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Cluster algebra (coefficient free case)

o Cluster algebras are a class of commutative algebras, which were introduced by
Fomin and Zelevinsky

@ Initial data formed by

© N-tuple of distinguished generators x = (xi, x2, ... xy) in a field of rational functions
F. Generators x; are called cluster variables

@ A quiver,Q, which is a directed graph with N vertices. (In cluster algebras, we are
considering the quiver, which does not possess 2-cycles or loops)

The pair (x, Q) is called an initial seed.

o A cluster algebra A(x, Q) is a subalgebra of the field 7 whose generators obtained
from x by the special iterative process called mutation,

@ The mutation consists of two parts: Quiver mutation and Cluster mutation
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Quiver mutations

Quiver mutation at node k consists of three steps

@ For each subquiver i 2 k % j, insert an edge i 2% j
@ Reverse all arrows which are connected to k, j NN

© Remove any 2-cycles which are formed by inserting arrows.

Example (Quiver mutation at node 2)
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Cluster mutations

@ A quiver Q can be identified with an N x N skew-symmetric matrix,B, known as
exchange matrix. The exchange matrix also transforms into a new exchange matrix
under the mutation:

—bj; if i=korj=k

B o= B)); =
( )J (Hk( ))J {b,‘j —+ %(|b,‘k|bkj —+ b,‘k|bkj|) otherwise

o Cluster mutations: Given an initial cluster which is n-tuple x = (x1,...xn). The

. . . . . ’
cluster mutation in the direction k is px(x) = (x1, ..., Xk—1, X, - - - , Xn) Where the
new generator x; is defined by the expression

N [bil+ N [—bil+
i=1 i Tlliea X
pk(xic) = [ ka : s [Ebi]+ = max(0, £bi)

This expression is known as a (coefficient free) exchange relation.
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Periodicity and Laurent phenomenon

Definition (Mutation periodic)

The quiver Q with N nodes is mutation periodic with period m if

imbim_y -+ i (Q) = p"(Q)
for N > m, where p: (1,2,...,N) — (N,1,2,..., N — 1) is the cyclic permutation.

The quiver corresponding to type Az is mutation periodic with period 1 as
11(Q) = p(Q). Define ¢ = p~ 11, then p(Q) = Q. We refer the map ¢ as cluster map.

Theorem (Laurent phenomenon)

Every cluster variable generated by the exchange relation is a Laurent polynomial in the
initial variables.
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Integrable Cluster map

@ The cluster map ¢ can be considered as a discrete dynamical system. The trajectory
of the system is represented by the iteration of the map

@ Gekhtman, Shapiro and Vainshtein introduced a log-canonical Poisson bracket,
{xi, x;} = Pjxixj, where matrix P (Poisson tensor) satisfies PB = AD

@ It is compatible with cluster algebra in the sense that
it (O o), B) = (R, 5w), B) yields {%, %} = Py%i;
@ The ¢ is a poisson map
(e ¢ (1x}) = {e(a), 2(g)} = P =@(P)) as o(B) = B

Definition

Let P be Poisson tensor of rank 2r. Then ¢ is integrable if there exists
© N — 2r Casimir functions Cy, i.e. ¢*(Cx) = Cy satisfying {Ck, f(x)} = O for all function f(x)
Q@ r first integrals hj, j=1,...,r (¢*(h;) = h;) such that {h;, hj} =0

Wookyung Kim (Lancaster University)



Presymplectic form

@ In cluster algebras, there exists a skew-symmetric bilinear form, written in the
log-canonical form

w = Z by dx; Adx; = Zb,-jdlogx,-/\dlong

Xi Xj
i<j 'Y i<j

where bj; are entries of the exchange matrix B associated to the quiver Q

@ It is compatible with cluster algebra i.e. ux: ((x1,...,xn), B) = (()"q, o RN, é)
yields
. by .. ...
@ = Z - dX A dX
i<j 7Y
@ The cluster map is symplectic ¢ : (x1,x2,...,xn) — (X1, %2, ..., Xy) satisfies

P w=wop(xy,...,xn) =w as p(B) = B.
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Deformation of cluster mutation which preserves presymplectic form

o Restate the exchange relation as

/ (M, M, .
X = lJ,k(Xk) — k( I;(? k )’ where Mg: — Hxi[ib:k]Jr

k ;
Remark that if fi(M;", M,") = M + M, the relation above returns to the original
one.

