzant construction to obtain toric system
(M,w, Fo = (J, hg)) where M = C?//T for some torus T.

» Note: this gives us preferred variables zy, ...,z on M

> Idea is to write functions in terms of these variables (keeping
invariant under T-action)

» Make some choice of H; and let H; = (1 — t)Hp + tH;.

» If we are lucky, now (M,w, Fy = (J, Ht)) is a semitoric family
with the desired polygon when t= < t < tT.

This strategy is far too hopeful to work in general! \
27/43
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Erase the dotted lines

>
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(M,w, Fo = (J, hg)) where M = C?//T for some torus T.

» Note: this gives us preferred variables zy, ...,z on M

> Idea is to write functions in terms of these variables (keeping
invariant under T-action)

» Make some choice of H; and let H; = (1 — t)Hp + tH;.
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Strategy (naive...)

> Start with semitoric polygon
Erase the dotted lines

>
» Hope that the result is Delzant...
>

Use Delzant construction to obtain toric system
(M,w, Fo = (J, hg)) where M = C?//T for some torus T.

» Note: this gives us preferred variables zy, ...,z on M

> Idea is to write functions in terms of these variables (keeping
invariant under T-action)

» Make some choice of H; and let Hy = (1 — t)Hp + tH;.

» If we are lucky, now (M,w, Fy = (J, Ht)) is a semitoric family
with the desired polygon when t= < t < tT.

This strategy is far too hopeful to work in general! \
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Semitoric families Intro Example on W; 2 focus-focus example

Choosing H;

Proposition [Le Floch-P, 2023]

Let J =+ (3|z[2 = 3|2[?). Then H € C*(C2,R) is a
Hamiltonian such that {J, H} =0, H(0) = 0 and dH(0) = 0 if and
only if there exists p1, 2, 3,1 € R such that

H(z1, 2) = ,uﬁR(eiwzlzz) + ,u2|21|2 + ,u3|22|2 + higher order.

.
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Choosing H;

Proposition [Le Floch-P, 2023]

Let J =+ (3|z[2 = 3|2[?). Then H € C*(C2,R) is a
Hamiltonian such that {J, H} =0, H(0) = 0 and dH(0) = 0 if and
only if there exists p1, 2, 43,9 € R such that

H(z1, 2) = ,uﬁR(eiwzlzz) + ,u2|zl|2 + ,u3|22|2 + higher order.

Moreover, such a (J, H) is integrable if and only if
(p1, 2 + 113) # (0,0) and in this case the singular point (0, 0) is

» of focus-focus type if |ua + u3| < |u1l;
» of elliptic-elliptic type if |u2 + ps| > |pal;
» degenerate if |u2 + p3| = |pal.

.
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Choosing H;

Proposition [Le Floch-P, 2023]

Let J =+ (3|z[2 = 3|2[?). Then H € C*(C2,R) is a
Hamiltonian such that {J, H} =0, H(0) = 0 and dH(0) = 0 if and
only if there exists p1, 2, 43,9 € R such that

H(z1, 2) = ,uﬁR(eiwzlzz) + ,u2|zl|2 + ,u3|22|2 + higher order.

Moreover, such a (J, H) is integrable if and only if
(p1, 2 + 113) # (0,0) and in this case the singular point (0, 0) is

» of focus-focus type if |ua + u3| < |u1l;
» of elliptic-elliptic type if |u2 + ps| > |pal;
» degenerate if |u2 + p3| = |pal.

.

» This tells us how to chose H;
28/43
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Which polygons should we consider?

» There are still some shortcomings to this technique that we
need to overcome
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Which polygons should we consider?

» There are still some shortcomings to this technique that we
need to overcome

> But first, let's consider which marked polygons are the most
foundational
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Which polygons should we consider?

» There are still some shortcomings to this technique that we
need to overcome

> But first, let's consider which marked polygons are the most
foundational

» Semitoric systems naturally admit two types of blowups: toric
type and semitoric type (Symington, Zung, Auroux).
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Which polygons should we consider?

» There are still some shortcomings to this technique that we
need to overcome

> But first, let's consider which marked polygons are the most
foundational

» Semitoric systems naturally admit two types of blowups: toric
type and semitoric type (Symington, Zung, Auroux).

