POINT VORTEX DYNAMICS ON KAHLER TWISTOR SPACES

SONJA HOHLOCH AND GUNER MUAREM

ABSTRACT. In this paper, we provide tools to study the dynamics of point vor-
tex dynamics on CP" and the flag manifold Fy (C3). These are the only Kihler
twistor spaces arising from 4-manifolds. We give an explicit expression for Green’s
function on CP" which enables us to determine the Hamiltonian H and the equa-
tions of motions for the point vortex problem on CP". Moreover, we determine
the momentum map p : F 5(C?) — su*(3) on the flag manifold.
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1. INTRODUCTION

1.1. Point vortex dynamics. The problem of dynamics of interacting point vor-
tices goes back to the work of Helmoltz [Hel67] in the 19th century and can be formu-

lated intuitively in its simplest form as follows. Consider N points z1, ..., zy (which
we shall refer to as ‘vortices’) in the plane C ~ R? with coordinates z, = = + 1ys.
Let I'y,...,I'y € R7 be real, non-zero numbers simulating the ‘vortex strength’ of

each point. The equations determining this dynamical system are given by the N
differential equations

1 < T
?j:—z b for1 <j < N.
1 Zj — 2k
The signs of the vortex strengths determine the sense of rotation of each vertex.
This system is in fact an example of a Hamiltonian system. Endow CV with the
symplectic form 2 := Z,]gvzl Iy Tiws where wy, is the standard symplectic form on
C and 75, : C — C the projection on the kth component. Denote by r(zj, z) =
|z; — 21| the Euclidean distance between points z;, z;, € C ~ R? and set

Diagy(C) := {(z1,...,2x) € CV | 2; = 2, for some 1 < j,k < N with j # k}.

Abbreviate z := (z1,...,2y) and consider the Hamiltonian function given by

1
H :CY\ Diagy(C) = R, H(z):= I ZFij log(7(zj, 21)).
"

Identifying z, = zy + iy ~ (zk, yx), the Hamiltonian equations are then given by

S
{xj_ Fjay].H(l'lw--waayh""yN)’ forlngN

;= Fij@gch(xl, TN YLy YN,

Then one obtains the following three constants of motion (see for instance Galajinsky
[Gal22]) which reflect the invariance under translation and rotation of the system:

N

pu(2) = ZF]@R(ZJ-), py(z) = ij%(zj), m(z) := %er’2j|2

J=1

where R denotes the real part and & the imaginary part of a complex number.
More generally, Lin [[Lin41] showed the following to be a fitting model for point
vortex dynamics: Let (M,w) be a symplectic manifold and consider the space M :=
I, M \ Diagy(M) as phase space of N moving vortices zi,...,zy with vortex
strengths T'y, € R7? for 1 < k < N. Let G be the fundamental solution (also called
Green’s function) of the Laplace-Beltrami operator and set

R:M—=R, R(z):=lim (G(s, 2) - 2i log (s, z))

s—z m
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which is often referred to as Robin function. The Hamiltonian of the system is then
given by

N
H: M—=R, H(z,...,z2y) = Z .Gz, 2) + Z iR, (2k).

1<j<k<N k=1

Green’s function describes the interaction between pairs of distinct vortices and R
describes self-interactions of the vortices. On homogeneous manifolds, R is often
neglected due to symmetry reasons.

The equations of the point vortex problem are exactly the Euler equation arising
in the discretization of fluid equations in mathematical modeling problems, see Aref
[Are07], and Angrand [ADGS85] for the corresponding numerics.

During the past years, quite some work has been done on generalizing this ap-
proach to other symplectic manifolds, for example:

(1) On the 2-spheres S* with SO(3)-invariant symplectic form and Hamilton-
ian vector field, see Crowdy [Cro06], Laurent-Polz & Montaldi & Roberts
[LPMR11], Lim & Montaldi & Roberts [LMRO1].

(2) There has also been some research done on the cylinder concerning periodic
motion, see Montaldi & Souliere & Tokieda [MSTO03], Dritschel & Boatto
[DB15).

(3) Point vortices on the cylinder, see Montaldi & Souliere & Tokieda [MST03].

(4) Point vortices on the hyperbolic plane, see Montaldi & Nava-Gaxiola [MNG14].

(5) Point vortices on CP? with underlying symmetry group SU(3), see Montaldi
& Shaddad [MS19a, MS19b].

A natural question is if the examples from above can be generalised to higher di-
mension. This naturally yields larger and more complicated symmetry groups. For
example, in the case of the 2-sphere, the symmetry group is G = SO(3). But
since the spheres S?* for n > 1 do not admit a symplectic structure, generalizing
straightforward to higher dimensions with SO(m)-symmetry does not necessarily
make sense. Nevertheless, since CP' 2 S? on can intuitively think of CP™ as the
‘best symplectic approximation’ of the (n + 1)-sphere, albeit with underlying higher
dimensional symmetry group SU(n).

1.2. Relation to twistor spaces. In the late seventies, Atiyah [AHS78] intro-
duced the twistor theory for a 4-dimensional Riemannian manifold, relating it to
3-dimensional complex analysis. A few years later, in a paper by Hitchin [Hit81],
the question arose which complex manifold could be obtained by using Atiyah’s
twistor construction on compact 4-manifolds. More precisely, the question was:
which 4-manifolds have a twistor space which is Kéahler?

Surprisingly, there are not many, namely only the 4-sphere S* and the projective
plane CP? have Kihler twistor spaces. More specifically, the twistor space T (S*) is
the complex projective space CP* and T (CP?) is the 6-dimensional flag manifold (or
Wallach space) Fy5(C3) = W = SU(3)/T?. In this paper, we will be in particular
interested in the spaces CP" and the 6-dimensional flag manifold F; 5(C?) in the
context of point vortex dynamics.
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1.3. Main results. One of the goals of this paper is to obtain an explicit expression
for the Hamiltonian of the point vortex problem on certain coadjoint orbits in order
to write down explicitly the equations of motion, look for conserved quantities, and
analyse the underlying algebraic structure.

We are interested in symplectic manifolds with canonical SU(n)-symmetry ob-
tained by the coadjoint action of SU(n) on its dual Lie algebra su(n)*. Specifically,
we will focus on the case n = 3. There exist exactly two coadjoint orbits, namely
the six dimensional ‘generic’ orbit

SU(3)
U(1) x U(1)
and the four dimension ‘degenerate’ orbit (the meaning of this will become clear
later on)

OSU(3) — ~ F172((C3)

o SUE)
=
SU(2) x SU(1)
where the index d refers to degenerate.

The first main question that we address in this paper arose from the following
context: Montaldi & Shaddad [MS19a, MS19b] studied the point vortex dynamics
only on the degenerate orbit OSU(g) but not on the generic one. Thus a natural
question is to investigate the point vortex problem on the generic orbit OSY®).
Before we start with the associated momentum map we need some notation. Let
B be the subgroup of upper triangular matrices of SL(3,C). Then we may identify
F12(C?) ~ SL(3,C)/B (see Lemma 3.7 for details) of which the elements are of the
form

~ CP?

1 0 0
n 1 0| =2Z€eSL(3,C)/B
Z9 23 1

with 21, 29, 23 € C. Define the functions K, K : F; 5(C?) — R by
Kl(Z) =1 + |21|2—|—|Z2|2 and KQ(Z) =1 + |2’3|2—|—|le3 — 22’2.

Theorem 1.1. The momentum map of the left action of SU(3) on the generic coad-
joint orbit OSVB) =T, ,(C?) ~ SL(3,C)/B is explicitly given by

1 0 0
wu:SL(3,C)/B — su(3)", 21 10| = (pijhi<ij<s
Z9 3 1

where (pij)1<ij<s s the traceless, anti-Hermitian matriz with entries

1 (x§+y§+2_aj§+y§—1)

Hi1 = 5

3 Ky K
1 2054+ 2y3 +1 i+ yi—1
H22 = 3 K, Ky )

psz = —(p11 + fa2),

_ (ty1 — x1) (w3 — iys) — iy2 + 2 s 11
H12 K, K,
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- (i1 — x1) (23 — 1Y3) — Y2 + T2 L 1

Hi13 = e K
iys + o3 (21 +iyn) (v2 — i)
K, K, )

The remaining entries are determined by the fact that the matrix is anti-Hermitian.

Ha23 =

Theorem 1.1 is restated as Theorem 4.3 and proven in Section 4. We do not
vet have an explicit formula for the Hamiltonian H on F o(C?) since this requires
an explicit expression of Green’s function on F; o(C?) which turned out to be more
involved than expected and will be treated in a future work.

The second main question that we solved in this paper was motivated by the works
of Montaldi & Shaddad [MS19a, MS19b] about the dynamics of the generalised
vortex problem on CP? on which they worked without an explicit expression for the
Hamiltonian. In fact, it is possible to compute the Hamiltonian of the point vortex
problem for general CP" explicitly. The answer involves first computing Green’s
function on CP" (stated and proven as Theorem 5.5 in Section 5):

Theorem 1.2. Consider CP" with the Fubini-Study metric. Then Green’s function
is given by G : (CP" x CP") \ Diagy(CP") — R with

1 . S !
GEn) = =5 voicPy (k’g(sm(r(g’"))) -2 2j sin2j(7“(€,77))>

Jj=1

<§777>H (777§>H
<§7§>H(77777>H

and (-, Yy is the Hermitian inner product.

where r(&,m) = arccos is the geodesic distance between two point in CP"

The following theorem is stated and proven as Theorem 5.6 in Section 5.

Theorem 1.3. The Hamiltonian for the N point vortex dynamics on the projective
space CP" is explicitly given by

H: (CP")" \ Diagy(CP") — R,

1 a . 5 L
HO) = 50— >_Tals <log(sm(r(c‘” W =2 25 sin (r(a, C@))

a<p J=1

where ¢ = (C1,-..,Cn) and r(Ca, (p) is the geodesic distance on CP" between the two
points given by

<Com C5>H<C,37 Coc>H
(Cas Cadm{Cps Gl

where (-, )y is the Hermitian inner product.

