Hamiltonian group

a5

actions and fixed points
Mantra: act globally, compute locally

Poisson 2026
Summer School
3-7 August 2026

Tara S. Holm

Cornell University SI M S

E_O _U_N DI A =lwal 5@\




Outline - Lectures 1 & 2

¢ Symplectic geometry (with lots of examples)
¢ Group actions & fixed points (with lots of examples)
¢ Localization (with lots of examples)

¢ Symplectic reduction (how to take a quotient)

(with lots of examples)



Outline - Lectures 3 & 4

¢ Classification results: toric, complexity one
¢ How much does cohomology convey?

¢ Symplectic embeddings (if time)



Symplectic manifolds
A symplectic manifold is a manifold vy, '\H& 2N 2"“‘% [ v
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Symplectic manifolds

A symplectic manifold is a manifold with a two-form w € Q*(M)
that is:

¢ Closed: dw =0

¢ Non-degenerate: w™ = dVol ~ M is 2n-dimensional

& orientable




Symplectic manifolds

(Rz)w — dx A dy) A (Rzn,w = Z dx; A dyi)



Symplectic manifolds

(Rz)w — dx A dy) A (Rzn,w = Z dx; A\ dyi)
_—— —

Darboux’s Theorem:

We may always choose coordinates x1,...,%Xn,Y1,...,Un on M
so that locally

w = Z dxi/\dyi.



Symplectic manifolds

(Rz)w — dx A dy) A (Rzn,w = Z dx; A dyi)

Darboux’s Theorem:
We may always choose coordinates x1,...,Xn,Y1,...,Un on M

so that locally o0 Q&a F+

W = Z dx; AN dyi.
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A= There are no local invariants (like curvature).




osymplectic manifolds
\\

Calque of “complex” introduced by Weyl (1939)
—

Complex: Latin com-plexus “braided together”
Symplectic: Greek ovp - TAekTIKOS

(Rz)w — dx A dy) A (Rzn,w = Z dx; A dyi)
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Darboux’s Theorem:

We may always choose coordinates x1,...,%Xn,Y1,...,Un on M
so that locally
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w = Z dxi/\dyi.

A= There are no local invariants (like curvature).



Compact examples

¢ Even-dimensional spheres S°™ = {7 c R ‘ Y xi=1j
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Compact examples

(m > 2)
- E T : 1l g2n _ {Y} cRp2ntl | —- M%_
¢ Complex projective space cpn! {V cC™ ‘ dlmcc = 1}

¢ Grassmannian Gr(k,C")= {V C C" | dim¢(V) = k}



Compact examples
(n > 2)

e Even-dimensional 5|5]= ares SZ _ {? R2n+1 I Lx _ 1}
¢ Complex projective space CP™" ™ '= {V cCc® ‘ dimg (V) = 1}

¢ Grassmannian Ggr(k,C")= {V CC™ ’ dimc(V) = k}
¢ Flag varieties

Flags(C™) = {VO cCviC...Ccv,=C" ‘ dime (Vi) = i}




Compact examples

(n > 2)
< ZE{? R2n+1IZZ
& ¢ Complex projective space Cp™ = {V cC™ ‘ dlmcc V) = 1}
% ¢ Grassmannian Ggr(k,C")= {V ccn ’ dimc (V k}
% ¢ Flag varieties
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Compact examples
(n > 2)

i I : 1] g2n _ {? cR2nd] I > X _ 1 }
¢ Complex projective space CP™ '={V C C" | dim¢(V) =1}
¢ Grassmannian Gr(k,C")={V C C" | dim¢(V) =k}

¢ Flag varieties

Flags(C™) = {Vo cCviC...Ccv,=C" ‘ dime (Vi) = i}

Coadjoint orbits O

¢ Smooth complex projective varieties



Compact examples
(n>2)

— Even-dimensionatspheres—S2h— {50« pant] I >=H
¢ Complex projective space CP™™ { c Cc™ ‘ dime (V) = 1}
¢ Grassmannian Ggr(k,C")= {V c Cc ’ dimc(V) = k}
¢ Flag varieties

Flags(C™) = {Vo cCviC...Ccv,=C" ‘ dime (Vi) = i}

Coadjoint orbits O

¢ Smooth complex projective varieties

< Toric varieties [ </ OOM >



Compact examples

/_\

n>2)

{?CRZnM | vx 1
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.*:{ - Complex projective space CP™"'= {V C C" \dm V):1}
S

¢ Grassmannian Gr(k,C")={V C C" | dim¢(V) =k}
¢ Flag varieties
Flags(C™)={V, CV; C---CVn:(C“‘ dime (Vi) = i}
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Compact examples

(n > 2)