N~ A

toric JC\L:WQ Sewitpez By pe
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Which polygons should we consider?

» There are still some shortcomings to this technique that we
need to overcome

> But first, let's consider which marked polygons are the most
foundational

» Semitoric systems naturally admit two types of blowups: toric
type and semitoric type (Symington, Zung, Auroux).

N~ A

toric JC\L:WQ Sewitpez By pe

P> A semitoric system is called minimal if it does not admit a
toric type blowup, and strictly minimal if it does not admit
either type. 29/43
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From minimal helices to strictly minimal polygons

» Minimal semitoric systems were classified by Kane-P.-Pelayo
(2016) in terms of an invariant called the semitoric helix
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From minimal helices to strictly minimal polygons

» Minimal semitoric systems were classified by Kane-P.-Pelayo
(2016) in terms of an invariant called the semitoric helix

» The minimal helices came in 7 different types (and recovering
the polygon from the helix can be complicated)
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minimal helices to strictly minimal polygons

» Minimal semitoric systems were classified by Kane-P.-Pelayo
(2016) in terms of an invariant called the semitoric helix

» The minimal helices came in 7 different types (and recovering
the polygon from the helix can be complicated)

» It turns out that the only strictly minimal ones are type (1),
type (2), and type (3), and luckily finding the corresponding
polygons for these helices was tractable.
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minimal helices to strictly minimal polygons

» Minimal semitoric systems were classified by Kane-P.-Pelayo
(2016) in terms of an invariant called the semitoric helix

» The minimal helices came in 7 different types (and recovering
the polygon from the helix can be complicated)

» It turns out that the only strictly minimal ones are type (1),
type (2), and type (3), and luckily finding the corresponding
polygons for these helices was tractable.

Proposition (P.-Le Floch, 2023):

A semitoric system is strictly minimal if and only if its marked
polygon is one of the ones shown on the next slide.

30/43

J. Palmer Semitoric families and beyond



Semitoric families Intro Example on W; 2 focus-focus example

The strictly minimal polygons

¥

(0,0) (20,0)  (0,0) (a+28,0)
(a) Type(1). 0<h < 5. (b) Type (2a). 0 < hy, ko < B.
(8,8)
(B,8) (a+8,8)
x
Gl
(0,0) (23,0) (0,0) (a+npB,0)
(c) Type (2b). 0 < hy, hy < . (d) Type (3a). n>1,0<h < 3.
@.5) (.6~ 327)

(0,0) (ng,0) (0,0) (nf — a,0)

(e) Type (3b). n>2,0<h < 3. (f) Type (3¢). n>2,a<3,0<h < f— ;2.

n
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The strictly minimal polygons - progress so far

B,8)  (a+B,B)

. {i ﬂ»ko\f\lud/\-ﬂ

[V

¥

(0,0) (2a,0)

v
()

(a) Type(1). 0 <h < §.

(8,8)

(0,0)
(¢) Type (2b). 0< hy,hy < f.
(8,8)

(28,0)

(0,0) (ng,0)

(e) Type (3b). n>2,0<h < 3.

(0,0) (a+23,0) )
(b) Type (2a). 0 < hy, ha < B. < ‘/
=1
(6, .3))‘K (a+5,8) Y'\‘;'L v ﬁ:ﬂaj
W \723 X
(0,0) (a+npB,0)
(d) Type (3a). n>1,0 < h < 4.
(B,8-3%)
B-a.B—a |
/N
(0,0) (nf — a,0)

(f) Type (3¢c). n>2,a < 8,0 <h<f— 2.
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Intro 2 focus-focus example

Example on Wy

The strictly minimal polygons - progress so far

5.8
i x [}%onucb\-f%
oM

(a+8,8)

(0,0)

v
()

(0,0)
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(e) Type (3b). n>2,0<h < 3.

