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Outline - Lecture 4

 Few words on symplectic reduction

 Symplectic embeddings



We have the moment map

It can be used to prove localization results because      behaves 
like a Morse function, with critical set          (for most     ).MT

φξ

ξ

Φ : M → t∗

p !→
(

t −→ R
ξ !→ φξ(p)

)
.

The moment map is also an equivariant map:                   for 
every           .  If      is a regular value,                is a manifold.µ ∈ t

T Φ−1(µ)
µ Φ−1(µ)

dim(Φ−1(µ)) = dim(M) − dim(T)

= 2n − d

dim(Φ−1(µ)/T) = dim(M) − 2 · dim(T)

= 2n − 2d

Symplectic reduction



We have the moment map

It can be used to prove localization results because      behaves 
like a Morse function, with critical set          (for most     ).MT

φξ

ξ

Φ : M → t∗

p !→
(

t −→ R
ξ !→ φξ(p)
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The moment map is also an equivariant map:                       for every         
          .  If      is a regular value,                is a manifold.µ ∈ t

T Φ−1(µ)
µ Φ−1(µ)

Symplectic reduction

Theorem [Marsden-Weinstein]:
If             is a compact Hamiltonian     manifold, and      is a regular 
value of      , then  

T M T -

is symplectic, with at worst orbifold singularities.
M//T(µ) = Φ−1(µ)/T

µ

Φ



S1 Cn

t · (z1, . . . , zn) = (t · z1, . . . , t · zn)

Φ : Cn → R
(z1, . . . , zn) !→

∑
|zi|

2

Φ−1(µ) =
{

(z1, . . . , zn)
∣∣∣

∑
|zi|

2 = µ
}

= S2n−1

Φ−1(µ)/S1 = S2n−1/S1 = CPn−1

aaCC
Phi PiCn ΦTn ΦS1

µ

Example of symplectic reduction
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A circle action

Example of symplectic reduction
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Moment map

Example of symplectic reduction
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Level set

Example of symplectic reduction



S1 Cn
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Symplectic quotient!

Example of symplectic reduction



Delzant’s Theorem:

!Cn//Td

More examples

"
compact toric

symplectic manifolds

*
ú

"
simple rational

smooth convex polytopes

*
11

MrightarrowPhileftMright
Phi1leftalpharight K

Art

deltaTNK
subseteqmathbbRn

TNbetamathbbCNrightarrowleftmathbbRNrightrightarrowmathbbRalphaforall N facets
combin of Δ
determine IleqTYαKTd



F!ags(Cn)Tn

Gr(k, Cn)Tn

T Oλ

Oλ//T} is a weight variety.

More examples

https://www.desmos.com/3d/lv7bzaxjez
g2mathbbC4T32dims2T3subsetg2mathbbC48dim1l



Pol3(a1, . . . , an) =

{
(−→v1, . . . ,−→vn)

∣∣∣ −→vi ∈ R3, |vi| = ai,
∑−→vi =

−→
0

}

SO(3)

= S2
a1
× · · ·× S2

an

//
SO(3)

(C2)n

//U(2)

!!!!!!!!!!!!!!!
//Tn

""""""""""""""""

Gr(2, Cn)

//Tn−1
""############ S2 × · · ·× S2

//SO(3)!!$$$$$$$$$$$$$

Pol3(a1, . . . , an)

Yet another example



Delzant’s Theorem:

More examples

"
compact toric

symplectic manifolds

*
ú

"
simple rational

smooth convex polytopes

*

PPal3left11111right
mathbbCP32 4overlinemathbbCP12

LOCUSa2a1Traynor
trickis an

S2leqP
a5 a3
a4

P doesnotadmita toric action
In fact no Ham S action



Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

Symplectic embeddings



Partial answers

Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

Theorem (Gromov).

B2npRq sãÑ B2prq ˆ R2n´2

There is a symplectic embedding

if and only if R ≤ r .

Symplectic embeddings



Partial answers

Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

Theorem (Gromov).