7(Ca, Cp) = arccos\/

As already explained above, we do not yet have an explicit formula for the Hamil-
tonian H on Fy5(C?) since we do not yet have an explicit expression of Green’s
function on Fy 5(C?). The hope (see Section 5.4) is to make use of the fibration

SQ — IFLQ(C?)) — CPQ
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and to obtain Green’s function on F; o(C3?) from Green’s functions on S? and CP?
and thus obtain the Hamiltonian on F; 5(C?). This is planned to be carried out in
a future work.

1.4. Organisation of the paper. We give a quick overview of this paper:

e In Section 2, we recall necessary notions and results from Lie algebras, rep-
resentation theory and differential geometry.

e In Section 3, we consider geometric and algebraic features and properties of
the two coadjoint orbits O3 ~ CP? and OSVG) ~ F, ,(C3).

e In Section 4, we analyse the momentum map for various situations.

e In Section 5, we study Green’s function in various settings and compute
an explicit formula for it on CP". After that, we compute the associated
Hamiltonian function.

Acknowledgments. The authors wish to thank Marine Fontaine for helpful dis-
cussions and useful comments. S. Hohloch was partially and G. Muarem was fully
supported by the FWO-EoS project ‘Symplectic Techniques in Differential Geome-
try’” GOH4518N.

2. PRELIMINARIES

2.1. Notions and conventions from group actions and Lie theory. Let G be
a compact Lie group with Lie algebra Lie(G) = g and dual algebra g*. The (left)
action of a Lie group G on a manifold M is denoted by the map ® : G x M — M
which satisfies for all x € M

(1) (e, z) ==,

(2) ®(g,P(h,x)) = ®(gh,z) for all g, h € G.
We usually write the action briefly as g - z or simply gx. Recall that Lie group
actions are smooth. Moreover, the isotropy subgroup or stabilizer of a point m is
given by the closed subgroup G,, := {g € G | gm = m}. The orbit under G of a
point m € M is given by

O ={gme M |ge G} C M.

Lying in the same orbit gives rise to an equivalence relation on the manifold M
viax ~y < gr =y for z,y € M and g € GG. The space consisting of all these
equivalence classes is called the orbit space and denoted by M/G. Now consider the
action of a Lie group G on itself by conjugation

cg:G— G, hr ghg™'

Identifying the Lie algebra g with the tangent space T.G at the neutral element
e € G and differentiating ¢, in e, we obtain for all g € G

Ad, . T.G~g — T.G~g, Ad;X = gXg!
with adjoint representation

Ad:Gxg—g, (9,X)— Ady(X).
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As dual notation, we have the coadjoint representation
Ad": G xg"—g" (9,0) = Adja= gag™t.
For every u € g*, the set
O, :={Ad} iu | for all g € G} C g

is the coadjoint orbit of G through u.

Note that, in general, the adjoint and coadjoint representations (and thus the re-
sulting orbits) are not isomorphic, see for instance counterexamples given by groups
of Euclidean type (cf. Arathoon & Montaldi [AM18]).

In this paper, we are working with Lie algebras that consist of matrices. Here the
dual pairing between g and g* is given by the so-called Killing form «(-,-) which is
a multiple of the trace of the product of the two matrices. For example, for su(n),
the Killing form is given by

Keu(n) (X, Y) = trace(XY) for all X,Y € su(n). (2.1.1)
We denote the pairing between g and g* by
(v):g—8" X kx where kx(Y) :=r(X,Y) forall XY € g.
2.2. Exponential of a matrix. In the context of Lie groups and Lie algebras, the
exponential map is defined as
exp:g— G, X — (1)

where v : R — G is the unique one-parameter subgroup of GG for which the tangent
vector at the identity is X. In the case of a matrix Lie group, the exponential map
is given by

— 1
exp(A Z k:_ A* for all (n x n)-matrices A,
k=0

briefly called the ezponential of the matrix A. If A = Diag(asy, ..., a,,) is a diagonal
matrix we obtain A* = Diag(a},,...,a”, ) and therefore

? 7’L1’L

— 1
exp(A Z k'Dlag ak,,...,ak ) = Diag (Z k|a11""’ZHaﬁn>
k=0 k=0
= Diag (e™,...,e"").

If A is diagonalisable with A = PDP~!, where P is the matrix of eigenvectors and
D is the diagonal matrix with the eigenvalues on the diagonal, then

A* = (PDP YW= pDpP7'...PDP7! = PD*P!
and therefore

exp(A) = Pexp(D)P. (2.2.1)
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2.3. Symplectic manifolds, Hamiltonian dynamics, and momentum maps.
A symplectic manifold (M,w) is a smooth manifold M equipped with a symplectic
form w which is a closed non-degenerate differential 2-form, i.e. dw = 0 and whenever
we(u,v) =0 for all u € T, M then v = 0. This implies in particular that symplectic
manifolds are always even dimensional.

Given a symplectic manifold (M, w), the map

TM —T*M, X —ixw where (xw(Y):=w(X,Y)forallY e TM

is an isomorphism, often referred to as contraction of w by a vector field. Symplectic
manifolds are the natural geometric background for Hamiltonian dynamics: Given
a smooth function H : M — R, its Hamiltonian vector field (also called symplectic
gradient) is defined via tx,w = dH. In this situation, H is often referred to as
Hamiltonian function. Let G be a Lie group G with Lie algebra Lie(G) = g and
assume that the action G x M — M is by symplectomorphisms, i.e, for all g € G,
the map M — M, x — g.x is a symplectomorphism. Denote by (-,-) the dual
pairing (-,-) : g* x g = R. Every £ € g gives rise to a vector field X, via

d
Xe(r) = pr exp(t&) - «
t=0

for all x € M. The momentum map for this G-action on (M, w) is amap p: M — g*
such that

d((:uaé.» = lxW
for all £ € g where
(1, 6) - M =R,z (ux),£).

2.4. Weyl group and coadjoint orbits of SU(n). In this paper, we are in par-
ticular interested in the coadjoint orbits of the Lie group SU(3) since they are can
be chosen to be the setting for vortex dynamics on the projective plane CP? and
the flag manifold Fy »(C?).

Let us start with fixing notation and recalling some properties of this Lie group
and its Lie algebra. The general linear group is defined as

GL(n,C) = {A € Mat,(C) | det A # 0}.
The maximal compact simply connected Lie subgroup of GL(n,C) is given by
SU(n) = {U € Mat,(C) | UT" =1, detU = 1}.
We have dimg SU(n) = n? — 1. The Lie algebra su(n) of SU(n) can be identified
with
{U € Mat,(C) | U" = —U, traceU = 0},

meaning all (n x n)-matrices which are skew-Hermitian matrices with trace zero.
Our convention for the Lie bracket is [A, B] = AB — BA for all A, B € su(n). We
say that A, B € su(n) commute if [A, B] = 0.

In what follows, we will often work with the following basis of su(3):
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Notation 2.1. The following eight traceless traceless (3 x 3)-matrices are known as
the Gell-Mann matrices.

/o1 0y [0 —io0\ 10 0y (001
M=(t ool X=(i 0 o] ={0 -1 0] M=[000
00 0 0 0 0 0 0 0 100
o foo0 =\ _ (oo _ (o0 0\ /10 0
M=[0o0 o) =(001] X=[00 —i|] =——=[01 0
i 0 0 0 10 0 i 0 V3o 0 -2

We have [5\3, 5\8] = 0 and no other of these matrices commute with both 5\3 and 5\8.

The set '
’L~
{)\klzé)\k k:1,...,8}

forms a (rescaled) basis for the Lie algebra su(3), often called Gell-Mann basis.

Remark 2.2. The fact that only A3 and Ag commute (see Notation 2.1) implies that
SU(3) has rank two so that there are two Casimirs denoted by Cj, Cy € su(3), i.e.,
[C1, A\x] = [Co, Ag] =0 for all k =1,...,8. Explicitly, we have C; = 22:1 M, and
Cy =28 Z?,k,é:l djreAjA\gAe where I3 is the (3 x 3) unit matrix and djj, the so-called
structure constants of su(3).

We will now recall the so-called Weyl group. Let E be a finite dimensional vector
space over R and let (-,-)g be an inner product on E. A roots system ® C F is a
finite set of non-zero vectors, called roots such that:

(1) The set of roots ® spans the space E.

(2) If @ € ® and ¢ € R, then ca € ® if and only if ¢ = +1.

(3) 0a(B) := 5 — 2%(1 € ¢ for all o, 8 € ®, i.e. ® is invariant under o, for
all & € ® which is the reflection about the hyperplane orthogonal to «.

4) (o, B8) == 2% € Z for all a, f € @, i.e. the projection of 5 onto the line
through « is an integer or half-integer multiple of a.

A subset @ C ® is called a positive root system if

(1) for all @ € @, either « € & or —a € P,

(2) for all a, f € T, we have a+ § € O
Denote by O(F) := {A € GL(E) | (Av, Aw)r = (v,w)g, for allv,w € E} the
orthogonal group consisting of all elements in E preserving the inner product. The
(finite) subgroup W < O(E) generated by all reflections o, with o € @ is called the
Weyl group associated to ®. Denote the hyperplane perpendicular to a € ® by I1,.
The closure of a connected component of E\{Il, | o € ®} is called a Weyl chamber.
We define the positive Weyl chamber (with respect to a fixed choice of @) as the
closed set

C={reFE|(xr,a)p>0foral aecd}

Given a positive root system, there is only one positive Weyl chamber. Let G be a
Lie group and consider a maximal torus H C G (i.e. a compact, connected, abelian
Lie subgroup of G which is maximal with respect to these properties) and the Cartan
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algebra Lie(H) := h C g with dual h*. Note that a maximal torus is unique up to
conjugation. In the case of SU(n) the situation is as follows:

Example 2.3. The maximal torus 7' of SU(n) is given by the diagonal matri-
ces Diag(et,...,e") such that [["_, " = 1. The Lie algebra Lie(T) =: t (i.c.
the Cartan algebra) is then given by the space of traceless diagonal matrices t =
{Diag(@l, s On) [ 225205 =0 } Thus, the interior t of the positive Weyl cham-
ber t, is given by

t+:{(x1,...,mn)€R” Ty > X9 > - > 1, and Z%ZO}

and the closure t, = t, is given by replacing > by > in the above set. Here the
Weyl group is the symmetric group Sym(3) generated by the positive roots «, f,
a + [ sketched in Figure 1. It permutes in fact all roots.

a+p

—a—f B

FIGURE 1. Root diagram of su(3) where the positive roots are given

by a = (1,0), 8 = (—%, \/7§> and o + = (%, \?) The simple roots
are given by a and . The blue shaded area is the positive Weyl
chamber.

