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Albert Nijenhuis (1926 – 2015)

Dutch-American mathematician who specialised in differential geometry
and the theory of deformations in algebra and geometry, and later worked
in combinatorics.

Alma mater: University of Amsterdam

Doctoral advisor: Prof. Jan Arnoldus Schouten

A. Nijenhuis, Xn´1-forming sets of eigenvectors, Proc. Kon. Ned. Akad.
Amsterdam 54 (1951) 200–212.
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What is GEOMETRY?

Space, manifold Mn + Structure

Structure is usually
defined by means of
a tensor, like,
gij , ωij , or P ij

Naively, in coordinates, the geometric structure is defined by means of a

matrix A “
´

aijpxq
¯

whose entries depend on coordinates

x “ px1, . . . , xnq and satisfy some algebraic and differential conditions.



Poisson geometry

Definition
A Poisson structure P is a bi-vector field P “

´

P ijpxq
¯

, P ij “ ´P ij ,

such that the operation (Poisson bracket) t , u on the space of smooth
functions C8pMq:

tf , gu :“ Ppd f , d gq “
ÿ

i,j

P ij Bf

Bx i
Bg

Bx j

satisfies the Jacobi identity:

tf , tg , huu ` tf , tg , huu ` tf , tg , huu “ 0, for all f , g , h P C8pMq

or, equivalently,

P iα BP
jk

Bxα
` P jα BP

ki

Bxα
` Pkα BP

ij

Bxα
“ 0.



Nijenhuis geometry

Definition
A Nijenhuis structure L is a field of endomorphisms L “

´

Lijpxq
¯

such

that the Nijenhuis identity holds

L2rξ, ηs ´ LrLξ, ηs ´ Lrξ, Lηs ` rLξ, Lηs “ 0 for all vector fields ξ, η

or, equivalently,

Lsj
BLik
Bx s

´ Lsk
BLij
Bx s

´ Lis
BLsk
Bx j

` Lis
BLsj
Bxk

“ 0

(summation over repeated indices s is assumed).
The vector-values 2-form

NLpξ, ηq “ L2rξ, ηs ` rLξ, Lηs ´ LrLξ, ηs ´ Lrξ, Lηs

is known as the Nijenhuis torsion of an operator L.
Alternatively, as a map from “1-forms” to “2-forms”: NL : α ÞÑ β, where

βp¨ , ¨q “ d pL˚2
αqp¨ , ¨q ` dαpL¨ , L¨q ´ d pL˚αqpL¨ , ¨q ´ d pL˚αqp¨ , L¨q.



Elementary examples: Poisson

§ Constant Poisson structure P “
´

P ij
¯

, P ij P R.

§ Canonical bracket on T˚M: in the canonical coordinates
x1, . . . , xn, p1, . . . , pn

tpi , xju “ δij , tpi , pju “ txi , xju “ 0, i , j “ 1, . . . , n.

§ Lie-Poisson bracket
txi , xju “

ÿ

k

ckij xk ,

where ckij is the structure tensor of a certain finite-dimensional Lie
algebra.

§ Quadratic bracket (just a particular example):

ta, bu “ ab, ta, cu “ ac , ta, du “ 2bc,

tb, cu “ 0, tb, du “ bd , tc , du “ cd .

§ Poisson brackets related to resonances (superintegrability) in
Hamiltonian dynamics.



Elementary examples: Nijenhuis

§ Constant operator:

Lpxq “
´

Lij

¯

, Lij P R.

§ Scalar operator:
Lpxq “ f pxq ¨ Id,

where f pxq is an arbitrary smooth function

§ Complex structure

§ L1 “

¨

˚

˚

˚

˚

˝

x1 0 0 0 0
0 x2 0 0 0
0 0 x3 0 0
0 0 0 x4 0
0 0 0 0 xn

˛

‹

‹

‹

‹

‚

, L2 “

¨

˚

˚

˚

˚

˝

x1 1 0 0 0
x2 0 1 0 0
x3 0 0 1 0
x4 0 0 0 1
x5 0 0 0 0

˛

‹

‹

‹

‹

‚

§ L3 “

¨

˚

˚

˚

˚

˝

x1 0 0 0 0
x2 x1 0 0 0
x3 x2 x1 0 0
x4 x3 x2 x1 0
x5 x4 x3 x2 x1

˛

‹

‹

‹

‹

‚

, L4 “

¨

˚

˚

˚

˚

˝

x1 0 0 0 0
x2 x1 0 0 0
x3 0 x1 0 0
x4 0 0 x1 0
x5 x4 x3 x2 x1

˛

‹

‹

‹

‹

‚



Poisson Geometry: Splitting theorem

Theorem (A. Weinstein, S. Lie)
Every Poisson structure P locally splits into direct product

P “ P1 ˆ P2

where P1 is non-degenerate and P2pp0q “ 0. More precisely, there exists a
coordinate system p1, q1, . . . , qk , pk and z1, . . . , zs , 2k ` s “ n, such that

P “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1
´1 0

. . .

