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Some historical developments

Various invariant reductions of soliton hierarchies, like stationary flows or restricted
flows, lead to finite-dimensional systems integrable in the Liouville sense.

Theory of stationary flows of KdV hierarchy and their finite-gap solutions was
developed in 1970s (Dubrovin, Novikov, Its, Matveev).

Bogoyavlenskii and Novikov (1976) proved that these flows can be represented by
finite-dimensional Hamiltonian systems.

Later a bi-Hamiltonian formulation for the stationary KdV flows was presented by
means of the degenerate Poisson tensors and the Liouville integrability of stationary
KdV flows was established It was observed that there are two Hamiltonian
finite-dimensional representations of the stationary flows connected by Miura maps
(Antonowicz, Fordy and Rauch-Wojciechowski (1987))

The idea in a sense reverse, that starting from a particular family of Stäckel systems
one can reconstruct the related soliton hierarchies was for the first time explored -
for the case of cKdV hierarchy - by B laszak and Marciniak (2006) and in Blaszak
and Marciniak (2008) and then - for cHD - in Marciniak and Blaszak (2010)
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Definition of the n-th stationary N-field cKdV system

Consider the N-field cKdV hierarchy utr = Kr [u], r = 1, 2, . . ., u = (u0, u1, . . . , uN−1)T .
The stationary condition Kn+1 = 0 provides N independent constraints on the
infinite-dimensional (functional) manifold F on which the cKdV hierarchy is defined,
reducing it to the finite-dimensional submanifold, n-th stationary manifold:

Mn = {[u] ∈ F |Kn+1 = 0} , dimMn = 2n + N.

Definition

The n-th stationary cKdV system consists of the first n evolution equations from the
cKdV hierarchy together with its (n + 1)-th stationary flow:

ut1 = K1, ut2 = K2, . . . , utn = Kn, Kn+1 = 0.

The cKdV case is presented in the preprint: arXiv:2305.02282.

The KdV case is presented in the preprint: arXiv:2204.10632.
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Results

Main results

We show that every N-field stationary cKdV system can be written, after a careful
reparametrization of jet variables, as a classical separable Stäckel system on N + 1
different ways.

For each of these N + 1 parametrizations we present an explicit map between the jet
variables and the separation variables of the system.

We show that each pair of Stäckel representations of the same stationary cKdV
system, when considered in the phase space extended by Casimir variables, is
connected by an appropriate Miura map.

It leads immediately to (N + 1)-Hamiltonian formulation for the stationary cKdV
system.

Side results

We present a novel formula for co-symmetries of the cKdV hierarchy.

We present novel formulas for (integrated) kernels of all N + 1 Hamiltonian
operators Bi of the cKdV hierarchy.

We do not study the higher vector fields Kn+2,Kn+3, . . . on Mn.
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Coupled KdV hierarchy (Alonso, Antonowicz, Fordy)
Generated by the energy-dependent Schrödinger spectral problem:

ψxx + Qψ = 0, ψtk =
1

2
Pkψx −

1

4
(Pk)xψ, k = 1, 2, . . . ,

Q = −λN +
N−1∑
i=0

uiλ
i , ui = ui (x , t1, t2, . . .), uN ≡ −1.

The compatibility conditions (ψxx)tn = (ψtn )xx give the (infinite) cKdV hierarchy

Qtk = (Pk)xQ +
1

2
PkQx +

1

4
(Pk)3x ≡ JPk , k = 1, 2, . . . (1)

Here Pk =
[
λk−1P

]
⩾0

, where P =
∞∑
i=0

Piλ
−i is s.t.