The orbits of the Weyl group are described by Bott’s theorem:

Theorem 2.4 (Bott). Let G be a Lie group with Lie algebra g and Cartan subalgebra
b and dual b*. Let O, be a coadjoint orbit of G. Then O, Nb* is an orbit of the
Weyl group.

This implies that each coadjoint orbit O of G is uniquely defined by a starting
point 19 € b* in the (closed) positive Weyl chamber (for more details, see for example
Bernatska & Holod et al. [BH08]).

Definition 2.5. Denote the interior of the positive Weyl chamber W by W* and
its boundary by 0W. The coadjoint orbit of a point py € W* is said to be a generic
orbit. The coadjoint orbit of a point py € OW is called a degenerate orbit.
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Example 2.6. The group SU(3) has exactly two coadjoint orbits, a generic one of
dimension six and a degenerate one of dimension four. The generic orbit is denoted
by OY3) and can be identified with

SU(3)
U(1) x U(1)
The degenerate orbit is denoted by (’)ZU(?’) and can be identified with

su@E) SU(3)
0" = SU(2) x SU(1)

OSU(3) _

~ CP2.

3. GEOMETRIC STRUCTURES OF COADJOINT ORBITS OF SU(3)

In this section, we characterize coadjoint orbits of SU(3) by their algebraic and
geometric properties and, eventually, describe their Kahler structure.

3.1. Coadjoint orbits characterized by eigenvalues. Let (X, {-,-}) be a Pois-
son manifold. A maximal connected submanifold ¥ C X for which the Poisson
structure descends to a symplectic structure is called a symplectic leaf. Moreover,
the Poisson manifold is foliated by its symplectic leaves. Let g be a Lie algebra with
dual g*. Then there is a canonical Poisson structure on g* called the Lie-Poisson
structure. In this case, the symplectic leaves are the coadjoint orbits. A smooth
function C' : g — R is called a Casimir function if C' is constant on each coadjoint
orbit, or equivalently, if C' is invariant under the coadjoint action of G on g*. Recall
that level sets of Casimir functions C' : g* — R are symplectic manifolds (see for
instance Arnaudon & De Castro & Holm [ADCH18]) and that coadjoint orbits lie on
level sets of Casimir functions (since they are invariant under the coadjoint action).
In the case of su(n), the Casimir functions are given by

C;:su*(n) - R, A trace(A?)

for j =1,...,n —1 where A7 := Ao...o A is the j-fold composition. For n = 3,
we may therefore study the dynamics on the intersection of the Casimir level sets
C1 = ¢; and Cy = ¢y for some constants ¢; and cp. The set {C] = ¢} N{Cy = ¢}
can be identified with the space

M = {A € Mat3(C) | A=A, trace(A) = 0, trace(A?) = ¢, trace(A4?) = c,}

which can be seen as phase space of a SU(3)-invariant dynamical system. In the
generic case, we have dim(M) = 6 and, in the degenerate case, dim(M) = 4 which
corresponds to the dimensions of two coadjoint orbits of SU(3), see Example 2.6.

Lemma 3.1. The phase space M is isomorphic as vector space to the space
{A € Mat3(C) | A= ET, A has eigenvalues Ay > Ay > A3 with Ay + Ao + A3 = 0}.

Proof. The characteristic polynomial x4 for a traceless Hermitian matrix A can be
written non-factorized and factorized:

1 1
xa =det(A —\3) = —\3 — 3 trace(A*)\ + 3 trace(A%) = (A1 — AN)(Xa — A) (A3 — A).
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In the non-factorized version, two coefficients are expressed by the trace and, in the
factorized version, the eigenvalues of the matrix appear. Comparing the coefficients
in the expression above with the definition of M and the claim in the statement
yields the bijection. O

Let A := Diag(A1, A2, A3) with (A, Ao, A3) € R? and set Oy = {AANA™! | A €
SU(3)}. The spectral theorem for Hermitian matrices states that the eigenvalues of
a Hermitian matrix are real and that the eigenvectors corresponding to these eigen-
values are orthogonal. This allows to deduce the following bijective correspondence:

coadjoint orbits Op with A1+ X+ 23 =0
of SU(?)) and )\1 Z )\2 Z )\3
This leads to three types orbits (of which one is trivial):

(i) All three eigenvalues are distinct. Then the stabilizer is given by Diag(a, 3, a3)
with «, 8 € C and the coadjoint orbit is

osu _ SUB) uE)

U(1) x U(1)  U(1) x U(1) x U(1)
We will see in Section 3.2 that this orbit can be identified with a six dimensional
flag manifold.

(ii) Two eigenvalues are equal. The stabilizer is given by the block diagonal ma-
trix Diag(A,det A) where A € U(2). In this case the coadjoint orbit can be
identified with

O3Y® = su(3)/U(2) = CP.

(iii) All eigenvalues are equal. In this case, the stabilizer is SU(3) so that the orbit

is trivial (since Ay + A2 + A3 = 3A = 0 implies A\ = 0).

Remark 3.2. More generally, setting A := Diag(\1, ..., \,) with (A,...,\,) € R”
and A\; > --- > X, and > | A\; = 0, the coadjoint orbits of SU(n) are of the form
O ={AANAT' | A€ SU(n)}.

3.2. Coadjoint orbits seen as flag manifolds. The four dimensional degenerate
orbit space has a nice geometrical interpretation as CP?. We will now see that
there is also a nice geometric characterisation of the generic orbit as a so-called flag
manifold (of which the degenerate orbit CP* is a special case).

Definition 3.3. Consider C" and let r € {1,...,n}. A flag fx,  k.n in C"is a
nested sequence of vector subspaces Vi, C -+ C V4, in C" such that dime Vi, = k;
for all 1 < j <r. The space of all such flags is denoted by Fy, . . (C").

Remark 3.4. Fy, 4 (C") is a compact, complex and smooth manifold and is usu-
ally referred to as the flag manifold. Note that all flag manifolds are in fact generali-
sations of projective spaces. The flag manifold ', (C") is precisely CP"~!. Moreover,
the flag manifold Fy(C™) is the space of k-dimensional vector subspaces of C", i.e.,
the Grassmannian.

For n =3, k; = 1 and ks = 2, we obtain the generic coadjoint orbit of SU(3)
O%V®) =T, ,(C?) = {(L,P) | L ¢ P C C? with dim¢(L) = 1,dime(P) = 2}.
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This space also appears in the context of so-called Wallach manifolds introduced by
Wallach [Wal72] which we will describe now. Consider the linear map J : C*" — C**
defined as

J(Z1, oy Zny Znats s Zon) = (Z2m, ) Zndds —Zny - oy —21)-
The group Sp(n) is defined as
Sp(n) = {A €SU(2n) | AJ = JA}.

Let F(4) be the 52-dimensional exceptional simple Lie group. Moreover, recall that
the universal cover of the orthogonal group SO(8) is called the spin group and is
denoted by Spin(8). The Wallach manifolds W° of dimension six, W!? of dimension
twelve, and W?* of dimension twenty-four are given by

SUB) e Sp(3) o @
U(1) x U(1) Sp(1) x Sp(1) x Sp(1) Spin(8)
These are all compact Riemannian manifolds of positive curvature. Moreover, these

manifolds can be thought of as the total space of the following homogeneous fibra-
tions:

We .=

S? — W% — CP?,
St — W2 — HP?,
S® — W — QP2

For more details on these fibrations, we refer the reader to Dearricott & Galaz-Garcia
et al. [Deald] and the references therein.

Remark 3.5. On each flag manifold there is a natural action of the isometry group
of CP?, resp. HP?, resp. OP?2. When looking at these fibrations, one might ask if
it is possible to generalise the point vortex dynamics to HP? and OP?. However,
neither HP? nor OP? admit a symplectic structure since HP? is a quaternionic Kéhler
manifold and these are not symplectic. Moreover, any symplectic manifold admits
compatible almost-complex structures, but OP? does not admit one.

3.3. Examples of coadjoint orbits of SU(4). In this article, we mainly focus on
the two coadjoint orbits of SU(3) given by CP? and FF; »(C?). Now we want to have
a brief glance at the situation for SU(4) (see Bernatska & Holod [BHOS]).

coadjoint orbit type dimension | name
SU(4)/U(1)3 generic 12 Fy23(C*) (‘full flag’)
SU(4)/SU(2) x U(1) x U(1) | degenerate 10 F12(C*) (‘partial flag’)
SU(4)/S(U(2) x U(2)) degenerate 8 Gry(C*) (Grassmannian)
SU(4)/SU(3) x U(1) degenerate 6 CP? (projective space)

The ‘partial flag manifold” F; o(C*) consists of pairs (L, P) where L is a one-
dimensional and P is a two-dimensional subspace of C* such that L C P. There are
natural projections ¢ (L, P) = L and ¢y(L, P) = P.
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A fibre bundle over A with fibre B with map 7 is denoted by £(A, B, 7). We have
in particular that the generic orbit is a fibre bundle over a degenerate orbit, more
precisely (see Bernatska & Holod [BH08])

SU(4)
U(1)?

and the three degenerate spaces are in connection with each other by the following
double fibration:

= E(CP?,F15(C?), 1) = £(Gry(C*), CP, 1),

T
IFLQ (C4) —1> (CIEDB

T2
GFQ(C4)

As a general remark, the partial flag manifold F; 2(C*) can also be described in
terms of algebraic geometry by using the Plicker embedding. In the case of the
Grassmannian this embeddings has an interesting interpretation:

Gry(C") = P ( /\ZC“) ~ CPS.