0 1
´1 0

P2pzq

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



Sketch of proof

Fact 1. Let ξ ‰ 0 be a vector field. Then (locally) there exist independent
functions h, f1, . . . , fn´1 such that

ξphq “ 1, ξpfi q “ 0.

Equivalently, if we take h, f1, . . . , fn as coordinates, then
ξ “ p1, 0, . . . , 0q.

Fact 2. Let ξ1 and ξ2 be lin. ind. vector field such that rξ1, ξ2s “ 0. Then
(locally) there exist independent functions h, g , f1, . . . , fn´2 such that

ξ1phq “ 1, ξ2phq “ 0,

ξ1pgq “ 0, ξ2pgq “ 1,

ξ1pfi q “ ξ2pfi q “ 0.

Equivalently, if we take g , h, f1, . . . , fn´2 as coordinates, then
ξ1 “ p1, 0, . . . , 0q and ξ2 “ p0, 1, 0, . . . , 0q.



Let Ppp0q ‰ 0 (otherwise everything is done). Take g such that Xg ‰ 0.
Then there exists h such that Xg phq “ 1, i.e., tg , hu “ 1.
Next consider Xg and Xh. We have rXg ,Xhs “ Xtg ,hu “ X1 “ 0. Then
there exist f1, . . . , fn´2 such that

Xhpfi q “ 0, Xg pfi q “ 0,

Equivalently,
th, fiu “ tg , fiu “ 0.

Now take g , h, f1, . . . , fn´2 to be new coordinates. What is the matrix of
P in this coordinate system? Answer:

¨

˚

˚

˚

˚

˚

˝

0 1 0 . . . 0
´1 0 0 . . . 0

tfi , fju

˛

‹

‹

‹

‹

‹

‚

The Jacobi identity immediately implies that tfi , fju “ φijpf1, . . . , fn´2q.
Induction completes the proof.



Splitting theorem

Let χLpxqptq “ det
`

t Id´ Lpxq
˘

“ tn´σ1pxqt
n´1´σ2pxqt

n´2´ . . .´σnpxq
be the characteristic polynomial of L and

χLpp0qptq “ χ1ptqχ2ptq

be its factorisation at a point p0 P Mn into two factors with no common
roots (over R), degχ1 “ r , degχ2 “ n ´ r .

Theorem
There exist local coordinates px1, . . . , xr , yr`1, . . . , ynq such that

Lpx , yq “

¨

˝

L1pxq 0

0 L2pyq

˛

‚, (1)

with χ1 “ χL1 and χ2 “ χL2 .

In particular the distributions Di “ Kerχi pLq (i “ 1, 2) are integrable.

In other words, L splits into a direct sum of two Nijenhuis operators:
Lpx , yq “ L1pxq ‘ L2pyq.



Proof of Splitting Theorem

Step 1. If L is Nijenhuis, then L2 is Nijenhuis too.

Step 2. If L is Nijenhuis, then ppLq is Nijenhuis, where pp¨q is a polynomial
(with constant coefficients).

Step 3. If L is Nijenhuis, then any convergent power series
ř

akL
k , ak P R,

i.e. any real analytic function f pLq is Nijenhuis, e.g. exp L, sin L, . . .

Step 4. Now let TxM “ D1 ‘D2 be the decomposition of the tangent space
into the subspaces related to the factorisation χL “ χ1 ¨ χ2 and
Pi : TxM Ñ Di denote the projector onto Di .
Fact from Matrix Analysis: Pi “

ř

akL
k “ fi pLq real analytic

function. Therefore Pi is Nijenhuis.

Step 5. Pi is a very simple operator with two constant eigenvalues, 0 and 1.
We prove the Splitting Theorem for Pi instead, to find coordinates
px1, . . . , xr , yr`1, . . . , ynq.

Step 6. Then L “ LP1 ` LP2 “

ˆ

L1
0

˙

`

ˆ

0
L2

˙

, where LP1 and LP2

are both Nijenhuis.

Step 7. Verification that ByαL1 “ 0 and BxβL2 “ 0 is straightforward from
the definition.



Corollaries: Haantjes theorem

Corollary
Every Nienhuis operator L locally splits into a direct sum of Nijenhuis
operators L “ L1 ‘ L2 ‘ . . . each of which at the point p P M has either
a single real eigenvalue or a single pair of complex eigenvalues.

Theorem (Haantjes)
Let L be a Nijenhuis operator which is R-diagonalisable at a point p and,
all of its eigenvalues are different. Then there exist local coordinates
px1, . . . , xnq such that

Lpxq “

¨

˚

˚

˝

λ1px1q
λ2px2q

. . .