JP ≡ PxQ +
1

2
PQx +

1

4
P3x = 0.

J ≡
N∑
i=0

Jiλ
i , Ji :=

1

4
δi0∂

3
x +

1

2
(ui∂x + ∂xui )

N = 1, Korteweg–de Vries (KdV) Q = −λ+ u0
N = 2, Dispersive Water Waves (DWW) Q = −λ2 + u1λ+ u0
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Coupled KdV hierarchy

Comparing in (1) the coefficients at various powers of λ we obtain the standard form of
the coupled KdV hierarchy as an infinite suit of N-component evolution equations:

utk = Kk [u], k = 1, 2, . . . ,

defined on an infinite-dimensional functional (smooth) manifold F . Coordinates on F are
given by jet variables [u] := (u, ux , uxx , . . .), with the (field) vector u := (u0, . . . , uN−1)T .

Some remarks:

The construction works since Pi = Pi [u] in (1) actually do not depend on k.

All the vector fields Kk [u] mutually commute

All the vector fields Kk [u] are thus tangent to the stationary manifold Mn.
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Definition of J

We need the following (symmetric) bi-linear operators

J (f , g) :=
N∑
i=0

Ji (f , g)λi , Ji (f , g) := − 1

16
δi0 (fxxg + fgxx − fxgx) − 1

4
ui fg ,

Thus

J (f , g) ≡ − 1

16
(fxxg + fgxx − fxgx) − 1

4
Qfg

It can be proved that

Ji (f , g)x = −1

4
(fJig + gJi f ) , J (f , f )x = −1

2
fJf .
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Algebraic recursion

The hierarchy generating polynomial P =
∞∑
i=0

Piλ
−i satisfy (integrated) equation

1

2
P(P)xx −

1

4
(P)2x + QP2 = −4λN , P0 = 2.

Proposition

The coefficients Pi satisfy the recursive formula

Pk = Pk [u] = −
k−1∑
j=1

JN(Pj ,Pk−j) −
N−1∑
i=0

i+k−N∑
j=0

Ji (Pj ,Pi−j+k−N), k = 1, 2, . . . .

This (new, although known for N = 1 (S. I. Al’ber, 1979)) formula is purely
differential-algebraic.
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Multi-hamiltonian structure

All the N-component evolution equations from the cKdV hierarchy are Hamiltonian with
respect to N + 1 Hamiltonian operators Bi :

utk = Kk = B0γk = . . . = Bmγm−N = . . . = BNγk−N , k = 1, 2, . . .

where u = (u0, . . . , uN−1)T and γk = (Pk , . . . ,PN+k−1)T .

The operators Bm have the explicit form:

Bm =



J0

. .
. ...

J0 · · · Jm−1

0

0

−Jm+1 · · · −JN
... . .

.

−JN
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Multi-hamiltonian structure

Any two consecutive Hamiltonian operators Bm define (the same) hereditary recursion
operator R through

R := Bm+1B−1
m , m = 0, 1, . . . ,N − 1,

given explicitly by

R =


0 · · · 0 −J0J

−1
N

1
. . .

1

−J1J
−1
N
...

−JN−1J
−1
N

 ,

so that
Kr+1 = Rr

K1 and γr+1−N = (R†)rγ1−N , r = 1, 2, . . . ,

where K1 = ux and γ1−N = (0, . . . ,P0)T . However the above method requires
integrating the nonlocal operator while our formula gives us an explicit (although
recursive) form of all Pk that are obtained by purely differential operations.
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Example: DWW hierarchy
Assume N = 2 and denote u := (u0, u1)T = (u, v)T . We get DWW hierarchy, with the
first flows given by(