@ What is the condition for the function f; in order for the map
@ =p" " i iy _q - - i itiy, to be a symplectic map?

Ny Ny
Pro=Y —Ldyadg = —dgAdg=w

i<y % i<y NN
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Deformation of cluster mutation which preserves presymplectic form

Theorem (Hone, Kouloukas)

Consider the cluster algebra with initial seed (x, Q). Let © = p~ ™ Wi, fip,_; * - * Pinbiy, SUch
that p(Q) = Q. Then ¢ is a symplectic map if and only if the smooth function
fc : F x F — F satisfies

_ M,
A ;) = ()
k

for some differentiable function gx : F — F

Setting gu(x) = x+1 = (M, M) =M +M,_.

Original cluster map is symplectic

Wookyung Kim (Lancaster University)



Deformation of symplectic map of type Ag

The quiver corresponds to Dynkin type of As,

o It is mutation periodic with period 6 i.e.

© = pepspapispzpn(B) = B

o With setting gk(x) = bx + a for a, b € R, the function f(M;", M,") = bM_ + aM,’,
the map ¢ acting on the initial cluster variables (x1, x2, x3, xa, x5, X6 ) generates the
following:

’
1 xaxy = by + a1xe
!’ ’
Wn i XnX, = bp + anx,_1xn+1 2<n<5

’ ’
16 : XeXg = be + agxg
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Integrability of ¢

o Consider the log-canonical Poisson bracket, {x, x;} = (B™!);xix;.

o Let Li= (") (x). lf by=1, as =1 (for 1 <r <6,2<s<5), then pis
integrable as there exist 3 first integrals

8 2
I = LiLjri(Liv2 + Liva + Liss) + > LiLjeslyss,
Jj=0

j=0

which are in involution with respect to the Poisson bracket {-,-}.
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Laurentification

Question: Is the deformed integrable map ¢ still a cluster map?

a2 xpx3+(x1+x3)a1+x1%2 ¢ Z[Xi]

@ No because it produces Gt

o Laurentification refers to a transformation that lifts the birational map to a new
coordinate system where the map possesses the Laurent property.

o Note that this is not a unique procedure as several methods can Laurentify the
birational map, e.g. recursive factorization and projectivization.

@ The transformation can be guessed from the singularity confinement pattern,
observed from singularity analysis. The pattern of singularities closely correlates
with the transformation.
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Singularity pattern

o Let x, = (x1,n,...,%,n) be variables induced by the iteration of the map ¢.
@ The ¢ : X, = Xp4+1 gives the variable, x1 ,41 = H:ﬂ It has singularity at x1,, = 0.

@ Setting the initial values x1,0 = ¢, xj,0 = uj for j € {1,...,6}\{1}, where e < 1 and
uj are regular values.

@ Xx1,0 = E(N 01) — X1,1 671('\‘ OOI) — X12 = %ﬁl(w R)
® [ 3

X1,n 01 OO1 R R ** Tpt1 *
1 X1,n = 2,n —

X2.n R o R R ¥ Th *+Th
1

X R oo R R > * *

S 1 X3,n = X4,n

X4.n R o R R Tn * - Th

xsn| R o' R R : ‘T
1 1 X5,n = X6,n =

X6,n R o 0 R * - Th * - Th
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Deformation of type Ag (Laurentification)

By singularity analysis, one could observe the pattern which lead us to define the map

(X1, %en) = (G2,05 91,0, T—1,T0, T1, 00, 01, 02, 03, 04, 05, 06, 07, P1,05 P2,05 a1, 36)
OnTp41 P1,n P2,n q2,n
Xln=—""" Xpn=—"" XBpn=_——"_ X4n=
On+1Tn On42Tn On+4+3Tn On+4Tn
qi,n On4+7Tn—1
X5,n = X6,n =
On+5Tn On+6Tn