Thus, the image of the Grassmannian is a quadric in CP?, often called the Klein
quadric.

3.4. Bruhat decomposition and induced coordinates. So far, we described
the coadjoint orbits in terms of matrices and gave a geometrical interpretation in
terms of flag manifolds. Now we will focus on the analytical structure which will
allow us to determine the Laplace operator to the aim of finding the corresponding
Green’s function. For that, we need a bit of notation:

A closed subgroup P of a Lie group G is parabolic if the quotient variety G/P
satisfies the following property: for any variety Y, the projection map (G/P)xY —
Y maps closed set to closed sets. Furthermore, a closed, connected and solvable
subgroup of G is called a Borel subgroup. Note that all Borel subgroups are mutually
conjugate.

Given a Lie algebra g over R, its complexification is defined by g© := g ®g C.
Moreover, recall that a real subalgebra f of a complex Lie algebra b is called a real
form of b if every h € h can be uniquely written as h = hy + thy with hy, hy € §.
The complexification of f yields again b, i.e., f* = h. Note that not every complex
Lie algebra has a real form. Moreover, there are in general several non-isomorphic
real forms for a given complex Lie algebra:

Example 3.6. The Lie algebra sl(3,C) has the following (non-isomorphic) real
forms:

a b c
sl(3,R) = d e f a,b,e,d,e, f,g,h € R |
g h —(a+e)
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a+bi  c+di et
su(l,2) = f+gi —2bi —cH+di||ab,cde, f,gheER
hi —f+gi —a+bi
ai c+di  g+hi
su(3) = —(c— di) b e+ fi a,b,c,d,e, f,g,h € R

—(g—hi) —(e—fi) —i(a+Db)
The first one is called the split real form, the second one quasi-split form, and the
last one is referred to as compact form.

Let G be a compact and connected Lie group. The complexification of G is
defined as the complex Lie group G® that contains G as a closed subgroup and that
has the following (universal) property: every homomorphism f : G — L, for every
complex Lie group L, lifts to a homomorphism G¢ — L. Moreover, on the level of
Lie algebras, Lie(G®) = g® is the complexification of Lie(G) = g.

The following result was proven in more generality by Picken [Pic90], but we
sketch the proof here for the reader’s convenience.

Lemma 3.7. Denote by B the subgroup of upper triangular matrices of SL(3,C).
Then there is an isomorphism SU(3)/T? = SL(3,C)/B.

Proof. Take a matrix g € SL(3,C) and denote its columns by g, for k = 1,2,3
so that the matrix can be written as ¢ = (g,,9,.9,). Let (-,-)u be the Hermitian
inner product on C3 given by (x,y)y = 2171 + ol + 2373 for & = (31, 29, 73),y =
(y1,v2,y3) € C3. A priori, the vectors g, are not orthonormal. Nevertheless, using
the Gramm-Schmidt procedure they can be made orthonormal:

9,-= 9%
(9,:9))
/ 22721 /
9y =95~ 9
2 2 (g.g)™
Ji—g - <g3,g;>g, <g3,g’1>g,
=T (ghg)? (g9t
Normalising each of them via v, := Hi_ﬁl\’ the matrix given by U = (v, v,,v5) is an
Zk

element of SU(3). Moreover, it satisfies U = g’ for some upper triangular matrix
V' € B which performs the Gramm-Schmidt procedure on g. Thus g = U(b)~!
lies in SL(3,C)/B. This means that we can write SL(3,C) = SU(3)B and that
SU(3) N B = T? (this intersection exactly result in the 2-torus). This induces
the wanted isomorphism in the following way: take an equivalence class [g]p €
SL(3,C)/B which can also be written as [Ub]p (see Gramm-Schmidt procedure). It
is then mapped to [U]2 € SU(3)/T?. O

The power of this isomorphism lies in the fact that one can make the transition
from the geometrical picture of the coadjoint orbit (as being the flag manifold re-
alised as the homogeneous space SU(3)/T?) to the complex manifold SL(3,C)/B.
This is convenient as there exists a well-developed theory of so-called Bruhat coor-
dinates on the complex manifold, which will be useful for our approach.
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Definition 3.8. Let g be a semi-simple Lie algebra with Cartan algebra h and root
system ®. The weight space decomposition of a Lie algebra g is given by the direct
sum decomposition g = h ® @, o Where go = {X € g | [H, X]| = o(H) for H ¢
h}. All @ € h* that are non zero are called roots.

Recall that a Lie algebra is simple if g is not abelian and g has no non-trivial
ideals. For a simple Lie algebra g, we have the triangular decomposition

g=n_@hon,

where b is the Cartan subalgebra and ny := @a@i go are the so-called upper and
lower nilpotent subalgebras consisting of the positive (resp. negative) roots of g.
Moreover, set

br:=bh@ny
and call them the upper and lower Borel subalgebras. On the Lie group level, B*
and N* are called the Borel subgroups and unipotent subgroups of the Lie group G.
In particular, we say that N~ is the opposite unipotent subgroup.

Let G be a semisimple Lie group with Lie algebra g. Consider a Borel subgroup
B < G and the Weyl group W associated with G. Then the Bruhat decomposition
of G is given by G = |J,,cy BwB. This decomposition gives rise to the cell decom-
position of the homogeneous space G/B = |J, ey, BwB/B. Each of the BwB/B
corresponds to an affine space of dimension ¢(w) where ¢(w) is the length of the
Weyl group element w given by the minimal &£ such that w can be written as a
product of k generators of the Weyl group. Note that there is always an element in
the Weyl group VW which has maximal length, in this case the length of this element
equals the number of positive roots ®*. This element in the Weyl group is denoted
by w, € W. It has the property that wy(®*) = &7, i.e. it interchanges the positive
and negative roots. In the Bruhat decomposition

G/B= | ) BuB/B,
wew

the identity element e gives rise to an open subset BeB which is called the big cell
and is denoted by X.. The flag manifold is identified with the space SL(3,C)/B
where B is the subgroup of upper triangular matrices. In this context, we have

1 0 0
N~ = 21 1 0 21,22,Z3€C
Z9 3 1

Proposition 3.9 ([BMHMO94]). N~ acts freely and transitively on the big cell X..
Thus we may identify X, with N~.

Note that the translates g- N_ of the big cell (under the G-action) cover the whole
flag manifold.
The flag manifold F 5(C?) can also be seen as

F12(C%) = {(V1,V2) € CP* x (CP*)" | Va(V1) = 0}. (3.4.1)

This means intuitively that the manifold F; o(C?) consists of all pairs (V;, Va) where
V, is a projective line in CP? and V; is a point on the line.
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Theorem 3.10 ([BMHMO94]). Consider the group SL(3,C) and the Borel subgroup
B of upper triangular matrices. Let Ry == [0:0:1] € CP?> and Ry == [0:x :y] €
(CP?)*. Then the (Bruhat) cell-decomposition of SL(3,C)/B consists of the following
siz cells (where the indices in the Bruhat cell correspond to the group elements of
the symmetric group in three elements, see Table 1):

(1) The big cell, which has codimension zero, is given by
Xe:={(V1,Va) € F15(C°) | Ry(V1) #0, Va(Ry) # 0}.
(2) There are two Bruhat cells of codimension one given by

X2 = {(n,V,) € FI,Q(C?)) | Ro(V1) =0, Ry # Vi, Ry # Val,
X3 = {(Vi,Va) € F12(C?) | Va(Ry) = 0, Ry # Vi, Ry # Va}.

(3) There are two Bruhat cells of codimension two given by

X(1,2,3) = {1, V,) € IF1,2(@3) | Vi = Ry, Ry # Va},
Xasg = {(Vi,V2) € F15(C°) | V3 = Ry, Ry # Vi}.

(4) The 0-cell, which has codimension three, is given by
Xag ={(W, V) € IE?1,2((:3) | Vi= Ry, Ry=Va}
Moreover, the opposite unipotent subgroup N~ acts transitively on the big cell X.

Recall that the Weyl group of SL(3,C) is isomorphic to Sym(3), the symmetric
group of order three. We now give an overview how the elements of Sym(3) corre-
spond to the elements of the Weyl group and their associated Bruhat decomposition
and Weyl length.

To work on the flag manifold F; »(C?), we need explicit coordinates.

Corollary 3.11. The big cell of the flag manifold Fy2(C?) = SL(3,C)/B can be
identified with N~. This leads to the following coordinate chart for the big cell of
FLQ(CS)Z

1 0 0
N~ — (CS ~ R6, z17 1 0]~ (Zl, z29, 23) ~ (xl,ﬂfg, 3, Y1, Y2, y3> (342)
29 23 1

3.5. The Kahler structure of coadjoint orbits. Let M be a complex manifold
of complex dimension n with local coordinates (21, ..., 2,) € C". Then a Hermitian
metric h is of the form

h = Z hijd'zi X dEj
1,j=1

where (h;j)1<ij<n 1S & positive-definite Hermitian matrix. A complex manifold M
equipped with a Hermitian metric h is called a Hermitian manifold. A Hermitian
manifold (M, h) carries a natural symplectic form, more precisely, the (1,1)-form
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] GROUP ELEMENT \ BRUHAT EXPRESSION \ LENGTH \ MATRIX REPRESENTATION

1 00
e empty word 0 010
001
0 -1 0
(1,2) s1 1 1 0 0
0 0 1
1 0 0
(2,3) S 1 0 0 1
0 -1 0
0 0 -1
(1,2,3) S159 2 1 0 0
0 -1 0
0 -1 0
(1,3,2) S9851 2 0 0 1
-1 0 0
0 0 -1
(1,3) 515251 3 0 —1 0
-1 0 0

TABLE 1. Bruhat expressions.

given by imaginary part of the Hermitian metric A is symplectic and has the explicit
expression

1 B .
wi==3(h) =~ (h—T) = % S hidz @ dz; — hjdz @ dz;
1<i,j<n
= % hij (dZ,L ® dE] - dE] X dZZ) = % Z hijdzi A dEJ
1<i,5<n 1<4,5<n

This w is often referred to as the fundamental form on (M, h).