u
v

)
t1

= K1 ≡
(
ux
vx

)
,

(
u
v

)
t2

= K2 ≡
(

1
2
vux + uvx + 1

4
v3x

ux + 3
2
vvx

)
,(

u
v

)
t3

= K3 ≡
(

3
8
v 2ux + 3

2
uvvx + 3

2
uux + 1

4
u3x + 3

8
vv3x + 9

8
vxv2x

3
2
vux + 3

2
uvx + 15

8
v 2vx + 1

4
v3x

)
,

(
u
v

)
t4

= K4 ≡
(

⋆
15
8
v 2ux + 15

4
uvvx + 3

2
uux + 1

4
u3x + 35

16
v 3vx + 5

8
vv3x + 5

4
vxv2x

)
,

where

⋆ =
3

2
u2vx +

5

16
v 3ux +

15

8
uv 2vx +

9

4
uvux +

3

8
vu3x +

9

8
u2xvx +

5

4
uxv2x +

5

8
uv3x +

15

32
v 2v3x

+
45

16
vvxv2x +

15

16
v 3
x +

1

16
v5x

This hierarchy is three-hamiltonian with

B0 =

(
− 1

2
v∂x − 1

2
∂xv ∂x

∂x 0

)
, B1 =

(
1
4
∂3
x + 1

2
u∂x + 1

2
∂xu 0

0 ∂x

)
,

B2 =

(
0 1

4
∂3
x + 1

2
u∂x + 1

2
∂xu

1
4
∂3
x + 1

2
u∂x + 1

2
∂xu

1
2
v∂x + 1

2
∂xv

)
.
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Example: DWW hierarchy

The cosymmetries γk = (Pk ,Pk+1)T are given by

P0 = 2, P1 = v , P2 = u +
3

4
v 2, P3 =

3

2
uv +

5

8
v 3 +

1

4
v2x ,

P4 =
3

4
u2 +

15

8
uv 2 +

1

4
u2x +

35

64
v 4 +

5

8
vv2x +

5

16
v 2
x ,

P5 =
15

8
u2v +

35

16
uv 3 +

5

8
vu2x +

5

8
uxvx +

5

8
uv2x +

63

128
v 5 +

35

32
v 2v2x +

35

32
vv 2

x +
1

16
v4x ,

...

while the recursion operator attains the form

R =

(
0 1

4
∂2
x + u + 1

2
ux∂

−1
x

1 v + 1
2
vx∂

−1
x

)
.
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Characterisation of kernels of Bm (generic case)

We need to define some auxiliary functions:

fk,m(ξ) :=
k−1∑
i=0

k∑
j=i+1

Ji (ξm+j−k , ξm+i−j+1),

gk,m(ξ) := −2
N∑
i=k

i∑
j=k

Ji (Pj−k , ξm+i−j+1),

where k ∈ {1, . . . ,N}, m ∈ {0, . . . ,N} and ξ = (ξ1, . . . , ξN)T is an arbitrary covector
with ξi = ξi [u].

Proposition

For fixed m ∈ {0, 1, . . . ,N}, ξ ∈ kerBm, (that is Bmξ = 0), if and only if

fk,m(ξ) = ck for 1 ⩽ k ⩽ m,

gk,m(ξ) = ck for m + 1 ⩽ k ⩽ N,

where c1, . . . , cN are arbitrary constants.
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Hamiltonian foliation of the stationary manifold Mn

For the m-th Hamiltonian representation Bmγn+1−m = 0 of the (n + 1)-th stationary
cKdV flow Kn+1 = 0 on the stationary manifold Mn the covector γn+1−m belongs to the
kernel of the respective Hamiltonian operator Bm.

Hence, by setting ξ = γn+1−m, where ξi = Pn−m+i , we find the integrated form of the
(n + 1)-th stationary cKdV flow:

fk := fk,m(γn+1−m) = ck for 1 ⩽ k ⩽ m,

gk := gk,m(γn+1−m) = ck for m + 1 ⩽ k ⩽ N,
(⋆)

where c1, . . . , cN are (arbitrary) integration constants.
The leaves of this foliation are given by

Mc

n,m := {[u] ∈ Mn | s.t. (⋆)} ,

so that for each m:

Mn ≡
⋃

c∈RN

Mc

n,m.

We will refer to this foliation (one for each m) as Hamiltonian foliation of Mn. Two such
foliations for two different m are transversal to each other.
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Stäckel foliation
The (n + 1)-th stationary flow Kn+1 = 0 of the cKdV hierarchy can be written as

Qtn+1 ≡ (Pn+1)xQ +
1

2
Pn+1Qx +

1

4
(Pn+1)3x ≡ JPn+1 = 0.