By setting the (%, %2, %3, X4, X5, X6, X7, X, X0, X10, X11, X12, X13, K14, K15, K16, X17) =
(92,0, 91,0, 71, 70, 1, 00, 01, 02, 03, 04, 05, 06, 07, P1,0, P2,0, 31, 6)

Deformed quiver Qg
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Deformation of type Ag (Laurentification)

@ The relations, which is given by ¢ o 7, is equivalent to the exchange relations
induced by uspapi11sp1ap6(%o)
Tn420n = On42Tn + a1Pn

Pn+1Pn = 0n430n4+2TnTnt1 + MaOnt1Tn+2

Int1fn = On440n+3TnTn+1 + GnPn1
/ Gn+19n = Tnt50n4+4TnTn+1 + Walni1
Wn1Wn = Ont60n+5TnTn+1 + Ont7qn+1Tn—1

Ont8Tn—1 = Ont6Tnt1 + 36Wni1

<> porT

patap pispiae(Xo, Qag)

= (%1,0Qa,)
\

The sequence mutations in a cluster algebra of type As with including two frozen
variables a1, as generates the sequence of tau functions, (cn),(pn),(rn),(Wn),(qn),(Tn),
which are elements of the Laurent polynomial ring

+ + 4+ + 4+ 4+ + 4+ _+ _+
Z>o[al,ae,ao,01702,03,04,05,0

I - =
697 :7-1:T0 >

s =k
T1 5Po 1o »Wo aqo]~
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Figure 1: Local expansion on the four cycle
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Local expansion of the deformed quiver

@ Each node in the deformed quiver Q4 corresponds to tau-functions
(1,2,3,4,5,6,7,8,9,10,11,12,13) = (q1,0, 71, 70, T1, 00, 01, 02, 03, 04, 05, P1,0, 1, 34)

@ By the local expansion above, the deformed quiver Q¢ has vertices corresponding to
(q2,07 q1,0,T7-1,70,71,00,01,02,03,04,05,06,07, P1,0, P2,0, 41, 36)

@ The extension from the deformed quiver of type As to As, suggests that the map

(X1, %en) = (GN=1,05--->91,0, T—1,70,TL, 00, - - - ; 02N, P1,0, - - - » PN—1,0, 31, 327
o071 Po p1 PN—2
X]=—— Xp= —— X3= yee ey XN = )
o170 0270 0370 ONTO
_ qn-2 _Q _ OoN41T-1
XNl = — XNl = Xoy =
ON+1T0 TIN—1T0 O2NTO
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Deformed quiver Qop (type Azn)

Let i = pn—1fbn—2 - - - ph2 b1 haN+3HaN—+2 * + - H3N+6M43N+5. T hen the sequence of mutations
LN iipen+3 is equivalent to cyclic permutation of 2V + 5 nodes, which corresponds to
tau-functions 7 and o.

pniiins3(Q) = p(Q)

Subsequent mutation un-1fipn+a will give similar result. Applying the 2N + 3 of these
blocks of the mutations,

M) =Q

where fI = pi3n4afipN-+213N+3 N1 H3N-+2 LN H3N+1 [E3N+4 * + * (N [LEIN43
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Deformation of symplectic map of type Aoy

The birational map (cluster map )¢ = pon - - - 1 associated to type Ay, which is
equivalent to

’
p1ixixy =14 arxo
fon :xnx,,,:1+x,;_1xn+1 2<n<2N-1

’ ’
Han @ XonXon_q1 = 1+ aonxs,

can be Laurentified to the cluster map @7 on the space of tau-functions, that is, the
generated variables are in the Laurent polynomial ring Zso[a1, an, 0%, p*, ¥ ]

Wookyung Kim (Lancaster University)



Future direction

@ Deformation of cluster map of type Aoni1.

o Generalizing deformation of the cluster map of type B and D.(Up to so far we have
successfully Laurentified the deformations of type B,, Bs and D.)

o Potential relations between deformed integrable cluster map and other integrable
map (We have found that deformed particular type B3 and D4 maps are closely
related to a particular solution of Somos-7 recurrences)

@ Investigating symmetries in deformed exchange matrix type Ay
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Thank you for your attention!
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