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> Integrable geodesic flows with integral quadratic in momenta
» Quadratic integrals and Killing tensors

> Stackel construction

> Nijenhuis operators and related objects

> Frobenius algebras

» Mixing Nijenhuis and Frobenius

» New general construction of integrable systems with
quadratic integrals

> Inverse theorem



Integrable geodesic flows with integral quadratic in

momenta

» (M,g) (pseudo-)Riemannian manifold

» Geodesic flow of g:
Hamiltonian system on T*M with

H = 1hi(x)pip; = h(p,p), h=3g™*

x=(x',...,x") and p = (p1,...,pn) are canonical coordinates
on the cotangent bundle T*M
> Liouville Integrability:
n independent Poisson commuting integrals
FR=HF....,F,: T*M > R



Example: C. G. J. Jacobi, Lectures on Dynamics, 1842-43
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Geodesic flow on the ellipsoid X— + % + Z 1

Euclidean metric in elliptic coordmates )\,u,y) in R3:
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The ellipsoid is given by A = 0. Hence

ds2 = (u—v) ( udp 3 vdv )
o 4a—pmb-mic—n)  Ha-)b-nc-v)
f 2 f 2 - — —
y_ fWE= R a0kt
nw—v t
uf(v)py —vf(u)p,
w—v
Notice that this integral F is quadratic in momenta, and this works for
any f(-), moreover we can take two different functions f (1) and f(v).

F =




Quadratic integrals and Killing tensors

We are interested in Hamiltonian systems admitting n Poisson
commuting integrals of the form

Fo = h(p,p) = > Wi (x)pipj = h(KZp,p), h=h (1)

where K is an operator, known as Killing (1, 1)-tensor of the metric g.
Here g = %h_l, F1 = h(p,p) and K1 = Id.

Equivalently, we want to describe metrics g admitting (or, together with)
n Killing (1, 1)-tensors

Ki=1d, Ko, ..., K,

such that the corresponding quadratic functions F; = g~ 1(K¥p, p)
Poisson commute (and are independent).

Terminology: Killing (1, 1)-tensor K = (Kj’) means that

F =g *(K*p.p)

is a first integral of the geodesic flow. In a more classical setting, one
usually consider Kjj = gio K;*. Then the Killing condition is:

V,’Kjk + Vij,' + VkK,'j = 0.



Stackel construction, 1891

Consider the following matrix formula

si(x) si2(x) ... sia(x)\ (A fi(x1)p;
91(x) sn(x) ... snx) || F f(x2) p3
Snl (Xn) Sn2 (Xn) e Sn,,(Xn) Fn fﬂ(Xn)ps
or shortly SF = P, where S is known as Stackel matrix.
Theorem
If Fy, ..., F, satisfy this relation, i.e. F = S™1P, then they Poisson
commute.

Explanation: The common level surface X, = {F,(x,p) = c,} of the
integrals is given by the equations of the form

fi(x)p? = Zs,-a(x,-)ca, i=1,....n, cyeR.
«

The variables are separated, implying immediately that X is Lagrangian
for all c. This is equivalent to the fact that Fy,..., F, Poisson commute.



Properties of Stackel integrals

si(x) s2(x) ... sw(x)\ [F fA(x)p?
s1(x2)  s2(x) ... sam(x) || F2 f(x2) p3
Sn1 (Xn) Sn2 (Xn) ce Snn(Xn) Fn f,,(x,,)p%

Properties of Fy,..., Fp:
> Poisson commute
» quadratic in momenta
» diagonal in coordinates xi, ..., X,

» K; algebraically commute, KiK; = KiK;



Ellipsoid again

Example
2 _£(1) p2 V) p2—u 2 .. .
For H = W and F = %, the Stackel matrix

is S = (’V‘ i) so that we have
- -

For the n-dimensional ellipsoid, everything is basically the same:
S is the Vandermonde matrix:

P Y |
s DY D VI |
Ao, 1

n

fH’l(a’_ _ t)

and f(t) = iy :



Some historical remarks

L. Eisenhart in 1934 asked the question under which conditions the
existence of Poisson commuting integrals of the form (1) would imply
that the integrals and the metric come from the Stackel construction,
and gave first results in this direction.

The question was answered in full generality by E. Kalnins and W. Miller
in 1980. They proved that linearly and functionally independent Poisson

commuting integrals (1) necessarily come from the Stickel construction

if one assumes that at every point p € M there exists a basis in T,M" in
which the operators K are all diagonal.

Question. But what about non-diagonal case? For pseudo-Riemannian
metrics, diagonalisability is not a natural assumption.



Examples of Nijenhuis operators

X1 X1
X2 X2 X1
Xn Xn ... X2 X1
Diagonal Toeplitz
X1 1 X1
X2 0 X2 X1
SR | -0
x, 0 ... O Xn X X

Companion form 77



Frobenius algebras

(a, ) vector space with multiplication »
» commutative
> associative
> with unity
> admits a non-degenerate invariant symmetric bilinear form b

b(§xn,¢) = b(n,&* ().