The stationary condition can be integrated:

J (Pn+1,Pn+1) ≡ −1

8
Pn+1(Pn+1)xx +

1

16
(Pn+1)2x −

1

4
QP 2

n+1 = C(λ),

where C(λ) is an appropriate polynomial in λ with coefficients being integration
constants that follow from the next proposition.

Proposition

We find that

J (Pn+1,Pn+1) ≡ λ2n+N +
n+N−1∑
k=0

hkλ
k , (2)

where

hk =
N∑
i=0

k∑
j=i

Ji (Pn−k+j ,Pn+i−j).

For n + N ≤ k < 2n + N the coefficients hk vanish and h2n+N = 1.
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Stäckel foliation

Theorem

Let us fix m ∈ {0, . . . ,N}. Then, the set of solutions of the system of equations

hk = ck+1 k = 0, . . . ,m − 1

hk = ck−n+1, k = n + m, . . . n + N − 1.
(⋆)

where all ck vary over R, coincide with the stationary manifold Mn.

When we fix the values of all ci then the equations above define a a particular leaf of a
2n-dimensional foliation of the stationary manifold Mn. This foliation is parameterized
by the vector c ≡ (c1, . . . , cN). Therefore, for each m ∈ {0, 1, . . . ,N}, we define

M̄c

n,m := {[u] ∈ Mn | s.t. (⋆)} ,

and then Mn is foliated into M̄c

n,m:

Mn ≡
⋃

c∈RN

M̄c

n,m.

We call this foliation the m-th Stäckel foliation of Mn. Two Stäckel foliations with
different m are mutually transversal.

Proposition

The Hamiltonian foliation Mc

n,m and the Stäckel foliation M̄c

n,m coincide.
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Geometry of the first n cKdV flows on the stationary manifold Mn

the 2n + N-dimensional stationary manifold Mn = {[u] ∈ F |Kn+1 = 0} is - for each
m ∈ {0, 1, . . . ,N} - foliated into Mc

n,m:

Mn ≡
⋃

c∈RN

Mc

n,m.

Two foliations with two different m are mutually transversal.

Flows of

ut1 = K1, ut2 = K2, . . . , utn = Kn

are not only tangent (which is obvious) to Mn but they are also tangent to every
leaf of any of the the above foliations.

For each m ∈ {0, 1, . . . ,N} these flows can be parametrized as (flat) Stäckel
systems on Mc

n,m.

Ther exist a (non-canonical) Miura map connecting any two Stäckel systems with
two different m - after extending both Stäckel systems to the whole stationary
manifold Mn.

Let me now focus on two last statements.
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Stäckel systems of Benenti type
They are Hamiltonian systems generated by separation curves of the form

σ(λ) +
n∑

k=1

Hkλ
n−k = λmµ2, m ∈ Z,

where σ(λ) is a Laurent polynomial. Taking n copies we derive the separation relations:

σ(λi ) +
n∑

k=1

Hkλ
n−k
i = λm

i µ
2
i , i = 1, . . . , n,

Solving the above w.r.t. Hk we obtain n quadratic in momenta (Stäckel) Hamiltonians:

Hk =
1

2
µTAkGmµ + Vk , k = 1, . . . , n,

on the phase space T ∗Q spanned by the coordinates (λ,µ) where λ = (λ1, . . . , λn)T are
local coordinates on the configuration space Q while µ = (µ1, . . . , µn)T are the
momentum coordinates. Then Gm are treated as contravariant metrics on the
configuration space Q. Explicitly

Gm = 2 diag

(
λm
1

∆1
, . . . ,

λm
n

∆n

)
, ∆i =

∏
j ̸=i

(λi − λj).