An almost complex structure J on a smooth manifold M is an isomorphism
J : TM — TM with J?> = —1d. Such a J is integrable if the so-called Nijenhuis
tensor

Ny(X,Y) = [X,Y]+ JJX, Y]+ J[X,JY] = [JX, JY]

vanishes for all vector fields X, Y on the manifold M.

A symplectic manifold (M,w) is Kdhler if there exists an integrable almost com-
plex structure J such that the bilinear form g(u,v) := w(u, Jv) is symmetric and
positive definite for all u,v € T M, i.e., g is a Riemannian metric.

A Hermitian manifold (M, h) resp. h is Kdhler if the fundamental form —3(h)
is closed, i.e. —d¥(h) = 0. Moreover, in this situation, —&(h) is in fact a (real)
symplectic form on (M, h).
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Lemma 3.12. Let (M, h) be a Kdhler manifold. Then for all p € M there exists a
open neighbourhood U of p and a function Ky : U — R such that

hij = azﬁz—jKU(zi,z_j) foralll<i,j<n

for local complex coordinates z on U. This locally defined function is usually called
the Kahler potential and denoted by Ky;.

Note that (hi;)i<ij<n is defined globally, whereas the potential is only defined
locally. Using the Dolbeault operators

n

0:= i@zkdzk and 0= Z@;kdik,
k=1

k=1
the fundamental (1,1)-form can be expressed as w = i00K .
Example 3.13. On R?" = C", consider the Euclidean metric gz, the standard

symplectic form wy, and standard compatible complex structure Jy; given in matrix
notation by

(I, 0© (0 I, S_ (0 ~L
g = 0 In ) Wst = _In 0/’ st — In 0

where I,, is the (n x n)-unit matrix. Then Kc¢n : C* — R given by Kcn(2) 1= % is
a Kahler potential since

(7] i omvm e _

An important class of Kéhler manifolds is given by coadjoint orbits:

Theorem 3.14 (Bott). Let G be a semi-simple compact Lie group. Each (co)adjoint
orbit has a G-equivariant Kdhler structure.

Later on, we will study the point vortex dynamics modelled on the degenerate
orbit CP* and the generic orbit given by flag manifold Fj5(C?). Therefore it is
useful to know their Kahler potentials.

Lemma 3.15 (Picken [Pic90]). The Kdhler potentials on CP" and on the flag man-
ifold are given by the following logarithmic functions depending on local coordinates

(1:21:29:+:2,) on CP" and the local coordinates from Corollary 3.11 for the
flag manifold Fy o(C?).

n—1
Kepr = log (1 + Z|zk|2> : (3.5.1)

k=1
Kr, ,(cs) = log (14 [21[*+]2]*) (1 + 23] +|2125 — 22[%)) =2 log(K1K,).  (3.5.2)
Moreover,

Lemma 3.16 (Munoz & Gonzalez-Prieto & Rojo [MGPR20]). In homogeneous co-
ordinates (1 : 2y : 291 -+ : z,) € CP", the Hermitian metric h = (hij)1<i j<n on CP"
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takes the following form:
A+ o +2l))dy = Ziz; (1 + 1200 — Ziz;
(1 + |21 +|22[*) (1+]z2)?

where 0;; is the Kronecker symbol. Written as matriz, we have

hij -

1+ ’Z|2—’Z1‘2 —Z122 —Z1%2n
(h ) B 1 —Z921 1+ ’2‘2—’22’2 —Z9Zp,
Y (14 ]2]2)2 : . :
—Zn21 —Zn 2o s T 2P za)?

Its determinant is given by det(h;;) = W
Lemma 3.17. Recall from Lemma 3.15 the real valued functions
Ky =14+ |21 +Hz)? and Ky =1+ |z3)*+|z2123 — 22/

Then the Hermitian metric (hi;)1<i<j<s on F12(C?) has the following matriz repre-
sentation:

Lzl® | |0tz z1zp  zs(d=l?)  zGEitzes)
K? K3 K} K3 K3

(hij)1<ijcn = _z1z2 _ z3(14[z]?) 14|z |? + 1423/ _ ZitZozs
ij)1<i.j<n K7 K3 K7 K7 K2
z3(z1+22%3) 2142073 K1
K3 K3 K3

Its determinant is given by det((hi;)i<ij<n) = 75z
- 0 1742
Proof. Recall from Lemma 3.15 the expression for the Kéahler potential
log(1 + |21 ]2+ 22/2) (1 + | 23>+ 2123 — 22]*) = log K1 K = log K; + log K.

The entries of the matrix (h;)i<i<j<3 are computed via hy; = 0,05 Kun(2i, Z).
Exemplarily we now compute the entry

hiy = 0.,0z, log((1 + 21>+ 22]%)) + 02,05, log(1 + |23 +| 2125 — 22|?).

The first term in this expression becomes

5 22 _ (1 + |21]2+]|22)?) — 2171 _ 1+ |22
DL |z )P )2 (L4 [21[2+]22[?)? Ki
and the second one
Z3(2123 — 22) 2P0+ [z |2z — 20]?) — [2s]P 2128 — 2
e (L4 |23 +]2123 — 22[?)?
P+ J2)
K3 '

Altogether, we obtain

B = L1zl lesP(+ fesl)
11 K2 K2 .
The other entries are computed analogously. U

A straightforward computation yields:
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Corollary 3.18. The inverse matriz ((hij)i1<i<j<3)” ' =: (h7)1<i<j<3 s given by:

K, <1+ IZ1|2+%) K, (2122+%23> (Z1 + 23%2)(Z122 — 23 — 23]|21|?)
Ky (272 + %) K (4 |2) + 52 122) (2104 Z22) (14 |22 ?) — 21722)
2
(21 +7Z322) (2172 — Z3 — 23]21)%) (21 4 2223) (1 + |22|?) — Z120%3) Ki(1+ |z3)%) + %

where K = 1+ |2124+|22|? and Ky = 1+ | 2324|2123 — 20/%.

3.6. Different symplectic structures. Important for us is the following result
due to Kirillov, Kostant and Souriau:

Theorem 3.19. Let G be a Lie group and g its Lie algebra with dual g* and € g*.
Then the coadjoint orbit O, carries the canonical symplectic form

wy 5 (adg v, ady v) = (v, [€n]),

where §,m € g and v € O,. This symplectic form is usually called the Kirillov-
Kostant-Souriau (KKS) symplectic form.

This implies that, considered as coadjoint orbit, the flag manifold Fy,(C?) =
SU(3)/T? can be endowed with w® %5 as symplectic form. Note that there is an
additional way to consider F; ,(C?) as symplectic manifold: We consider the com-
plexification of SU(3) /T2 given by (SU(3)/T2)" = SL(3,C)/B. Using the coordinates
on the big cell given in (3.4.2) and the Hermitian metric from Lemma 3.17, Picken
& Duistermaat [Pic90] give the following formula for the symplectic form on (W°)C:

. 2
w9 = % <8510g (1 + Z!z;ﬁ) + 00log (1 + |23 +|z125 — z2|2)> .

k=1

Note that, if wC* denotes the Fubini-Study form on @Eﬂ then the symplectic form
wW)" consists of the Fubini-Study form w® = 1001log (1 + S lzl?) on CP?

plus the correction term @ = £981log (1 + |23+ |2125 — 2[?) , e, wV)" = W 4@,
Remark 3.20 (Picken & Duistermaat [Pic90], Bernatska & Holod et al. [BHOS]).
((WG)C, w(W6)C> and (F12(C?) = SU(3)/T?, w%%) are symplectomorphic.

Summarized, we have the following types of coadjoint orbits of SU(3), each en-
dowed with its natural symplectic structure:

coadjoint orbit symplectic form (real) dimension
% Kirillov-Kostant-Souriau 6
CP? Fubini-Study 4
point trivial 0

TABLE 2. Coadjoint orbits of SU(3).
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4. THE POINT VORTEX MOMENTUM MAP ON CP? AND Ty ,(C?)

In this section, we will study the Hamiltonian action of SU(3) on (products of)
coadjoint orbits. In the case of the degenerate orbit, the dynamics have been studied
before: for example, the Hamiltonian action of SU(3) on CP* x CIP? has been studied
by Beddulli & Gori [BGO7]. Moreover, Montaldi & Shaddad [MS19a] considered a
similar problem but added a copy of the projective plane. To be more precise, they
considered the (diagonal) action of SU(3) on CP? x CP? x CP* and the associated
properties of the (weighted) momentum map. We will focus on the generic orbit,
which is the six-dimensional flag manifold and construct a momentum map u :
OSVB) 5 su(3)* explicitly.

4.1. The momentum map for vortex dynamics. Let N € N and, for 1 < k <
N, let T, € R70 (‘weight’) and let (M, w;) be a symplectic manifold. Let G be a
Lie group that acts on each (Mg, wy) with momentum map py : My — g*. Now set
M := T}, M}, and equip it with the weighted symplectic form wy; := chvzl Dpriws
where 7, : M — M, is the projection on the kth factor. The diagonal action of G
on M is given by g.m := (¢g.myq,...,g.my) for g € G and m = (my,...,my) € M
and its momentum map is given by

N
poag - M — g, par(ma,...,my) = Zrkﬂk(mk)-
k=1

We are interested in the special situation when the symplectic manifolds M) are
coadjoint orbits i.e. (My,w;) = (O,we). In the next subsections, we study momen-
tum maps of vortex dynamics for the following two situations:

MOSU(3) . OdSU(?:) ~ (C]P)Z — 5u(3)* and Hosu) - OSU(3) ~ FLQ(CS) — 511(3)*.
d

Recall that we identify su(3) with su(3)* using the Killing form. Thus, su(3) =
su(3)* is identified with the space of complex skew-Hermitian matrices with trace
Zero.

4.2. The momentum map of the degenerate orbit Oju(?’) ~ CP? In this
subsection, we recall some facts from Montaldi & Shaddad [MS19b] concerning the

momentum map of the degenerate coadjoint orbit (’)dsu(s) ~ CP? of SU(3).