(2a,0)

(a) Type(1). 0 <h < §.
(8,8)

(28.0)

(nB,0)

J. Palmer

(0,0) (a+25,0) [SZ]
(b) Type (2a). 0 < hy, ha < B. <
v
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x
h{ '\7/3 X
(0,0) (a+npB,0)
(d) Type (3a). n>1,0<h < .
(8:8-3%)
B-a,f—a |
%
/7{\
(0,0) (nB — a,0)

(f) Type (3¢c). n>2,a < 8,0 <h<f— 2.
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Beyond Obstructions CIF?  type 3)

Towards a system of type (1)

» Type (1) polygons:

\/
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» The right polygon does not correspond to a toric system!
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» No problem, just use the other polygon for the t = 0 system,
and abandon hope that something toric will appear when t =1

32/43

J. Palmer Semitoric families and beyond



Beyond Obstructions CIF?  type 3)

Towards a system of type (1)

» Type (1) polygons:

\/

» The right polygon does not correspond to a toric system!

» No problem, just use the other polygon for the t = 0 system,
and abandon hope that something toric will appear when t =1

32/43

J. Palmer Semitoric families and beyond



Beyond Obstructions CIF?  type 3)

Towards a system of type (1)

» Type (1) polygons:

\/

» The right polygon does not correspond to a toric system!

» No problem, just use the other polygon for the t = 0 system,
and abandon hope that something toric will appear when t =1

» The preimage of this “line” has a special property with
respect to the S'-action generated by J (Z; isotropy).
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» The right polygon does not correspond to a toric system!

» No problem, just use the other polygon for the t = 0 system,
and abandon hope that something toric will appear when t =1

» The preimage of this “line” has a special property with
respect to the S'-action generated by J (Z; isotropy).
» Those points must be sent to the boundary in a semitoric
system.
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Beyond Obstructions CIF?  type 3)

Towards a system of type (1)

» Type (1) polygons:

\/

» The right polygon does not correspond to a toric system!

» No problem, just use the other polygon for the t = 0 system,
and abandon hope that something toric will appear when t =1

» The preimage of this “line” has a special property with
respect to the S'-action generated by J (Z; isotropy).
» Those points must be sent to the boundary in a semitoric
system.

» Hohloch-Sepe-Sabatini-Symington studied the relationship

between semitoric systems and the S'-space [2015-present]
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Beyond Obstructions CP? type (©)]

A type (1) system on CP?

> )\, J, v are parameters satisfying 0 < v < ﬁ and § > 2%\
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

> )\, J, v are parameters satisfying 0 < v < ﬁ and § > 2%\
» Apply Delzant’s construction to get M = N~1(0)/S* where
N:C3®—=Ris

N == (|2 + |2]* +|z) — A

N =
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

> )\, J, v are parameters satisfying 0 < v < ﬁ and § > 2%\
» Apply Delzant’s construction to get M = N~1(0)/S* where
N:C3®—=Ris

N == (|2 + |2]* +|z) — A

N =

» M = CP2.
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

> )\, J, v are parameters satisfying 0 < v < ﬁ and § > 2%\

» Apply Delzant’s construction to get M = N~1(0)/S* where

N:C3—>Ris
1
N=3 (|21)* + |22 + |z3]?) — A
> M = CP?.
> Let

J=3(aP - |2P)
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A type (1) system on CP?

> )\, J, v are parameters satisfying 0 < v < ﬁ and § > 2%\

» Apply Delzant’s construction to get M = N~1(0)/S* where

N:C3—>Ris
1
N=3 (|21)* + |22 + |z3]?) — A
> M = CP?.
> Let

J=3(aP - |2P)

Hy = 295tA% + (1 — 2t)@ + 2'yt(Re(zlz22§)
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

> )\, J, v are parameters satisfying 0 < v < ﬁ and § > 2%\

» Apply Delzant’s construction to get M = N~1(0)/S* where

N:C3—>Ris
1
N=3 (|21)* + |22 + |z3]?) — A
> M = CP?.
> Let

J=3(aP - |2P)

2
Hy = 296tA2 + (1 —2t) 185 4 2’yt(Re(21222§) — |z + \22\2)2)

P> Last term is to keep the Zy-sphere on the boundary.
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Beyond Obstructions CP? type (©)]

A type (1) system on CP?

» The image of (J, H;) for 0 < t < 1:
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Beyond Obstructions CP? type (©)]

A type (1) system on CP?

» The image of (J, H;) for 0 < t < 1:

t=0

A\

-1 1
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Beyond Obstructions CP? type (©)]

A type (1) system on CP?

