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Lecture outline

Lecture 2:
@ Review of Lecture 1;

@ Introduce T-log-symplectic log-canonical Poisson structures;

@ Deform and get interesting examples!
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Review of Lecture 1

Review of Lecture 1.

@ We consider C" with standard coordinates (x, ..., X,).

@ The torus (C*)" acts on C" by
(p’la e 7,un) : (Xla cee 5Xn) = (,ule, s nuan)'

@ Thus (C*)" acts on the space of algebraic poly-vector fields;

0
has (C*)"-weight 0;. :

@ Foreach j €[1,n], 0;:= xja—xj )

@ A monomial algebraic bi-vector field :
o 9 o 0 v

ay _a an a _ ya—e—en.
XpT X2 Xt —— A —— =X A =x"97%0; A Ok

T Ox; Ox 0x; Oxk

has (C*)"-weight a — ej — ex € (Z>_1)", which has at most two
entries of —1.
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Review of Lecture 1

@ For Example, on C*,

0 0 0
2, .5 6

—A X1 X3X, A
x1X% Ox1 Ox» XX Oxo  Oxa

= x1% 'x3%; (01 A\ Oa + 02 A\ Os)
has (C*)"-weight (1,—1, 1,5)t€ (Z>_1)*.

o Let Jy ={je[l,n:w=—1}for w=(wq,...,wp)" € (Z>_1)"

@ Set Wo ={w € (Z>_1)": |Jw| <2}

@ Then we have (C*)"-weight decom

szlg((cn): €= szlg((Cn)W'
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Review of Lecture 1

@ A log-canonical Poisson structure

0
E )\ kXJXk an E )\Maj A Ok,
i<k

1<j<k<n
where X = ()} «) is skew-symmetric, has (C*)"-weight 0;

@ We want to deform 7y to Poisson m = mg + i1, Where

Ttail = == Tw s Tw € xilg(cn)w’

by controlling the set W(7w) C W,\{0} of tail weights.
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Review of Lecture 1

For a finite set S C W, and m > 1, write

Sm={wh 4. wlm . w e sy Som = U S

m'>m

Definition: Let 7 be log-canonical, and S C W finite and

@ 7 € Poipg(C") is an S-admissible algebraic deformation of g if

T = To + T + T>2, with

™ € X3,,(C")°, [0, m] =0, T>2 € %ilg((C”

@ Also say that 7 is an S-admissible deformation of m along 7.

Important observation:

nsures any S-admissible 7 still has mg as log-canonical term.
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Review of Lecture 1

Admissible Deformation Lemma:

Let mp be log-canonical. Let S C W be finite with 0 ¢ S>4. Let
m € Xilg((C")s such that [mg,m1] = 0.

Assume

Hilg(cn', 7‘—0%9: 0 and H?’-\lg(cnaﬂ-o S>2)_ 0.

@ Always 3 1, € %ilg((C”)sm for m > 2, such that
7(t) = mo + tmy + t2my + - -
satisfies [7(t), 7(t)] = 0, and any two are gauge equivalent.
QIf xglg(cn@: 0, every such 7(t) is polynomial in ¢;

o If x}ug(cn@z 0, then 7(t) is polynomial in t and is unique.
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Review of Lecture 1

Recall the Cohomological Equation: For w € (Z>_1)",

AW }\V\l
Hglg(C,’RW £0 <« ReCh <= ye(Ch),,
0 ® 2
where
(CJW = Z (Cej, ((CJ"")O = {Z ajej . Zaj = 0}.
Jj€Jw Jj€Jw

Proof: 0 (2). Write }\N:%ﬂ:_' @ e . Then

) wirw = (wf)\w)t = —WE\w
= 0= Ww = (W, w)/e'):_z D-w:
' ier J
-5 4 Con
jc‘fu\l J: //

N
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Review of Lecture 1

Observation:

The conditions
H1(C",m0)%2 =0 and  H%,(C",m0)%22 =0 1)

require certain non-degeneracy on !

The answer: Yes if m i@og—symplectic log-canonical.

avt
‘ T‘—“(@")P b gt v "
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4. Cohomology vanishing of T-log-symplectic log-canonical Poisson structures

T-log-symplectic log-canonical Poisson structures:

— X )
Notation: Let T = (C*)" act on C" via (BJ 1—0 - ti—>t

@(Xl,,,,’xn):(tﬁlxl,.:,vtﬁ"xn), ﬂj E jE[l,n].