Theorem 4.1 (Montaldi & Shaddad [MS19b]). The momentum map for the Fubini-
Study form on CP? is given by

; 2*—3 a2y 1 Tz
p: CP* — su(3), [x:y:z]— Ty |yP-5  uz
Tz vz |z]P—3

Furthermore, the map satisfies the following properties:
(1) p is SU(3)-equivariant for the left action, i.e. p(gZ) = gu(Z) for all g € SU(3)
and all Z € CP?,
(ii) The gmage of pu consists of (3 x 3) Hermitian matrices with eigenvalues —%, —
and %.
3

Wl
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Proof. We briefly sketch a part of the proof: the characteristic polynomial x(u) of
the matrix pu(x,y, z) is given by

2 1 U 1
_ 2 2 2 2 “ Y .3 2 %
x(u) = ([z[*+|y["+|2[7) <U +gut 9) e
= 0 and using the fact that |z|?+|y[*+|z|*= 1 gives the

,u2:—§andu3 O

Solving the equation y(u)
three eigenvalues u; = —% 3
4.3. The momentum map of the generic orbit O5V®) ~ F,,(C?). In order
to obtain the momentum map on the flag manifold F;(C?) ~ OV we need to
have the infinitesimal generators of the Lie algebra su(3) at our disposal. They are
provided by the following statement:

Lemma 4.2. Let \y,..., s be the rescaled basis from Notation 2.1. Then the in-
finitesimal vector fields of the Lie algebra su(3) on the flag manifold are given by

i
X/\l = 5 ((1 — zf)@zl — 2122(922 —+ (2123 — Zg)azg) y
1
Xy, = 3 ((—zf —1)0,, — 21220, + (2123 — 22)823) ,
i
X/\3 5 ( 2Zlaz ZZazz + Z3aZ3) )
i
X)\4 5 ( legazl —|— 1 — 22)8 — 23(22 - 2123>823) y
1
Xy, = 5 ( 212905, — (14 22)0,, — 23(20 — 2123)823) ,
i
X)\e 5 (22821 + Zlazz + ( z?2>>623) )
1
Xy, = 5 (200, — 210:, — (1 — z§)8z3) ,
V3
X)\S = —T (228Z2 + 23833) .
Proof. In order to obtain the fundamental vector fields associated to su(3) it is sufhi-
cient to determine the vector fields associated to the basis A1, ..., A\g from Notation
2.1. The vector fields are determined by the equation
X d (thg) - 2
=—| ex .
Ak dt o PUlAK

where Z € Fy5(C?) =~ OSYO) (see local coordinates expression from Corollary 3.11)
and exp(t\g) - Z is defined as multiplication of the matrices exp(tA;) and Z and
corresponds to the left action of SU(3) on the flag manifold.

Without loss of generality, Z may lie in the big cell and thus is of the form
1
Z = <Z1 | 8). When exp(tA;) acts on Z, the result lies not necessarily again

zo z3 1

in the big cell. But, due to the fact that the flag manifold is identified with the
(complexified) homogeneous space SL(3,C)/B where B is the Borel subgroup of
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upper triangular matrices, we can always multiply (from the right) with elements
from B to get again an element in the big cell. Using formula (2.2.1), we compute

cos (L) isin(L) 0 cos (L) sin(L) 0

exp(tA;) = | isin (2%) cos (L) 0], exp(thy) = | —sin 3%) cos(L) 0],
0 0 1 0 0 1
ez 0 0 cos (%) 0 isin (%)

exp(tAs) = 0 e % 0], exp(thy) = 0 1 0 :
0o o0 1 isin (%) 0 cos (%)

cos (%) 0 sin (%) 1 0 0

exp(tAs) = 0 1 0 , exp(thg) = |0 cos (%) isin(i) ],

—sin (%) 0 cos (%) 0 isin %) cos (%)

1 0 0 e2vs 0 0
exp(thr) = [0 cos(L) sin(L) ]|, exp(ths) =
0 —sin Z%) cos ( )

Now we need to compute exp(tA) - Z. Note that, as mentioned above, the result

may not lie in the big cell. Thus we need to multiply in addition from the right with
b1 b2 b

an element b = < 0 by b5> € B, ie.,
0 0 b

N |+ [+

1 0 0 by by b3
exp(M\et) [212 1 0 0 by b5
29 23 1 0 bG

o

in order to obtain as element of the big cell

1 0 0
Ak = fl,k(zht) ]. 0
for(22,t)  fop(zs,t) 1

for some functions f;;(z;,t) with j € {1,2,3} and k € {1,...,8} depending on
the complex variables z; and the real variable t. Now, for k£ € {1,...,8}, we solve
exp(Ait)Zb = Ay, for b € B. The solutions are denoted by 5, € B and are given as
follows:

1 . .
W —1 S1n (%) 0
pr = 0 cos (L) +izsin(L) 0 |
0 1
21 sin(%)l—i-cos(%) — sin (%) 0
P2 = 0 zisin (L) +cos(L) 0 |
0 0 1
ez 0 0
Bs = 0 e > 0|,
0 0 1
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1 Z3Sin(%>

. . t
t e (1 -t (1 - 7 —81n | 5
6 cos(§)+222 5111(5) —292 sm(2)+21?3 snl.(Ez—)l—)zcos(Q) (2)
4= 0 1-— BT e) - iz sin (L
fzzsin(§)+z123 sin(§)+zcos(§) 1 (2>
0 cos (L) + i (22 — 2123) sin (&)
1 23 sin(%) . ¢
St t - St st t — Sin | 5
zzsm(§>+cos(§) zzsm(§ (zlz)gsln(z);rcos(2) (2)
55 = Z2 sin % —+cos % . t
0 22 sm(%)—zlzg sin %)—l—cos(%) <1811 (2)
0 0 zpsin () — z1z3sin (3) + cos (%)
1 0 0
0 t 1 . t - t . t t
56 - COS(§)+ZZ3 sm<§) 51n(5)+cos<§)cot(§) )
0 0 cos (%) +izzsin (L)
1 0 0
= 0 Tt ! t Tt ! t t
57 - 23 51n(5)+cos(5) 31n(§)+cos(§)cot(§) )
0 0 zgsin (L) + cos (L)
e 00
Bs = 0 e25 0
0 0 evs

In order to obtain the vector fields, we must compute the derivatives of A, with
respect to t and evaluate in ¢ = 0. This reduces to determining the derivatives of

the coordinate functions
d
preil (2j,t)

int=0forall j €{1,2,3} and k € {1,...,8}. The corresponding vector fields are
then, for k € {1,...,8}, given by

d d d
Xy == - -
Ak (dt tzofl,k<zlat)) 0., + (dt t:0f2,k(2’2,t)) 0., + (dt t:0f3,k(2’3,t)> Oz

which yields the claim. U

Now we compute the explicit formula for the momentum map on OSV®) ~ F, ,(C?) ~
SL(3,C)/B associated with vortex dynamics.

Theorem 4.3. Let K1 = 1+ |21*+|22|? and Ky = 1+ |z3]*+|2123 — 222, The
momentum map for the left action of SU(3) on the generic coadjoint orbit SL(3,C)/B
15 given by

1 0 0
p:SL(3,C)/B — su(3)", zi 1 0| = (fij)i<ijes
Z9 23 1

where (1;5)1<ij<s 15 the traceless, anti-Hermitian matriz with entries

1(x§+y§+2_m§+y§—1>

Uit = 3 Ky K,
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1 203 +2y3+1  2i+ys—1
Ho2 = 3 K, Ky )
paz = —(p11 + po2),
(tyy — 1) (w3 —iys) —iya + 2 21 — iy

Hi12 = K, — K,
_ (iy1 — 1) (x5 —iys) —iys + T2 @1 — 1
M1z = e — K
ays+as (21 i) (02 — iy)
H23 = Ky - K, .

The remaining entries are determined by the fact that the matriz is anti- Hermitian.

Let us prepare for the proof of Theorem 4.3 by computing the momentum map of
an easy example:

Example 4.4. Let J = ({ '). Consider the symplectic manifold (R?, wy := dzAdy)
and the standard action of SO(2) = U(1) = T on R? by rotations, i.e., exp(6.J) =
(c0s0 —siné)) acts on (i) by

sinf cos6
cost) —sin@\ (x\ [xcost —ysinb
sinf  cos6 y) \xsinf+ycosd )"
The vector field associated with the element exp(6.J) is given by
d
Iy = —

x
=), exp(0J) - (y) = Y0, — 20,.

The contraction of the symplectic form wy via the vector field J;; is

(y —2) (_01 é) (fl‘;) = zdx + ydy.

1
piR =R, (y) = p(ey) = 5@ +97)

The map

is a moment map since it satisfies ¢,,w = d{u, J).

Recall that a 1-form 7 is called exact if there exists a function F' such that dF" = 1.
The following example illustrate a technique how to find such function F'.

Example 4.5. Let dF = y2€my2dl‘ + Qxye‘”yzdy be a 1-form on R?. Thus the (still
unknown) function F : R? — R satisfies the following system of partial differential
equations:

0. F(,y) = y*e™,
Oy F(z,y) = 2y’

Integrating the first equation gives

F(z,y) = /yge“ﬂdw =™ 1+ C(y),
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where C(y) is a function depending on y. Using the second equation leads to
O F(x,y) = 2rye™ + C'(y) = 2rye™V’ = C'(y) = 0.

This means that C' = ¢ is constant and therefore the wanted function F' is given by
F(z,y) =™ +ec.