Each Frobenius algebra of dimension n admits a faithful representation
R:a— gl(nR):

& — R¢ = operator of (right) multiplication by &

Thus, we can think of a as an n-dimensional commutative subalgebra in
gl(n,R). This subalgebra a  gl(n, R) satisfies two important properties:
» ais a maximal commutative subalgebra
> there exists an inner product g on R” w.r.t. which all A€ a are
self-adjoint
Dual bases: We say that two bases K, ..., _K,, €a an_d MY ... M"ea
are dual w.r.t. the Frobenius form b if b(M', K;) = J;.



Examples of Frobenius algebras

X1 X1 X1
X2 X2 X1 X2 X1
0
Xn Xn Xo X1 Xp X2 X1
Not an accident!
Theorem
Let a be a Frobenius algebra, e1, ..., e, a basis of a and A; = R, be the

corresponding multiplication operators. Then
A= 2 X,'A,'

is a Nijenhuis operator on R"(xy, ..., X,).

Important example. Let L be a gl-regular operator (n x n constant
matrix). Then a = Span(ld, L,...,L"™1) is an n-dimensional Frobenius
algebra.



Combining Frobenius and Nijenhuis

Let My, ..., M, be linearly independent Nijenhuis operators such that
Spang (M1 (x), ..., M,(x)) < gl(TxM) is a Frobenius subalgebra.
In addition, assume that (M;, M;) = 0.

Examples:
» M = L1 k=1,...,n, where L is a gl-regular Nijenhuis operator;
» My = Re, = const, where ey, ..., e, is a basis of a Frobenius algebra.

Symmetry algebra of My, ..., M,:
Sym = Sym(My, ..., M,) = {all common symmetries of M;'s}.

Fundamental facts about Sym
» Sym is an infinite-dimensional commutative associative algebra
under usual matrix multiplication
> elements of Sym are all Nijenhuis
» Sym admits many common conservation laws, moreover there exists
a =df such that Mo, ..., M¥« are closed and linearly
independent (at least in the real analytic case)

» if My,..., M) € Sym are linearly independent pointwise, then
Sym(Mj,...,M}) =Sym(My, ..., M,)



Example: diagonal case

Let My,..., M, be diagonal Nijenhuis operators. Then

fi(x1)
f2(x2)
Sym = . , e C®

Common conservation laws are

a=dg, g = g1(x1) + g(x2) + - + ga(xn)
Notice that
Sym = Sym(Ds, ..., D,),

where Dy, ..., D, are constant diagonal matrices. Moreover,
Sym = Sym(D), where D is a single constant diagonal matrix with
simple spectrum.

A symmetry algebra Sym is called flat if it admits a basis that consists of
constant operators (in a certain coordinate system). Flat symmetry
algebras are in one-to-one correspondence with Frobenius algebras.



General construction and duality

We study Poisson commuting functions Fs: T*M - R, s =1,...,n
quadratic in momenta.

Fs = = > hi(x)pip; = h(K¥p,p), h=h

They can be naturally identified with symmetric bilinear forms hs on
T*M":
ZW x)pipj = hs(p, p)

If hy is non-degenerate, then we can interpret it as a contravariant
(pseudo-)Riemann metric and the functions can be equivalently written
in the form F, = hy(K¥p, p) = g (KX p, p), where the operators

Ks = hsht. (2)

are Killing (1, 1)-tensors of the metric h;. The next theorem provides a
natural method for constructing such functions from a symmetry algebra
Sym.



Stackel-type theorem in the non-diagonal case

Theorem
Let Sym be a symmetry algebra, M*, ... M" be a basis of Sym, and «
be a common conservation law of M''s such that Ml*a, o, M™a are

linearly independent pointwise. Consider the canonical coordinate system
ut, .o U, p1, ..., pa on T*M such thatdu' = M™*a, i=1,...,n and
set, as before, M'-M! = 3y M*, a¥ = a¥(u). Then

1. The quadratic in momenta functions

FS(Uap):ag(u)pfpﬁ 5:1,"'7’77
pairwise Poisson commute with respect to the canonical Poisson
structure on T*M;
2. The functions Fs(u, p) satisfy the condition
det (%,C) #0 for a generic p e T}M;

3. Ifh= (af) is non-degenerate, then F; = h(KZ¥p, p) and the
corresponding Killing tensors K given are dual to M’ with respect
to (af) treated as a Frobenius form, that is, M’ = h* K.



Inverse theorem

Theorem
Consider a collection of quadratic in momenta functions

Zh’f X)pip; = h(KE¥p,p), s=1,....n, Ki=Id.

Suppose that they satisfy the following conditions:
(i) Functions Fs pairwise commute with respect to the canonical
Poisson bracket on T*M;
(ii) det( ) # 0 for generic p;
(iii) Ki-Kj = Kj-Ki.
Then the functions Fs are obtained via the procedure described in

Theorem 1 for an appropriate choice of a symmetry algebra Sym, basis
My, ..., M, € Sym, and a common conservation law c.

Moreover... Let K; - Kj = 3} a7 Ks. Assume that b; = aj; is
non-degenerate. Then we can think of b = (bu) as a Frobenius form on
Span(Ki, ..., K,). Then Sym = Sym(M*, ..., M"), where M’ = bUK;
are dual to K;. Each M/ is Nijenhuis!
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