λnpxnq

˛

‹

‹

‚

Moreover, if λ1i ‰ 0, i “ 1, . . . , n, then we can take the eigenvalues
ui “ λi pxi q as new local coordinates to simplify L even further:

Lpuq “

¨

˚

˚

˝

u1
u2

. . .

un

˛

‹

‹

‚



Non-degenarate Poisson structures: symplectic case

Let P be a Poisson structure such that detP ‰ 0 everywhere.
In some sense, this is the best and most generic case (in even dimension).

Theorem
If detP ‰ 0, i.e., P is invertible, then its inverse Ω “ P´1 is a symplectic

form. More precisely, if Ω “
´

ωij

¯

, then the differential form

ω “
ÿ

iăj

ωij d x
i ^ d x j

is closed (and, of course, non-degenerate in the sense that det Ω ‰ 0).
Moreover, there exists a local coordinate system q1, . . . , qn, p1, . . . , pn
such that

ω “ d p1 ^ d q1 ` d p2 ^ d q2 ` ¨ ¨ ¨ ` d pn ^ d qn,

or, equivalently

P » Bq1 ^ Bp1 ` Bq2 ^ Bp2 ` ¨ ¨ ¨ ` Bq2 ^ Bp2 .



gl-regular Nijenhuis operators

Question. What is the best, most generic (Nijenhuis) operator?

Answer. Since L is defined up to similarity transformation L ÞÑ CLC´1,
the answer must be given in terms of its orbit OL“tCLC

´1 |C P GLpnqu:
this orbit must be regular, i.e., have maximal dimension. We call such
operators gl-regular.

Theorem (Real analytic case)
Let L be a gl-regular Nijenhuis operator. Then there exist local
coordinate systems u “ pu1, . . . , unq and v “ pv1, . . . , vnq in which L
reduces to the first and second companion forms:

Lpuq “

¨

˚

˚

˚

˝

σ1 1
... 0

. . .

σn´1

...
. . . 1

σn 0 . . . 0

˛

‹

‹

‹

‚

and Lpvq “

¨

˚

˚

˚

˝

0 1
...

. . .
. . .

0 . . . 0 1
σn σn´1 . . . σ1

˛

‹

‹

‹

‚

,

where σi are the coefficients of the characteristic polynomial of L in the
corresponding coordinate system.

Open problem. Is it still true in the C8-smooth case?



Integrable systems and Poisson commuting integrals

Let pM2n, ωq be a symplectic manifold (equivalently, Poisson manifold
with a non-degenerate Poisson structure P “ Ω´1)
A (Liouville) integrable Hamiltonian system on M2n can be understood as
a collection of n functions F1 “ H,F2, . . . ,Fn satisfying the following two
conditions:

§ F1, . . . ,Fn are functionally independent, i.e., their differentials
dF1, . . . , dFn are linearly independent on an open dense subset
U Ă M;

§ F1, . . . ,Fn Poisson commute, i.e., tFi ,Fju “ 0, i , j “ 1, . . . , n.

Theorem
An integrable Hamiltonian system can (locally) be integrated in
quadratures.

“In quadratures” means that two (local) operations are allowed:

§ solving systems of functional equations, like F px , y , zq “ 0 ñ
z “ gpx , yq;

§ integrating closed 1-forms, i.e., if dα “ 0, then we can find f such
that d f “ α.



Sketch of proof

More general result. Consider a system of ODEs

d x

d t
“ ξpxq, x “ px1, . . . , xnq P Rn. (2)

which admits n´ k independent first integrals F1, . . . ,Fn´k and k linearly
independent commuting symmetries ξ1, . . . , ξk (vector fields such that
rξ, ξi s “ 0). Let ξi pFjq “ 0, then (2) can be integrated in quadratures.

Step 1. Resolve Fjpx1, . . . , xk , xk`1, . . . , xnq “ uj and take the new
coordinate system x1, . . . , xk , u1 “ F1pxq, . . . , un´k “ Fn´kpxq.
Since ξi pFjq “ ξi pujq “ 0, then in the new coordinates
ξ “ p˚, ..., ˚, 0, ..., 0q and ξi “ p˚, ..., ˚, 0, ..., 0q so that we can ignore
u1, . . . , un´k thinking of them as parameters.

Step 2. Now we have k independent vector fields ξi given in coordinates
x1, . . . , xk . Consider the dual basis α1, . . . , αk of differential 1-forms.
Since ξi pairwise commute, then αi are all closed, and by integrating
them we construct new coordinates y1, . . . , yk such that d yi “ αi or
equivalently ξi “ Byi .

Step 3. Since rξ, ξi s “ 0, then (2) becomes d yi
d t “ ci , ci P R. The job is

done.


