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 Symplectic geometry (with lots of examples)

 Group actions & fixed points (with lots of examples)

 Localization (with lots of examples)

 Symplectic reduction (how to take a quotient)
          (with lots of examples)

Outline - Lectures 1 & 2



Outline - Lectures 3 & 4

 Classification results: toric, complexity one

 How much does cohomology convey?

 Symplectic embeddings (if time)



Symplectic manifolds
A symplectic manifold is a manifold with a 2formthatis

closed
non degenerate

omegainOmega2leftMright

cetop Vol



Symplectic manifolds
A symplectic manifold is a manifold ω ∈ Ω2(M)with a two-form
that is:

 Closed:
 Non-degenerate: 

dω = 0

ωn = dVol ! M is 2n-dimensional
& orientable



Symplectic manifolds

(R2,ω = dx ∧ dy) ! (
R2n,ω =

∑
dxi ∧ dyi

)
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on chart

Instead how big can you make



Calque of “complex” introduced by Weyl (1939)

Symplectic manifolds

(R2,ω = dx ∧ dy) !
Darboux’s Theorem:
We may always choose coordinates x1, . . . , xn, y1, . . . , yn on M
so that locally

ω =
∑

dxi ∧ dyi.

! There are no local invariants (like curvature).

(
R2n,ω =

∑
dxi ∧ dyi

)

Complex: Latin com-plexus  “braided together”
Symplectic: Greek ��µ - ⇡�"⌧◆ó&



 Complex projective space
 Grassmannian
 Flag varieties

 Smooth complex projective varieties
 Toric varieties

Gr(k, Cn)

F!ags(Cn)

=
{
V ⊆ Cn

∣∣ dimC(V) = k
}

=
{
V ⊆ Cn

∣∣ dimC(V) = 1
}

CPn−1

=
{
V0 ⊆ V1 ⊆ · · · ⊆ Vn = Cn

∣∣ dimC(Vi) = i
}

 Even-dimensional spheres S2n =
{−→x ∈ R2n+1

∣∣ ∑
x2

i = 1
}

 Based loops ⌦G =
�
� : S1 ! G

�� �(Id) = Id
 

Compact examples

Higher dim
doesn't work
because
Stoke's Thm

area

omegadalphaint_Momeganint_Mdalphaleft1omegan1right

leftomegarightneq0inH2leftnright
for M compactSonam
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2cell

decomp
1 cell in
each even degree
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symplectic leaves for
Lie Poisson structure
on of leftGSUleftnrightright
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FanƩPolytopes
bigtriangleup

4
uparrow

rays of Ʃ are
normal to facetsofΔ
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Pold(a1, . . . , an)

a1

a2

an

. . .
∈ Pol2(a1, . . . , a5)

Pold(a1, . . . , an) =

{
(−→v1, . . . ,−→vn)

∣∣∣ −→vi ∈ Rd, |vi| = ai,
∑−→vi =

−→
0

}

SO(d)

Example:
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Example: Polygon

spacee



Pold(a1, . . . , an)

a1

a2

an

. . .
∈ Pol2(a1, . . . , a5)

Pold(a1, . . . , an) =

{
(−→v1, . . . ,−→vn)

∣∣∣ −→vi ∈ Rd, |vi| = ai,
∑−→vi =

−→
0

}

SO(d)

Pol3(a1, . . . , an) is symplectic! N.B. d=3!!

Example:
0 n12phi

or ptif n2
a1a2

n3
if Δ ineq can

make bigtriangleup

It

a3



Symplectic manifolds often exhibit symmetries, encoded by a group 
action.  (It’s a hard topological question, “How many manifolds do or 
do not have symmetries?” ...)

DEF: A group action                is symplectic if it preserves     ; that is,  G M ω

τ∗gω = ω ∀ g ∈ G.

S1 S2 by rotation S1 T2 by rotation

Symplectic actions



Symplectic manifolds often exhibit symmetries, encoded by a group 
action.  (It’s a hard topological question, “How many manifolds do or 
do not have symmetries?” ...)

DEF: A group action                is symplectic if it preserves     ; that is,  G M ω

τ∗gω = ω ∀ g ∈ G.

S1 S2 by rotation
O(3) S2 by multiplication

SO(3) S2 by multiplication

Symplectic actions

reverses orientatio



Symplectic actions
DEF: A group action                is symplectic if it preserves     ; that is,  G M ω

τ∗gω = ω ∀ g ∈ G.



