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Exercises

Introduction to polynomial Poisson brackets

Three exercises

Throughout, x1,...,x, are the standard coordinates on C",
Or; = Bi and 0j = 0y,
Ly
For a weight w = (w1, ..., w,)" € (Z>_1)", set

Jp={j:w; = -1}, CM ={a=(a1,...,an)' €C":ap =0 for k ¢ J,}.

Exercise 1. Tail weights, primitive weights, and the AD cone

Suppose a polynomial Poisson bivector m on C* has log-canonical part 7y and tail

Ttail = T2 Opy A Opy + 023 Opy A Oy, + d3 Oy N Oy, abd # 0.
(a) Compute the (C*)*-weight of each displayed tail monomial.
(b) Determine the primitive tail weights.
(¢c) Compute the AD cone of 7.
(d) Find an integral point in the open AD cone and state the test degeneration it produces.

Exercise 2. Computing the full algebraic Poisson cohomology

Consider the log-canonical structure on C* whose coefficient matrix is

00 0 1 0 -1 0 -1
o 0o -1 0 4 |1 0 1 0
A=1o 10 —1|° * Tlo-10 o

10 1 0 1 0 0 0

Recall that the cohomology equation is
Aw € (CJw, w e (22_1)4.

Compute
Hg]g(célvﬂ-o)) p = 071,27 3’ 4

Exercise 3. Invariant weights, admissible deformation, and the AD cone

Let p € Z~p and T = C*. Identify X*(T) = Z and t = C, and consider the action datum

16 = (pa 17 —1,—]7), h = (pa 17 _17 _p)
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Thus T acts on C* by
te(z1, 22,23, 34) = (Pay, tao, t 2, t Pay).

Let my be the action-type log-canonical structure

T = — Z ﬁj(hk)le‘kaxj VAN 6%

1<j<k<4
= —pr12203, A Opy + pT12305, A Ouy
+ p2$1x48x1 A Oy, + 22305, N Oy,
+ prox40sy N Oy, — pr3x40zs N Oy, .

If X is the coefficient matrix of g, recall that S(mp) is the set of all T-invariant degree-two coho-
mological weights of mp; equivalently, it is the set of all w € W, satisfying

Aw € CTv and Bw = 0.

(a) Determine S(my) by solving these two equations.
(b) Determine S(mp)>1 N Wh.

(c¢) Find the unique admissible deformation of 7y along

™ = Z V.

0eS(mo)

(d) Determine the AD cone of the resulting Poisson structure .