Krzysztof Marciniak arXiv:2305.02282 FDIS 2023, Antwerp 18 / 33



Stäckel systems of Benenti type

Further, all Ak are (1, 1)-Killing tensors for all the metrics Gm and they are given by

Ak = (−1)k+1diag

(
∂sk
∂λ1

, . . . ,
∂sk
∂λn

)
, k = 1, . . . , n,

where sk denotes the elementary symmetric polynomials in variables λi of degree k.

(λ,µ) are separation coordinates for all n Stäckel Hamiltonians Hk .
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Stäckel systems in Vieté coordinates

We make an extensive use of the so-called Vieté (canonical) coordinates:

qi = (−1)i si , pi = −
n∑

k=1

λn−i
k µk

∆k
, i = 1, . . . , n.

where sk are the elementary symmetric polynomials in λi and ∆i =
∏
j ̸=i

(λi − λj).

Let p = (p1, . . . , pn)T and q = (q1, . . . , qn)T .

The Stäckel Hamiltonians take in Vieté coordinates the following form:

Hk =
1

2
p
TAkGmp + Vk , k = 1, . . . , n,

where Gm represents the contravariant metric and the respective Hamiltonian evolution
equations are

qtk = {q,Hk}, ptk = {p,Hk},

where {·, ·} =
∑
i

∂

∂qi
∧ ∂

∂pi
.
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Main theorem

Theorem

For a given m ∈ {0, 1, . . . ,N}, the transformation between the jet variables [u] on the
stationary manifold Mn and the Viète coordinates (q, p, c) given by

qi =
1

2
Pi , pi =

1

2

n∑
j=1

(
G−1

m

)
ij
(Pj)x , i = 1, . . . , n,

and

ci = hi−1, i = 1, . . . ,m, ci = hn+i−1, i = m + 1, ...,N,

maps (after the identification t1 ≡ x) the r -th flow utr = Kr of the stationary cKdV
system onto the Stäckel system defined by the following separation curve

λ2n+N−m +
N−m∑
k=1

cm+kλ
n+k−1 +

n∑
k=1

Hkλ
n−k +

m∑
k=1

ckλ
k−m−1 = λmµ2 (3)

Note that the covariant metric G−1
m in the second part of the above map must be first

calculated in jet variables using the first part of the map.
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Some remarks
The Stäckel Hamiltonians Hk calculated from (3) are now defined on the extended
phase space with coordinates (q, p, c) and are given as before, i.e.
Hk = 1

2
µTAkGmµ + Vk (or in Vieté coordinates by Hk = 1

2
pTAkGmp + Vk) and with

the potentials Vk given by

Vk(q, c) = V(2n+N−m)
k +

N−m∑
i=1

cm+iV(n+i−1)
k +

m∑
i=1

ckV(i−m−1)
k .

The so called elementary separable potentials V(α)
k can be explicitely constructed

from the formula (Blaszak 2011)

V(i) = R iV(0), V(i) =
(
V(i)
1 , . . . ,V(i)

n

)T
, V(0) = (0, . . . , 0,−1)T ,

where

R =


−q1 1 0 0
... 0

. . . 0
... 0 0 1

−qn 0 0 0

 , R−1 =


0 0 0 − 1

qn

1 0 0
...

0
. . . 0

...
0 0 1 − qn−1

qn

 .

The proof of this theorem goes by comparing the Lax formulation of the stationary
cKdV system and the Lax formulation of the corresponding Stäckel system, as found
in B laszak, Domański (2019). See the article for details.
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The second stationary DWW system, n = N = 2

The stationary system consists of two evolution equations(
u
v

)
t1

= K1 ≡
(
ux
vx

)
,

(
u
v

)
t2

= K2 ≡
(

1
2
vux + uvx + 1

4
v3x

ux + 3
2
vvx

)
and of the stationary flow K3 = 0,

u3x = −6uux +
15

2
v 2ux + 3uvvx +

45

4
v 3vx −

9

2
vxv2x

v3x = −6vux − 6uvx −
15

2
v 2vx ,

which defines the stationary manifold M2 parameterized by the jet variables
[u] = (u, ux , u2x , v , vx , v2x).
The vector fields on M2 attains the form(

u
v

)
t1

=

(
ux
vx

)
,

(
u
v

)
t2

=

(
−vux − 1

2
uvx − 15

8
v 2vx

ux + 3
2
vvx

)
.
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Three representations of the stationary system of DWW (N = 2) for n = 2