B2npRq sãÑ B2prq ˆ R2n´2

There is a symplectic embedding

if and only if R ≤ r .

Symplectic embeddings

Phi1leftiiiiddotsrightB0



Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

Theorem (Biran).
There is a symplectic packing

filling

∫

`

B4p�q sãÑ B4p�q

` 1 2 3 4 5 6 7 8 • 9

p` 1 1
2

3
4 1 20

25
24
25

63
64

288
289 1

the fraction p` of B4p�q, for

Partial answers

Symplectic embeddings

1TomU

V K
IVPacking

stability



Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

Theorem (McDuff).
There is a symplectic packing

if and only if

∫

`

B4p1q sãÑ B4p�q

E p1, `q sãÑ B4p�q

Partial answers

Symplectic embeddings
mathbbC2rightarrowmathbbR2

1

1
l



Theorem (McDuff.  Hutchings.).
There is a symplectic embedding

E pa, bq sãÑ E pc, dq
if and only if N pa, bqk § N pc, dqk @ k.

Partial answers

Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

E (a, b) =
n
(z1, z2)

��� ⇡ |z1|2
a + ⇡ |z2|2

b < 1
o

0

BBB@

0 a 2a 3a · · ·
b a+ b 2a+ b 3a+ b · · ·
2b a+ 2b 2a+ 2b 3a+ 2b · · ·
...

...
...

...
. . .

1

CCCA

Symplectic embeddings



Theorem (McDuff.  Hutchings.).
There is a symplectic embedding

E pa, bq sãÑ E pc, dq
if and only if N pa, bqk § N pc, dqk @ k.

Partial answers

Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

N (1, 4) = (0, 1, 2, 3, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 8, 9, 9, 9, . . . )

N (2, 2) = (0, 2, 2, 4, 4, 4, 6, 6, 6, 6, 8, 8, 8, 8, 8, 10, 10, 10, . . . )

Symplectic embeddings



Theorem (McDuff.  Hutchings.).
There is a symplectic embedding

E pa, bq sãÑ E pc, dq
if and only if N pa, bqk § N pc, dqk @ k.

Partial answers

Question.

When is there a symplectic embedding pM1,!1q sãÑ pM2,!2q?

N (1, 4) = (0, 1, 2, 3, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 8, 9, 9, 9, . . . )

N (2, 2) = (0, 2, 2, 4, 4, 4, 6, 6, 6, 6, 8, 8, 8, 8, 8, 10, 10, 10, . . . )

)
=) E (1, 4)

s
,! E (2, 2)

Symplectic embeddings



cB4(a) = inf
n

�
��� E (1, a)

s
,! B4(�) = E (�,�)

o

!"# !$%&'&#!"%(# !$%&'&# !"%('(# !"%('(#

!"%('('(# !"%('('(# !"%('('(# !"%('('('(# !"%('('('(#!"%('('(#

!"%('('('('(# !"%('('('('(# !"%('('('('('(#!"%('('('('(#

... ...
...

Infinite staircase

accumulation point
E (1, 4)

s
,! E (2, 2)

Theorem (McDuff–Schlenk).
The function
has graph

Infinite staircases

Symplectic embeddings
89 34

34

131315

5 2

Y vol lower bound



Infinite staircases

Symplectic embeddings

 Fibonacci staircase (McDuff–Schlenk)

 Pell staircase (Frenkel–Müller)

 Ellipsoid staircase (Cristofaro-Gardiner–Kleinman)

 More generally, study E p1, aq sãÑ X



Convex toric domains

Definition.
A convex toric domain is the inverse image of a convex subset of
R2 under the map

� : C2 ! R2

that sends �(z, w) = ⇡(|z|2, |w|2).



Definition.
A convex toric domain is the inverse image of a convex subset of
R2 under the map

� : C2 ! R2

that sends �(z, w) = ⇡(|z|2, |w|2).