Write B8 = (f1, ..., ), and define

C"—t*: Wb—>,6’W:zn:Wjﬁj. 'I::LIQ(T)

j=t

Definition: A log-canonical

M=oeg"
o = ZAj,kaj A Ok, A= ()‘j,k)’ { GW:O Et*

i<k

is said to be T-log-symplectic ifker A N ker 3 = {0}.) i.e., if 2 W=0

Poisson tensor and the torus action are jointly nondegenerate. ‘
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4. Cohomology vanishing of T-log-symplectic log-canonical Poisson structures

)l L
Notation: For any log-canonical Poisson structure my on C”, let W_'mvanmm

Slmo) = {6 € W2\ {0} H2o(C7 7o)’ #0, (86 = 0})

the set of nonzero T-invariant degree-two cohomological weights.

Theorem [Lu-Matviichuk]: Let mg be T-log-symplectic. Then

@ S(mp) is a finite set;

@ For any S C S(mp) and 0 ¢ S>1, one has

Ha1(C", m0)%>? = 0, H3 1z (C", m0)%>> = 0.

( ‘m&—s(‘]Mfkul\‘c C4se fa—oveof 6& Matviichu - %m- Sllw:[/er)
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4. Cohomology vanishing of T-log-symplectic log-canonical Poisson structures

Lemma. If 7 is T-log-symplectic, then every 6 € S(mg) has |Jp| = 2, and

H1¢(C", )’ = CVa,
where for Jp = {j < k}, €. 81:9'\ = -/, (9:.'@550 70"'/ (#J’ A :

0 0
04, _ 0,
Vo = x"0; A Ok (”Xa)axj/\an.

a#j,k

oot @€ S(To) 5 X6 4[%),

f [Tl=o, o[, then (€)= 0 3A0m0
Thus § NG =0 => Q=0 édL /;—?wyﬁ/ewé'clé‘

‘56 co

Condbochehon 4o assa%%‘w Hot- OF O

Z
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5. Examples

We can move to the systematic examples of

@ log-canonical Poisson structures of T-action type!
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5.1. Log-canonical structures of T-action type

. | . ‘lf—hc(/()
Definition. An n-dimensional T-action datum is a pair

B=(Br,...0n) € X (T)et’ h=(hi,... b)) € X"

such that \; := B;(h;) # 0 for every j € [1, n].

Construction. Given T-action datum (3, h), define log-canonical

Note that
0 0 <
me= 3 Gngr h o <K heee.
1<j<k<n Yy k
and say g is of T-action type in the ordered coordinates (xi, ..., Xp).

Next, we show that 7 is T-log-symplectic for the T-action

t-xj, J€[1,n]. n
Need 4 sha, §)\w=n@a:“ fr e = =

Qq};o & t_&
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5.1. Log-canonical structures of T-action type

Notation. Poisson coefficient matrix A of g is

0 —pilh) —Pilhs) -+ —Pa(hs)
B1(h2) 0 —Ba(h3) -+ —Ba(hn)
A= Bi(hs)  Ba(h3) 0 co =B3(hn)
Gilhe)  alb)  Bs(ha) - O
Evaluating each 3; against each hy gives )\J = 6(‘1) * 0} J = -0
At Ba(h1) Bs(h) Bn(h1)
Bi(h2) X2 Bs(h) Bn(h?)

(= Bulh)jus = | Frlha) Palhs) Az falhs)

Bu(hn) Balha) Ba(hn) - An

Setv=0—A.
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5.1. Log-canonical structures of T-action type

Explicitly,
A1 Bi(h2) + Ba(hy) -+ Bi(hn) + Ba(h1)
0 A2 <+ Ba(hn) + Bal(ha)
v=0o—A\= : . . :
0 0 A,

Here \; = B3;(h;) # 0. Thus v is invertible.

Lemma. Every log-canonical my of T-action type is T-log-symplectic.

Proof: Let w € C" be such that Aw =0 and Bw = 0.
@ Bw =0 implies ow = 0;

@ Aw =0and ow =0 given vw =0, so w = 0.
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5.1. Log-canonical structures of T-action type

Consequences: For any log-canonical my of T-action type,

@ The H?- and H3-vanishing statements hold;

@ Thus the Admissible Deformation Lemma applies.