The stationary system consists of two evolution equations(
u
v

)
t1

=

(
ux
vx

)
,

(
u
v

)
t2

=

(
vux
2

+ uvx + v3x
4

ux + 3vvx
2

)
and the stationary flow(

3v2ux
8

+ 3
2
uvvx + 3uux

2
+ u3x

4
+ 3

8
vv3x + 9

8
vxv2x

3vux
2

+ 3uvx
2

+ 15v2vx
8

+ v3x
4

)
=

(
0
0

)
,

and according to theorem above it has three Stäckel representations given by the
following three spectral curves:

m = 0: λ6 + c1λ
3 + c2λ

2 + H1λ+ H2 = µ2

m = 1: λ5 + c1λ
2 + c̃1λ

−1 + H1λ+ H2 = λµ2

m = 2: λ4 + c̃2λ
−1 + c̃1λ

−2 + H1λ+ H2 = λ2µ2
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The generic spectral curve

The generic (see (2)) spectral curve attains the form

λ6 + h3λ
3 + h2λ

2 + h1λ+ h0 = λ2mµ2

which yields the following hk on M2

h3 = −
3

2
uv −

1

4
v2x −

5

8
v3,

h2 = −
9

8
uv2 −

1

4
u2x −

3

4
u2 −

1

2
vv2x −

5

16
vx

2 −
15

64
v ,

h1 = −
1

8
vu2x +

1

8
uxvx −

1

8
uv2x −

3

4
uv3 −

3

4
u2v −

9

32
v2v2x −

9

64
v5,

h0 = −
3

32
v2u2x +

3

16
vuxvx −

3

16
uvv2x −

3

16
uvx

2 −
9

64
uv4 −

3

8
u2v2 +

1

16
ux

2 −
1

8
uu2x

−
1

4
u3 −

9

64
v3v2x .
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First representation m = 0

Putting h3 = c2 and h2 = c1 we obtain the foliation of M2 into leaves Mc

2,0. Solving
these relations,

u2x = 8c2v − 4c1 − 3u2 +
15

2
uv 2 +

65

16
v 4 − 5

4
v 2
x , v2x = −4c2 − 6uv − 5

2
v 3,

we arrive at the curve for the leaves Mc

2,0. It has the form

λ6 + c2λ
3 + c1λ

2 + H1λ+ H2 = µ2

while Hi are

H1 =
3

8
u2v +

5

16
uv 3 +

1

8
uxvx +

7

128
v 5 +

5

32
vv 2

x +
1

2
c2u +

1

8
c2v

2 +
1

2
c1v ,

H2 = +
1

8
u3 +

3

32
u2v 2 − 5

128
uv 4 +

3

16
vuxvx −

1

32
uv 2

x +
1

16
u2
x −

15

512
v 6

+
15

128
v 2v 2

x − 1

4
c2uv +

1

2
c1u − 3

16
c2v

3 +
3

8
c1v

2.
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Transformation between jet and Viète coordinates

The (inverse) map between jet and Viète coordinates is given by

u = 2q2 − 3q2
1 , ux = 4p1 − 8p2q1, v = 2q1, vx = 4p2

and

u2x = 16c2q1 − 4c1 − 20p2
2 − 52q4

1 + 96q2q
2
1 − 12q2

2 , v2x = −4c2 + 16q3
1 − 24q2q1.