Now we are ready for
Proof of Theorem 4.3: By definition of the moment map, we must have
d<,LL, )‘k> = X, W,

for all Ay € g and induced vector fields X, from Lemma 4.2. Moreover, recall from
(2.1.1) that the dual pairing is given by the trace. Therefore we have

(u, Ay : SL(3,C)/B — R,

The dual pairing explicitly becomes

x = (u(x), \p) = trace(p(z)\g).

i1 f12 M3 0 % 0 .
trace fo1 M2z fho3 5 00 = z,u% + W%,
31 M32 433 0 0 O
Hi1 o M1z a3 0 % 0
trace Mo1  floo  fho3 —% 0 0 = % — %,
31 M32 433 0 0 0
p1r 2 M3 % 0. 0 )
trace f21  fho2  [h23 0 —5 0 = z,u% — W%?
31 32 33 0O 0 O
M1l M1z M3 0 0 % ; ;
trace fo1 M2z fho3 000 = % + %,
M31 H32 433 5 00
Hi1 M1z pa3 0 0 %
trace Ha1  MH22 23 0 00 = @ — &7
1 2 2
H31 M32 433 -3 00
M1 M1z fa3 000 .
trace M2t H22 a3 00 5 = z,u% + W%’
31 M32 433 035 0
11 M1z fa3 0 0 O s i
trace Mo1  floo  fho3 0 0 % =5 5
M31 32 433 0 —3 0
M1 M1z H13 :/3 0 0 .
2 i i (111 + flo2 — 24133)
trace fo1  floz o3 0 35 0 = 3 :
H31 32 33 0 0 —\/Lg
In Lemma 3.17, we obtained the Hermitian metric h = (hg)i<ki<n on the flag

manifold. Moreover, the (real) symplectic form is given by w = 3 > ki—t hdzi NdZ).
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In terms of real coordinates (1, o, 3, Y1, Y2, y3) € RS the matrix representing the
symplectic form is given by

with
0 Toyi—T1y2 y3($§+y§+1) — (23 (y1—222y3)) —23y2+ys (z1+y2y3)
K? K?Z K?2
9 5 1 2 2
%(h) = T1Y2—T2y1 y3(‘r3+y3+1) 0 T3y2—T2y3+y1
Kz T K2 K?2
1 2 2
$§y2+x3(y1—2$2y3)—y3(w1+y2y3) _ X3Y2—T2Y3+Y1 0
K?Z K?2
2 2
and
a34y2+1 n 23 (203+1) 423493+ siootuyige  @3(23H93H1)  ws(Rwayatyn)tea(ed-ud)twias
Kf K3 K? K3 K3
Rh) = | _weetmw  #(situiel) sttt | ofryin _ mytarastyas
K? K2 K? K2 K2
Y3 (2$3y2+y1)+$2($3 y3)+931$3 _ mi+Tams+yays K
K2 K2 K2
Evaluating d{u, Ax) = tx,, w using the matrix representing w, we obtain the equa-
tions
'd (ium + ill»21) = v W
2 2 - X>\1 ?
p21 M2 _
d ( E 3 ) = Lx,,W,
13 1431 _
d( 2 T3 ) = X,
31 13 J—
d (k3 - 13) = 1, W, (43.1)
123 ip32 — e
d( 2 T2 ) = LX)\ Ws
g3z H23 _
d ( 2 2 ) = xW
i1 ipoo _
d( 2 2 ) = X,
i(p11+p22—2u33) _
K ( 23 = bW

where we need to solve for the components p;; of the momentum map. The 1 forms
on the left hand side are exact and therefore of the general form dF = 37 he1 B dx;ﬁ—
Zk 1 g—dek The 1-forms on the right hand side are contractlons and of the general
form Zk 1 Grdzy, + Zk 1 Gaqpdy. Thus we must solve =G} and = Ghis

for all k € {1,2,3}. We now proceed as in Example 4.5. Con81der1ng the coordinate
x1, we find

F($1,l‘2,$3,y1,y2,y3> = /Gl(mlax%x&yl)y%y3>d$1+C(x27x37y17y27y3>

and obtain therefore an expression for F. Using g—f; = (3 we obtain

oF
0o

0 0
/G1(I1, Ta, T3, Y1, Y2, Y3 )dr1 + =——C(22, T3, Y1, Y2, Ys3)
6.132 8

Ga(z1, T2, T3, Y1, Y2, Y3) = = (21, T2, T3, Y1, Y2, Y3)
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0 0
8_@C_G2_8_x2/G1

and therefore

which yields
0 /
C= / (G2 v G1) dzy + C'(x3,y1, Y2, Y3)-
X2

[terating this procedure, we determine F' in terms of Gy,...,Gg. Therefore, if
G1,...,Gg are explicitly given, we can find an explicit formula for F.

Now we will apply this procedure to the systems of equations given in (4.3.1). We
start with the coupled system

d (1% + 1%) - LX/\lQ’
d (% o %) = LXAQQ'

By integration we obtain the following expressions. Note that, in our situation, the
function C' from above is constant and may be chosen to be zero.

[ 1 w1 (03 +y3) — Towz — Yoys 11\
y e+ p2) = 5 ( K )@
1 1 fx3ys — 3y — ys (X2 + 11y3) 0 .

We now can solve for ps; via

A . . . .
i = o0t i = ! ( (z1 +iy1) (ngg iys) + T2 +iys xll—;zyl)
:1 _i+_zlz3+z2
2 K K5
and find
7 Z1 —Z123 + 22
= —-— 4+ ——F . 4.3.2
Ha =79 ( 5K ) (432)

which can be integrated as

Uiy | U3 _ 1 (=2 + a2 —31ys 22 _.
2 T2 T2 e k)"
Ma paz LT3y A Tys — Y Yo s
2 2 2 K, K .
We optain
— o wmetiyy —x3yr — 21 (T3 +ys) + To+ Yo + Y1ys
gy =7y 10 = — -

2K1 2K2
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and finally

_ —_7, _I2+iy2 _ —($1+iy1) (x3+z'y3)+x2+iy2
H31 5 K, K, .

The next pair of equations is

We compute

1 1 1 [z T1T2 +
M23+M32_ (3 172 ylZJQ)::C7

2 2 2\ K, K
Maz _ pos 1 (o —a1ys  ys\
2 2 2 K, K, ‘

and obtain ¢ 4 i = iu3s and therefore

) - 1 (xg T1To + y1y2> 1 ($2y1 — T1Y2 Ys )
=g\ — % | T\ — 0 —

2 K2 Kl 2 Kl K2
_ 1 (=229 —y1ys + i(xoyr — T1Y2) n T3 — 1Y3
2 Ky K .

In order to determine pus33, we integrate the last equation in (4.3.1) and obtain

i (pa1 + poz — 2u33) V3 <x§ +y; i)

2V/3 4 K K,

Using the fact that the matrix M is traceless, i.e. 11 + oo + 3z = 0, the left-hand
side reduces to

203 4

—3ipss V3 (a3 +ys 1
K, K,

and therefore

i (23+ys 1
pas =5 | = — 7 | -
2\ K K,

On the other hand, using 2(p11 + fto2) = —2us3, we have

3

¢ 31 3 /22 4 2 1
ﬁ(u11+u22_2'“33):7(#114',&22):7( 2Ty L '
Moreover, integrating the remaining Cartan equation d (z’u2 ; ) — 1y, w gives

)
5(,&11 - /~b22) = K.

This yields the system of equations

23}3; (p1 + po2) = A, 23}:3 (pa1 + p22) = A,
3 (11 — fi22) =K v

23 (Hin — po2) = \/%KJ-
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Adding (resp. subtracting) the equations gives

V3. 3 i (2i4yi—1 al+yd+2
pin=——Filat+—=0)=—-——F% - )
3 V3 V3 \ 2V3EK; 23K,

V3. 3 i (203425 4+ 1 ai+y;—1
po2 = ——Ft|la——=0|=——F% + ;
3 V3 V3 \  2V3K, 2v/3 K,

fas = — (1 + f22).

Now as we are working over su*(3) we have obtained all the entries of the matrix. [

5. GREEN’S FUNCTION AND THE VORTEX HAMILTONIAN FOR CP"

In Section 4, we recalled the point vortex momentum map on CP? and computed
the one on Fy 5(C?), i.e., on the degenerate and generic orbits of the action of SU(3).
The aim of this section is to determine the Hamiltonian for the point vortex problem
on CP. An important ingredient here is the fundamental solution of the Laplace-
Beltrami operator.

5.1. The Laplace-Beltrami operator. Let (M, g) be a Riemannian manifold of
dimension n with local coordinates x = (z1,...,x,) in which we express the metric
by the symmetric (n x n)-matrix (g;;) = (¢ij)1<ij<n- The inverse of this matrix
is denoted by (g;;)~' =: (¢/). The Riemannian volume form on (M, g) is given in

local coordinates by
V|det(g)|dzy A -+ A dx, =: dp.

Let f: M — R a smooth function. Then the Laplace-Beltrami operator A on M is
given in local coordinates (z1,...,z,) by

1 n »
Af =——————= ) 0:;97/|det(gi;)| 0. f.
V/|det(gij)] ; ’

which, on R™ equipped with the Euclidean metric, yields A = Y% i1 5’% The big

diagonal Diagy (M) of the N-fold product M x ... x M is defined as
Diagn (M) := {(y1,...,yn) € MY | y; = yx for some j # k with 1 < j k < N},

i.e., it consists of all N-tuple point on M for which at least two points coincide. If
(M, g) is compact, then, for the Laplace-Beltrami operator, there exists a function
G : (M xM)\Diagy(M) — R, referred to as Green’s function, satisfying the following
properties (see for instance Section 2.3 in Aubin [Aub98]):

(1) For all functions ¢ € C*(M,R), we have

o(p) = Vol /¢ du(q /G(p,q)Aqﬁ(Q) dp(q)- (5.1.1)

(2) G is smooth on (M x M) \ Diagy(M).
(3) G is symmetric, i.e. G(p,q) = G(q,p) for all p,q € M.
(4) We have [,, G(p,q) du(q) = constant for all p € M.

Green’s function is also called a fundamental solution of the Laplace-Beltrami oper-
ator.
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Examples 5.1.

(1) Green’s function on R? equipped with the Euclidean metric is given by

1
G(z,y) = ~5- In|z — y|

where |z — yli= /(x1 — y1)? + (2 — y2)? is the Euclidean distance. Note
that |z — y| coincides with the geodesic distance r(x,y) of the Euclidean
metric.