Need to know how to comput@

17/53



5.2. The set S(mp) for mp of T-action type

Proposition. If g is of T-action type, then S(mp) consists of all
gu-k) = )\kufl(ej —e) EWL: 1< j< k<n, ,Buflej = Brle,
and we have J

OU’k) = (91, .. .,91',1, _1a9j+1a .. .79/(,1, —].,O7 . ,O)t7

\I/Dvithfevi.ryga>|0;0ra7éj7k. QC—S(W{) Cfetf)ka
Proof. Linear algebra! ‘

B>, 09=0 Ao =a(¢ ) ®
*0 {)\Q:&(g‘—ek) ?QG =0 @

=S Vo= -ale-6 )
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5.2. The set S(mp) for mp of T-action type

Definitions.
@ A weight w s negatively bordered on the right if
A

w=(wp,...,wk_1,—1,0,...,0)"

for some k € [1,n]. We then Writ

@ SC(Z>_1)" is negatively bordered on the right if every we S is.

Lemma. If S C W negatively bordered on the right, then

551N (Z>0)" = @, equivalently %()Alg((C")SZ1 =0.

Proof. Almost obvious. ]
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5.2. The set S(mp) for mp of T-action type

01(0(/\ :(S(

Corollary. For any log-canonical 7y of T-action type, any *

Sc8(m) andany m LL;D

there exists an S-admissible algebraic deformation of m along ;.

In practice, given S C S(mp) and

= Z coVi, € %%Ig(C”)S, with (cg)s € C° arbitrary,
0es

~

how to find all S-admissible algebraic deformations 7 of 7y along 17
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5.3. The method of undetermined coefficients

g(ﬂ (Z>o)" = 0 implies S, "N W, = & for m > N. Write
7
T=mo+ 7+ -+ TN, TmE€ %zAlg((C")S’”.

Method 1.: Construct 7, recursively from
2[mo, Tm] + Z [ma, 5] =0, m>2.
a+b=m
a,b>1

Method 2 (Method of undetermined coefficients). ﬁmk sef
A

@ Foreach m=2,..., N, list the weights w € S, " W;.

@ Use the monomial basis x*9; A Ok, where J,, C {j, k}, and write 7,
as their linear combination with unknown coefficients.

© Substitute into [7, 7] = 0 and solve for coefficients.
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5.3. The method of undetermined coefficients

Example. On C*, take the action-type log-canonical structure T (G:,X) &~

{x1,x}0 = x1x2, {x1,x3}0 = —x1x3,

{x,xa}0 = xoxa, {x3,xa}0 = —Xx3xa, 0
. - (12 L%)
with the other brackets zero, and S’(ﬂ'o) — 7@ - &
93 =(1,-1,-1,0)f, 0 =(-1,1,2, 1)

For the fixed first-order term 71 = 13102 A 93 + coxox201 A O, the
solutions contain an arbitrary A € C:

{x1, %0} = o0 + Axyxa,
{X27X3} = C1X1,

{X27X4} = Xox4 — Ac1xqy + (A — 2C1C2)X2X37

{X37 X4} = —X3X4 + (C1C2 — A)X§
Thus an S-admissible deformation along 7 need not be unique.
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5.4. Log-canonical my of symmetric T-action type

We have better examples!.

Definition. A log-canonical g is said to be of symmetric T-action type if
it is of T-action type in both ordered sets of coordinates

(x1,..-,xn) and  (Xn,...,x1).

Proposition. For 7y of symmetric T-action type every 6 € S(mo) has form

0= (07~-~>07_1a9j+17~-- ,Hk_l,—l,O,...,O)t, 0, € Zzo.

OB (UL S)
’ 3{;‘(@“) /’:0 Y S< 3(T,)
{
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5.4. Log-canonical my of symmetric T-action type

Corollary. If mg is of symmetric T-action type, any S C S(mo) satisfies

xlAlg((Cn)SZI =0.

Consequently, for every

T = Z cpVy € %ﬁlg(C”)S, with (C9)9 S (CS arbitrary,
0eS

there is a unique S-admissible algebraic deformation of 7y along 5.
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6. Examples of Cartan type
(TS X —
= = L
[ =€), t [ \
Example.
Let (, ) be a symmetric bilinear form on t*, and let
B= (B B) €X', (B5) 0, Vi€ [La)

Then
0

0
Moo= Y (B BXixkn — A 5
1<j<k<n Ox; Oxi

of symmetric T-action type.

Log-canonical my of symmetric T-action type are abundant!