» The image of (J, H;) for 0 < t < 1:

t=0 t=0.11 t=0.22 t=0.33 t=0.44
-1 11 11 11 1 -1 1

t=0.56 t=0.67
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

» The image of (J, H;) for 0 < t < 1:

t=0 t=0.11 t=0.22 t=0.33 t=0.44
-1 11 11 11 1 -1 1

t=0.56 t=0.67
/\ /\
-1 1 -1 1

> For t ~ % the system is semitoric with a focus-focus point!
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

» The image of (J, H;) for 0 < t < 1:

t=0 t=0.11 t=0.22 t=0.33 t=0.44

t=0.56 t=0.67 t=0.78 t=0.89

ﬂﬂﬂﬂﬂ

> For t ~ % the system is semitoric with a focus-focus point!

» For large t the system becomes hypersemitoric.

» Hypersemitoric systems were introduced in [Hohloch-P., 22] to
study the integrable systems with prescribed S-actions.
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Beyond Obstructions CP? type (©)]

Fibers of hypersemitoric systems
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Beyond Obstructions CP? type (©)]

Fibers of hypersemitoric systems
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Beyond Obstructions CP? type (©)]

A type (1) system on CP?

1=0 (=11 (=022 (=033 1=0
A N
/ VRN N\ AN 7N

/ \ \ \

/ \ \

: ;4 4 4 14 :
(=058 (=067 (=089 1=t
2N 20N \ A D

\ \  / \ / Vv
/ \ / \
\ \ / \
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

t=0 t=0.11 t=022 =033 =044

A\

T i i T
=056 =067 t=078 =089 t=1

J T [ T T

Theorem (Le Floch-P., 2023)
The family Fy = (J, H;) is

» semitoric with zero focus-focus points when 0 < t < t—,
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Theorem (Le Floch-P., 2023)
The family Fy = (J, H;) is

» semitoric with zero focus-focus points when 0 < t < t—,

» degenerate when t = t—,
» semitoric with one focus-focus point when t— < t < tT,

» degenerate when t = tT,
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

t=0 t=0.11 t=022 =033 =044

A\

T i i T
=056 =067 t=078 =089 t=1

J T [ T T

Theorem (Le Floch-P., 2023)
The family Fy = (J, H;) is

» semitoric with zero focus-focus points when 0 < t < t—,

degenerate when t = t—,

degenerate when t = tT,

>
» semitoric with one focus-focus point when t— < t < tT,
>
>

hypersemitoric with one flap when t* < t < 1.
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Beyond Obstructions CP? type 3)

A type (1) system on CP?

=0 t=0.11 t=022 =033 t=044
" » PN P -y

T i i T
=056 =067 t=078 =089 t=1

Theorem (Le Floch-P., 2023)
The family Fy = (J, H;) is

» semitoric with zero focus-focus points when 0 < t < t—,

degenerate when t = t—,

degenerate when t = tT,

>
» semitoric with one focus-focus point when t— < t < tT,
>
>

hypersemitoric with one flap when t* < t < 1.

» An example of type (1) was also studied by
Chiscop-Dullin-Efstathiou-Waalkens (2019).
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Beyond

Obstructions CP? type (3)

The strictly minimal polygons - progress
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Beyond Obstructions CP? type 3)

Strictly minimal systems of type (3)

» For the following slides, we consider the (n — 2)* Hirzebruch
surface, obtained as the symplectic reduction of C* by

1

N=—
2

(12> + |z3]> + (n = 2)|za]?, |22* + |za]%)
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Beyond Obstructions CP? type 3)

Strictly minimal systems of type (3)

» For the following slides, we consider the (n — 2)* Hirzebruch
surface, obtained as the symplectic reduction of C* by

1

N=—
2

(12> + |z3]> + (n = 2)|za]?, |22* + |za]%)

> Let X = R(z212025 1z) and R = % (|22 + (n = 2)|z]?)