(2) Consider the unit sphere S? with x = (sin 6 cos ¢, sinsin ¢, cosf) € S* and
y = (sin@ cos ¢, sin @' sin¢', cosf’) € S%. Then Green’s function G(x,y) for
the spherical Laplace operator is given by (see Dritschel [Dri&g])

G(z,y) = % log(1 — cos ©),

where © = cosf cos € + sinfsin ¢’ cos(¢p — ¢').
On the flag manifold Fy 5(C?), we have
Proposition 5.2. The Laplace operator on the flag manifold is given by
Ap, %) = Acpz + Ar

where
2

Acp2 = Z (1+ 5jkzk2j)8zj8;k

J,k=1

is the Laplace operator on CP? and Ag a correction term given by
KQ

A= ok (00,05 + 200 05, + a0+ e 0:,05) + (KL o)+ 52 ) 0,0,
+ (21 + 23%2) (Z122 — 23 — 23|21[%) 02, 0z, + (21 + Z223) (1 + |22]?) — z17223) 0,05,
+ (21 + Z322) (2122 — 23 — 23]21[%) 02,0z, + (21 + 22%3) (L + |22|?) — Z122%3) 024,05

where Ky and Ko are the functions from Lemma 3.15.

Proof. On an n-dimensional Kéhler manifold (M, h) with Kéhler potential K, the
Laplace operator A is given by

A=2) h70,0;Ky.
ij=1
Using the expression for the Kahler potential on the flag manifold from Lemma 3.15,
one obtains the expression in the proposition by direct calculations. [l

5.2. The Hamiltonian for point vortex dynamics. Let (M,w) be a symplectic
manifold and N € N. For1 <k < N, let 1, : Hévlek — M be the projection on the
kth factor and let T'y,...,T'y € R7. Consider the space M := IT_, M \ Diagy (M)

and endow it with the symplectic form 2 := Q(T') := Zszl I'ymiw. Recall Green’s
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function G : (M x M)\ Diagy (M) — R defined by the expression (5.1.1) and define
the so-called Robin function (see also Dritschel & Boatto [DB15])

t—t 21

R:M — TR, R():=lim (G(E, t) — L log d(t, t)) :

The Hamiltonian H : M — R,

N

H(sy,...,8n) = Z I.G(si, 85) + Z iR, (sk) (5.2.1)

1<i<j<N k=1

describes the dynamics of N vortices with vortex strength I'y € R fork =1,..., N
on the phase space M. Green’s function G describes the interaction between pairs
of distinct vortices and the Robin function takes self-interactions into account (for
more details, see Lin [Lin41]).

To study the vortex dynamics on an explicitly given symplectic manifold, we need
explicit formulas for Green’s function. Unfortunately, Green’s functions are explic-
itly known only for certain classes of manifolds as for instance planes, hyperbolic
planes, and 2-spheres, see Galajinsky [Gal22], Lim & Montaldi & Roberts [LMRO1],
Montaldi & Nava-Gaxiola [MNG14].

Motivated by the study of the generic and degenerate coadjoint orbits of SU(3),
we naturally are interested in the Green’s functions on these coadjoint orbits. The
degenerate coadjoint orbit is CP? and, in the case of SU(n4-1), one of the degenerate
coadjoint orbits is CP".

5.3. Green’s function and the Hamiltonian on the coadjoint orbit CP".
The aim of this subsection is to obtain an explicit formula for Green’s function on
CP". This will allow us then to write down the Hamiltonian for the point vortex
dynamics on CPP" explicitly.

Given an arbitrary compact Riemannian manifold, the explicit computation of
Green’s function is not obvious. However, there are certain homogeneous spaces
for which methods are available to obtain an explicit formula for Green’s function.
Among these spaces, there are compact rank one symmetric spaces, briefly CROSS
spaces. All CROSS spaces are given by the following list: the n-sphere S”, the
projective spaces KP" for K € {R,C,H}, and the octonionic plane QP

CROSS spaces are special examples of so-called locally harmonic Blaschke mani-
folds (see Besse [Bes78]) for which the following result was established.

Proposition 5.3 (Beltrdan & Corral & Criado del Rey [BCAR19]). Let M be a locally
harmonic Blaschke manifold and denote the geodesic distance between two points
x,y € M by r(z,y) =: r. Then, Green’s function on M is given by G(x,y) = ¢(r)
where ¢ is determined by the differential equation

inj(M)
@) = _rnlvM(:«) vol (M) / VBt (5:3.1)

where Vi is the so-called volume density and inj(M) is the injectivity radius of the
manifold.
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Recall that the diameter of a Riemannian manifold (M, g) is defined by

diam(M) := sup r(x,y)
T, yeM
where r(x,y) is the geodesic distance between z,y € (M,g). We now focus on
the CROSS space M = CP" where, in fact, the injectivity radius is equal to the
diameter. The density function Vgpr was explicitly determined by Kreyssig [Krel0]
as
2n—1

Vepr (1) = 27%_1 sin®* "1 (r) cos(r). (5.3.2)

In order to solve the differential equation (5.3.1) for M = CP" we need the
following technical result.

Lemma 5.4. Let n € N”°. Then

n—1

/ - (in ) g = log(sin(z)) — ) I

sin ) cos(x) — 2jsin* (z)

<

Proof. We start with

/sinlzn__ls(i;l?;(oz)(a:) dr = / sinzn_l(i) cos(z) dr — /tan(x) dx

1
= / S () cos(z) dx + log(cos(x)).

Using 1 + cot?(z) = csc?(x), we obtain

/Sm%_l(l dr = /sec(q:) csc®Hz) da = /sec(g:) csc?2(z) esc(x) da

x) cos(z)

= /sec(a:) csc(x)(1 4 cot?(z))" ! da.

Using the binomial formula

(4 cot(@) = 5 (” . 1) cot (z)

we obtain
/sec(z) cse(x) i (n ; 1) cot® () dx = 3 (n ; 1) /sec(w) csc(r) cot? (z) du.
Since
sec(r) csc(x) cott(x) = L cos'(z) = cos” (z) — cot” (x)
)esclo)cor o) sin(z) cos(z) sin(z)  sin“(z)  sin’(2)

the integral becomes

/cote_1 csc?(x) du.
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By using the substitution v = cot(x) and dv = — csc?(z)dz we have
¢

¢
—/vg_l dv:—%qLC’:—COté(x) +C

where C' is the integration constant. Now, for ¢ = 2k, we can rewrite

n—1 n—1

3 (” . 1) / sec(x) csc(x) cot?* (z) dar = / sec(z) cse(r) di—Y (” . 1) %

k=0 k=1
We compute

/sec(x) csc(z)dr = log(sin(x)) — log(cos(z)).

This means for our original integral

/ sinzntls(i;lif)?(x) e

n—1
-1 2k
= log(sin(z)) — log(cos(x (n )C0t2k($) + log(cos(x))
n—1
n—1 cot2k( )
=1 :
og(sin(z Z ( ) 5%
k=1
By using repeatedly
cot?(z) = !
sin?(7)

we finally obtain

1 — sin?"(x) —
dr =1
/sinznl(x) cos(z) v = log(sin(a

M

o 2] sin®
U

We now obtain

Theorem 5.5. Green’s function on CP" with the Fubini-Study metric is given by
G : CP" x CP" \ Diag,(CP") — R with

1 . S !
G(EN) = ~5ore™) (log@m(?“(f’”m 23 sin2j(7’(£,?7))>

J=1

where r(§,n) = arccos % is the geodesic distance between the two point in

CP" and (-, )y is the Hermitian inner product.
Proof. Recall from Equation (5.3.2) that the volume density of CP" is

22n=1gin®**~1(r) cos(r)

Tn—l

V(cpn (T‘) =
and that

T il

inj(CP") = diam(CP") = = and  vol(CP") = g

N}
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Therefore the ODE for ¢(r) from (5.3.1) can be written as

1 diam(CP"™) .
— t" " Vepn (t) dt
=1 Vepn (1) voI(C]P’”)/T cen (1)

and gives rise to the following equation:

() =

1 jus
/ " sin2n=1 (1) cos(t)dt

P = ~ vol(CP™) sin®*~1(r) cos(r) J,
1

1 ia2n
= VIR s (1) cos(r) 20T S (M)

Solving this ODE gives the following formula for the fundamental solution

p(r) = : / L)

~2n-vol(CP") | sin® '(r) cos(r)

Using Lemma 5.4 now gives the result. U

Theorem 5.6. The Hamiltonian for the N point vortex dynamics on the projective
space CP" is explicitly given by

H : (CP")" \ Diagy(CP") — R,

] N . n—1 1
H(C) = SECEED > Talg (bg(sm(?‘@m Cs))) — Z 25 sin? (r(Co, g@))

a<f =1

<

where ¢ = (C1,-..,Cn) and r(Ca, (p) is the geodesic distance on CP"™ between the two
points given by

<Com CB>H<C,37 Ca>H
(Cas Cad (s, Co)

where (-, )y is the Hermitian inner product.

7(Ca, Cp) = arccos\/

Proof. Equation (5.2.1) gives the formal expression for the Hamiltonian of the N
point vortex problem on a manifold. Using the explicit expression for the Green
function on CP" from Theorem 5.5 yields the result. U

The Hamiltonian vector field Xy (and then also the equations of motion) for the
Hamiltonian from Theorem 5.6 can be computed either by using the implicit formula
involving the symplectic form or by making use of an compatible almost complex
structure J for the Fubini-Study metric, i.e., via X# = J grad(H).

5.4. The Hamiltonian on the flag manifold F,,(C?). As we saw in previous
subsections, the explicit knowledge of Green’s function is quite rare which makes it
complicated to obtain an explicit expression for the Hamiltonian of the point vortex
problem in many situations.

We do not yet have an explicit formula for Green’s function and the Laplacian
on the flag manifold F; 5(C?) so that we also do not yet have an explicit expression
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for the Hamiltonian of the point vortex problem. One idea to approach this open
question may be the fibration

S2 — W6 ~ ]FLQ((C3) — (CIP)2

together with the hope to deduce Green’s function on W ~ F; 5(C?) from those on
S? and CP? and thus obtain the Hamiltonian on W¢ ~ Fy 5(C3).

In fact, this poses the more general question of the behaviour of Green’s function
with respect to fibrations in general. But this is beyond the scope of the present

paper.
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