Symplectic actions
DEF: A group action                is symplectic if it preserves     ; that is,  G M ω

τ∗gω = ω ∀ g ∈ G.

DEF: Let     be a Lie group with Lie algebra   .  Suppose               .  For 
any          , we may define a vector field on       by,

G g G M
ξ ∈ g M

Xξ(p) = d
dt

[
exp(tξ) · p

]∣∣∣∣
t=0

.



Symplectic actions
DEF: A group action                is symplectic if it preserves     ; that is,  G M ω

τ∗gω = ω ∀ g ∈ G.

S1 S2 by rotation ! Vector field parallel to latitude lines

DEF: Let     be a Lie group with Lie algebra   .  Suppose               .  For 
any          , we may define a vector field on       by,

G g G M
ξ ∈ g M

Xξ(p) = d
dt

[
exp(tξ) · p

]∣∣∣∣
t=0

. Lie deriv
along v fields
is zero

dzx2xd
LXxiomega011
0dleftomegaleftxxirightright2xxidomega

1 form omegaleftXxiright closed



M = S2 = CP1Example: S1

Hamiltonian actions
DEF: Suppose                      .  We say the action is Hamiltonian ifG (M,ω)

!pX⇠, ¨q “ d�⇠ @⇠ P g

d
´
!pX⇠, ¨q

¯
“ 0

omegadThetawedgedhx1fracpartialpartialthetaomegaleftfracpartialpartialthetarightdh

height
fch



DEF: Suppose                      .  We say the action is Hamiltonian ifG (M,ω)

Non-Example: S1 T2 = S1 × S1 rotating the first factor.

A non-Hamiltonian action

!pX⇠, ¨q “ d�⇠ @⇠ P g

pi2mathbbR2mathbbZ2
overrightarrowRightarrow

omegadxwedgedyx1fracpartialpartialxomegaleftX1rightdy

nonzeroincohomologyP.Dto



Frankel’s Theorem:
A symplectic circle action S1 (M,ω) which preserves the
compatible complex structure on a compact Kähler manifold M is

Hamiltonian ⇐⇒ MS1

!= ∅.

Hamiltonian actions
DEF: Suppose                      .  We say the action is Hamiltonian ifG (M,ω)

!pX⇠, ¨q “ d�⇠ @⇠ P g

phixiMrightarrowmathbbR at max min dphixi0
Leftrightarrow

xxi0

critcomponent

are fixed pts
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a1

a2

a5

Frankel’s Theorem:
A symplectic circle action S1 (M,ω) which preserves the
compatible complex structure on a compact Kähler manifold M is

Hamiltonian ⇐⇒ MS1

!= ∅.

Hamiltonian actions

symplectic

cp lxstr.Polzlaldotsa5
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T2 Pol3(a1, . . . , a5) is Hamiltonian.
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Frankel’s Theorem:
A symplectic circle action S1 (M,ω) which preserves the
compatible complex structure on a compact Kähler manifold M is

Hamiltonian ⇐⇒ MS1

!= ∅.

McDuff’s Theorem:
(a) S1 (M4,ω) =⇒

Hamiltonian ⇐⇒ MS1

!= ∅.

(b) ∃ S1 (M6,ω) that has fixed points but is not Hamiltonian.

M is compact.

Hamiltonian actions

symplecticit
has fixed surfaces

Tolman Tolman Jangproducedadditionalexamples wy isolated
fixed

pointsonly



Φ : M → g∗

p !→
(

g −→ R
ξ !→ φξ(p)

)
.

DEF: Combining these for all          , we define the momentum map                      ξ ∈ g

The momentum map
DEF: Suppose                      .  We say the action is Hamiltonian ifG (M,ω)

!pX⇠, ¨q “ d�⇠ @⇠ P g
a little

more

SG
coadjoint.NEED

xxi Phixi can be
chosen so

that Phi
is a G eq

map.For

tori
GS1timesldotstimesS

05 T invariant for



Φ : M → g∗

p !→
(

g −→ R
ξ !→ φξ(p)

)
.

DEF: Combining these for all          , we define the momentum map                      ξ ∈ g

Convexity Theorem [Atiyah, Guillemin-Sternberg]:
If T = (S1)d (M,ω) is Hamiltonian, Φ(M) is a convex polytope.

Φ(M) = Conv(Φ(MT )).

The momentum map
DEF: Suppose                      .  We say the action is Hamiltonian ifG (M,ω)

!pX⇠, ¨q “ d�⇠ @⇠ P g

a

sCOMPACTPLAY
ROLEPTSFIXED