25 /53



6. Examples of Cartan type

Primary examples from Lie theory: Let

A= (3i,i’)f,i/:1

be a symmetrizable generalized Cartan matrix, with symmetrizer (d}):

diaj i = dpajr .
Let aq,...,a, be the simple roots, and define
o ¥
(aj,air)a = diaj jr. < >A tA
For a sequence i = (i1,...,in) € {1,...,r}", the roots
- - - . *
6(') :ﬂl(l)a"'vﬁn(l)ﬂ ﬁj(') :Sil"'sij—laijé t-A

_ ) real roots
satisfy (B;(i), Bi(i))a # O for every j. Let T be the torus with the root

lattice as its c“aracter lattice.

(oly 4> =2 0‘)‘]
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6. Examples of Cartan type

The corresponding log-canonical Poisson structure is

- A ). Be(i) axine 2= n 2
'HU =T "=~ Z (Bj(i), Bi(i)) axjxi D A o
1<j<k<n
For j € {1,...,n}, define the successor

JT=min{lk >j: ik =i},

with j* = 400 if there is no later occurrence, and set

J={j:j" <n}
Proposition. The nonzero T a-invariant H?-weights of w(()A’i) are
S(ﬂ'(()A’i)) = {0(j’j+) :jE€ T},  where
U4 = (0,...,0,~1, =2, -~ _,.;,—1,0,...,0)".
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6. Examples of Cartan type

The family 7(A)(c). For ¢ = (¢;)jes € C7, set

Aii — iy i 0 0

= J<k<j*
Theorem. There is a unique family of algebraic Poisson structures
i Aji A Aji
749(e) = mp™ + M (e) o+ e), o= (gles € €7

(Ai)

s.t. mm’(c) has weights in S(W((JA’i))m and is degree m homogeneous in c.
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6. Examples of Cartan type

The maximal normalized admissible deformation of w(()A’i) is defined as

rA) = 74 (¢ = —(aj, aj)a = —2d;) e ;-

When A is of finite type, let G be the connected semisimple complex
group with Cartan matrix A. The word i defines a Bott-Samelson cell

O(S,’l, . e .,S,'n) ~ "

Theorem. In its standard affine Bott-Samelson coordinates,

the standard Poisson structure on the Bott—Samelson cell is ().
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6. Examples of Cartan type

An example: Take A of affine G2(1):

2 -1 0
A=|-1 2 -1},
o -3 2
(dl7 do, d3) = (3,3, 1), i= (].,2,37 1,2,3).

The successor pairs are
1t =4, 2t=5 3t=6  7={1,2,3}.
The primitive tail weights are
6; = (—1,1,0,-1,0,0)",
6> =(0,-1,3,1,-1,0)",
63 = (0,0,-1,0,1,—1)".

Thus
™ (c):cx—8 /\—8 + ox3x 9 /\—a
1 ! 28X1 Oxy 23 48x2 Oxs
+C3X5i/\i.
0x3  OXp
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6. Examples of Cartan type

Affine G2(1) continued: the complete list of brackets for j < k is

{x1, %} = —3x1x2,

{Xl, X3} = —3X1X3,

{x1,x} = 3x1xa —1—@
{x1,x} = —3x1x5
{x2,x3} = —3x2x3,

{Xz, X4} = —3X2X4,

{x2, x5} = —6x2x5 +

The higher sums of primitive tail weights are

01"‘02,

0> + 03,

P, %6} = —3x2x

{x3,xa} =0,

{x3, x5} = —3x3x5,
{x3,%} = —x3%6
{xa,x5} = —3xaxs,
{xa,%6} = —3xaxe,
{x5,%} = —3x5Xe.

01 + 0> + 6.
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6. Examples of Cartan type

Affine G continued: For m = (my, ..., mg) € Z5

row’

—mi+my—mg > 0,
DAD(Z)" =<{m: —my+3mz+mg—ms > 0,
—m3+ms—mg > 0

For example, m = (0,1,2,0,3,0) € DAP(Z)°, so

lim (@5 %)«

(Aj) _ (A}
a—0 ’ 7o ’
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Brief summary of Lectures 1 and 2

Lecture 1.

@ Use tail weights to study a polynomial Poisson structure m on C”;

@ Admissible deformations of a log-canonical my are controlled by their
primitive tail weights;

@ The Admissible Deformation Lemma under H2- and H3-vanishing
conditions and W/(0) or W(1).

Lecture 2.

@ T-log-symplecticity implies H? and H3 vanishing conditions;

@ 7o of T-action type implies T-log-symplecticity and primitive
weights can be computed explicitly.

@ Symmetric action type gives the strongest deformation results,
including examples from Lie theory.
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