38/43

J. Palmer Semitoric families and beyond



Beyond Obstructions CP? type 3)

Strictly minimal systems of type (3a)

Theorem (Le Floch-P., 2023)
For certain o, 8,7,6 > 0, the system

J=L(z1 P+ 2P, He= 221 |25 24 29 t( X +6R2) —2+6t((n—1) f+a)>.

is semitoric of type (3a) when t~ < t < t*.

t=1
45600123456
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Beyond Obstructions CP? type 3)

Strictly minimal systems of type (3b)

Theorem (Le Floch-P., 2023)
For certain o, 3,7,6 > 0, the system

J=1(|zP+|2)?), He=221 2524 2t (X +6R?) —2y6t(n—1)2 2.

is semitoric of type (3b) when t~ < t < t*.
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Beyond Obstructions CP? type 3)

Strictly minimal systems of type (3c)

Theorem (Le Floch-P., 2023)
For certain o, 8,7,6 > 0, the system

I=3(aP+HzP),  He=P5 |z 242y t(X+6R?)~2y6t((n—1)B—a).

is semitoric of type (3c) when t— <t < tT.

t=0 t= t=0.22 t=0.33 t
0 1 2 3 45 0 1 2 3 4 5 0 1 2 3 45 0 1 2 3 45 01 2 3 45
_g-g 0.0 0
210 43 08 -05 -05)
-15 oy -1.0 -1.0 _10l
39 229 o -15 |
758 -25 -20 -20 19
=056 t=0.67 t=0.78 t=0.89 t=1
012345 012345
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Beyond

* type (3)

The strictly minimal polygons - progress
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w{"
(0,0) (ng,0) (0,0) (nf — a,0)
(e) Type (3b). n>2,0<h < 3. (f) Type (3¢). n>2,a<3,0<h < f— ;2.
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(0,0) (28.0) (0,0) (a+nB,0)
(c) Type (2b). 0 < hy, hy < . (d) Type (3a). n>1,0<h < 3.
@.5) )
B-a,f—a | /
w{"
(0,0) (ng,0) (0,0) (nf — a,0)
(e) Type (3b). n>2,0<h < 3. (f) Type (3¢). n>2,a<3,0<h < f— ;2.
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Beyond Obstructions CP? type 3)

The explicit constructions of strictly minimal systems

For each strictly minimal (unmarked) semitoric polygon, there
exists an explicit system in the literature:

> type (1): Le Floch-P. (2023) (and CDEW)
type (2a/b): Hohloch-P. (2018), Le Floch-P. (2022)

>

> type (3a), n = 1: Coupled angular momenta (5Z,1999)
» type (3abc), n =2: Le Floch-P. (2022)

> type (3abc), n > 3 Le Floch-P. (2023)
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Beyond Obstructions CP? type 3)

The explicit constructions of strictly minimal systems

For each strictly minimal (unmarked) semitoric polygon, there
exists an explicit system in the literature:

» type (1): Le Floch-P. (2023) (and CDEW)
type (2a/b): Hohloch-P. (2018), Le Floch-P. (2022)

>

> type (3a), n = 1: Coupled angular momenta (5Z,1999)
» type (3abc), n =2: Le Floch-P. (2022)

> type (3abc), n > 3 Le Floch-P. (2023)

v

> Moreover, these examples each come from a family of systems
(M, w, (J, H)), starting with a toric system at t = 0 and
either becoming toric again or developing a flap by t = 1.
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Beyond Obstructions CP? type 3)

The explicit constructions of strictly minimal systems

For each strictly minimal (unmarked) semitoric polygon, there
exists an explicit system in the literature:

» type (1): Le Floch-P. (2023) (and CDEW)
type (2a/b): Hohloch-P. (2018), Le Floch-P. (2022)

>

> type (3a), n = 1: Coupled angular momenta (5Z,1999)
» type (3abc), n =2: Le Floch-P. (2022)

> type (3abc), n > 3 Le Floch-P. (2023)

v

> Moreover, these examples each come from a family of systems
(M, w, (J, H)), starting with a toric system at t = 0 and
either becoming toric again or developing a flap by t = 1.

Thanks for listening!
43/43

J. Palmer Semitoric families and beyond



	Integrable systems
	Toric
	Semitoric
	Goal
	Example

	Semitoric families
	Intro
	Example on W1
	2 focus-focus example

	Beyond
	Obstructions
	CP2
	type (3)