The (Stäckel) Hamiltonians in Viéte coordinates have the form

H1 = p2
2q1 + 2p1p2 + q5

1 − 4q2q
3
1 + 3q2

2q1 − c2q
2
1 + c1q1 + c2q2,

H2 = p2
2q

2
1 + 2p1p2q1 − p2

2q2 + p2
1 + q2q

4
1 − 3q2

2q
2
1 + q3

2 − c2q2q1 + c1q2.
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Miura maps between different Stäckel representations of (the same)
stationary cKdV system

Theorem

The following Miura map on the stationary manifold Mn

q = q̄

p =
(
RT
)m

p̄,
[(

RT
)m]

ij
= V(n−i+m)

j (q̄), i , j = 1, ..., n,

ci = H̄m−i+1(q̄, p̄, c̄), i = 1, . . . ,m,

ci = c̄i , i = m + 1, . . . ,N

transforms the Stäckel system defined by the curve (i.e with m = 0)

λ2n+N +
N∑

k=1

ckλ
n+k−1 +

n∑
k=1

Hkλ
n−k = µ2

to the Stäckel system generated by the curve (with m ∈ {1, . . . ,N})

λ̄2n+N−m +
N−m∑
k=1

c̄m+k λ̄
n+k−1 +

n∑
k=1

H̄k λ̄
n−k +

m∑
k=1

c̄k λ̄
k−m−1 = λ̄mµ̄2,
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Miura maps between different Stäckel representations of (the same)
stationary cKdV system

The inverse of the above Miura map is given by

q̄ = q

p̄ =
(
RT
)−m

p,
[(

RT
)m]

ij
= V(n−i+m)

j (q), i , j = 1, ..., n,

c̄i = Hn−i+1(q, p, c), i = 1, . . . ,m

c̄i = ci , i = m + 1, . . . ,N.

and it transforms the Stäckel system defined by the second curve back to the Stäckel
system generated by the first curve.

It is easy to obtain a Miura map between two Stäckel representations with two arbitrary
(dfferent) m.

Thus, all the Stäckel representation of (the same) stationary cKdV system, considered in
the extended phase space Mn, are equivalent, and the equivalence is given by a Miura
map similar to the one given above.
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(N+1)-Hamiltonian formulation for stationary cKdV system

Below I present the result only for m = 0 but we have the general formulas for arbitrary
m. The formulas are given in separable coordinates (λ,µ, c) associated with the system.

Corollary

The Stäckel system defined by the curve (i.e with m = 0)

λ2n+N +
N∑

k=1

ckλ
n+k−1 +

n∑
k=1

Hkλ
n−k = µ2

is (N + 1)-Hamiltonian, with the (degenerated) Hamiltonian operators πr , r = 0, . . . ,N
given by

πr =
n∑

i=1

λr
i
∂

∂λi
∧ ∂

∂µi
+

r∑
j=1

Xj ∧
∂

∂cr−j+1
, Xj = π0dHj , (4)

Note that π0 is canonical and that the N functions Hn−r+1, . . . ,Hn, cr+1, . . . , cN are
Casimir functions for πr .
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Example: three-Hamiltonian formulation for the system n = N = 2

Consider again the third DWW system, i.e. the Stäckel system generated by the above
curve with n = 2, N = 2:

λ4 + c2λ
3 + c1λ

2 + H1λ+ H2 = µ2.

The operators πr on M = R6 are

π0(λ, µ, c) =

 0 I
−I 0

0 0

∗

 , π1(λ, µ, c) =

 0 Λ
−Λ 0

X1 0

∗

 ,

π2(λ, µ, c) =

 0 Λ2

−Λ2 0
X2 X1

∗

 ,

where I =diag(1, 1) and Λ =diag(λ1, λ2)
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Example: three-Hamiltonian formulation for the system n = N = 2

The corresponding the bi-Hamiltonian chains attain the form:

π0dc1 = 0
π0dH1 = X1 = π1dc1
π0dH2 = X2 = π1dH1

0 = π1dH2

π0dc1 = 0
π0dH1 = X1 = π2dc2
π0dH2 = X2 = π2dc1

0 = π2dH1

π1dc2 = 0
π1dc1 = X1 = π2dc2
π1dH1 = X2 = π2dc1

0 = π2dH1

.
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