— Even-dimensionatspheres—S2h— {50« pant] I e —H
8 [ < Complex projective space CP™ '={V C C" | dim¢(V) =1}
¢ Grassmannian Gr(k,C")={V C C" | dim¢(V) =k}

Flags(C™) = {Vo cvViCc...cv,=C" ‘ dime¢ (Vi) = i}
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.g ¢ Flag varieties
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O ¢ Smooth complex projective varieties

¢ Toric varieties

G—:CVD”}T L WVF

¢Based loops QG = {y:S' — G |y(Id) =1d}
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Example:Polg4(ay,...,an)

vi € R4, |vi| = aj,

SO(d)



ooooo

vi € R4, vy = ay,

SO(d)
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vi € R4, vy = ay,

SO(d)



Example:Polg4(ay,...,an)

vi € R4, |vi| = aj,

SO(d)



Example:Polg(ai,..., an) = Yelygeor

vi € R4, |vi| = ay,

SO(d)



{(w,...,vn))

) -
Vi ERd) |vi‘:ai> Zvi: O}

Polg(a,...,an) =

— SO(d)
@ﬁﬁ symplectic! N.B. d=3!!




Symplectic actions
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Symplectic manifolds xhibit symmetries, encoded by a group
action. (It's a hard topological question, “How many manifolds do or
do not have symmetries?” ...)

DEF: A group action G c M is symplectic if it preserves w ; that is,
T,w=w VgeQG.
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Symplectic actions

Symplectic manifolds often exhibit symmetries, encoded by a group
action. (It's a hard topological question, “How many manifolds do or
do not have symmetries?” ...)

DEF: A group action G c M is symplectic if it preserves w ; that is,
T,w=w VgeQG.
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Symplectic actions

DEF: A group action G c M is symplectic if it preserves w ; that is,
T,w=w VgeaQG.



Symplectic actions

DEF: A group action G c M is symplectic if it preserves w ; that is,
T,w=w VgeaQG.

DEF: Let G be a Lie group with Lie algebra g. Suppose G c M. For
any & € g, we may define a vector field on M by,

Xe(p) = & [exp(te) - p)

t=0



Symplectic actions

DEF: A group action G c M is symplectic if it preserves w ; that is,

(fﬁr’avgee

DEF: Let G be a Lie group with Lie algebra g. Suppos c M. For
any & € g, we may define a vector ﬁeld on M by,
Jé)/f (\/

Xe(p) = £ eXp (t€) -
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t=0
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Hamiltonian actions

[ -0

DEF: Suppose G C(M, w). We say the action is Hamiltonian if
W(Xe,-) = do* VEeg

Example: S1c M = §? = CP!
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A non-Hamiltonian action
DEF: Suppose G C(M, w). We say the action is Hamiltonian if

=
T=R 2=
Non-Example: S1c T# =S' x S! rotating the first factor. =

(=dx Ao(gu
?

w(Xe, ) = ddp® VEeg




Hamiltonian actions
DEF: Suppose G C(M w). We say the action is Hamiltonian if

w(Xg,-) = ddp* VEeg
Z ot max /m 0‘@5 =
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A symplectic circle action S c (M, w) which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().
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Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().



Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().

Example: S1c M = S = CP!




Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().

Example: S1c M = S = CP! Non-Example: S1c T2 =S" xS
rotating the first factor.




Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().



Hamiltonian actions

Frankel’s Th

A symplectic circle action S c M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is
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Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().
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Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().




Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().

T°C Pols(ay,..., as) is Hamiltonian.



Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the
compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().



Hamiltonian actions

Frankel’s Theorem:

A symplectic circle action S! c (M, w)  which preserves the

compatible complex structure on a compact Kahler manifold M is

Hamiltonian <= M5’ + ().
Duff’s Theorem: M is compact.@Lj VV\PJ@C‘f/’Q

(a) S]C:'(l\/l4 w

Hamiltonian <= M5’ + ().

(b) 4S 1c w) that has f1xed points | but is not Hamiltonian.
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The momentyp map

DEF: Suppose G C(M, w). We say the action is Hamiltonian if

w(Xe, ) = ddps Vieg
- N (4/ a | /“V\(’g

DEF: Combining these for all§ € g, we define the moment% map
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The momentum map

DEF: Suppose G C(M, w). We say the action is Hamiltonian if
w(Xs, ) =dp® VEeg

DEF: Combining these for all§ € g, we define the momentum map

o.M — g*

pH<gHR>
& —  o5(p) )

Convexity Theorem [Atiyah, Guillemin-Sternberg]:
IfT=(S")4C!{M, w) is Hamiltonian, ®(M) is a convex polytope.

——
f ®(M) = Conv(®(M")).
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