Theorem (Cristofaro-Gardiner – H. – Mandini – Pires).
Let ⌦ be a Delzant polygon, X⌦ the corresponding con-
vex toric domain, and M⌦ the corresponding closed toric
symplectic manifold. Then

E (c, d)
s
,! X⌦ () E (c, d)

s
,! M⌦.

Convex toric domains



Properties of            . (Cristofaro-Gardiner – H. – Mandini – Pires). cX(a)

For a convex toric domain X of finite type, the ellipsoid 
embedding function  is:

 continuous; 

 non-decreasing;

 sublinear:                                                 ; 

 equal to the vol curve for              ;  

 piecewise linear when not vol or accum; and

 may equal the embedding function of a compact X.

cX(t · a)  t · cX(a) 8t � 1

a >> 0

Ellipsoid embedding functions



Theorem (Cristofaro-Gardiner – H. – Mandini – Pires).

Infinite staircases: an obstruction

Let X be a convex toric domain with finite blowup vector. If cX(a)
has an infinite staircase, then it accumulates at a solution a0 of

a2 �
✓
per2

vol
� 2

◆
a+ 1 = 0.

Furthermore, at a0,

cX(a0) =

r
a0
vol

.
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Infinite staircases

Symplectic embeddings

Theorem (Cristofaro-Gardiner – H. – Mandini – Pires).

cX(a) =
n
�
��� E (1, a)

s
,! � ·X

o

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

There is an infinite staircase in the ellipsoid embedding function

for the following toric domains:



Infinite staircases

Symplectic embeddings
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Infinite staircases

Symplectic embeddings
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Infinite staircases

Symplectic embeddings
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.Convex toric domain ù pb; b1, . . . , bnq the blowup form

.For any convex toric domainX, cXpaq is continuous,
non-decreasing, and piecewise linear when not equal
to the volume lower bound.

!"# !$%&'&#!"%(# !$%&'&# !"%('(# !"%('(#

!"%('('(# !"%('('(# !"%('('(# !"%('('('(# !"%('('('(#!"%('('(#

!"%('('('('(# !"%('('('('(# !"%('('('('('(#!"%('('('('(#

... ...
...

Infinite staircase

accumulation point

E (1, 4)
s
,! E (2, 2)

Infinite staircases: the proof



.Convex toric domain ù pb; b1, . . . , bnq the blowup form

.For any convex toric domainX, cXpaq is continuous,
non-decreasing, and piecewise linear when not equal
to the volume lower bound.

!"# !$%&'&#!"%(# !$%&'&# !"%('(# !"%('(#

!"%('('(# !"%('('(# !"%('('(# !"%('('('(# !"%('('('(#!"%('('(#

!"%('('('('(# !"%('('('('(# !"%('('('('('(#!"%('('('('(#

... ...
...

Infinite staircase

accumulation point

E (1, 4)
s
,! E (2, 2)

Infinite staircases: the proof



.Convex toric domain ù pb; b1, . . . , bnq the blowup form

.For any convex toric domainX, cXpaq is continuous,
non-decreasing, and piecewise linear when not equal
to the volume lower bound.

!"# !$%&'&#!"%(# !$%&'&# !"%('(# !"%('(#

!"%('('(# !"%('('(# !"%('('(# !"%('('('(# !"%('('('(#!"%('('(#

!"%('('('('(# !"%('('('('(# !"%('('('('('(#!"%('('('('(#

... ...
...

Infinite staircase

accumulation point

E (1, 4)
s
,! E (2, 2)

Infinite staircases: the proof



!"# !$%&'&#!"%(# !$%&'&# !"%('(# !"%('(#

!"%('('(# !"%('('(# !"%('('(# !"%('('('(# !"%('('('(#!"%('('(#

!"%('('('('(# !"%('('('('(# !"%('('('('('(#!"%('('('('(#

... ...
...

Infinite staircase

accumulation point

E (1, 4)
s
,! E (2, 2)

}
sn

(3)

}
(4;2,2)
n odd }

}
tn

(4;2,2)
n even }

tn-1

(3;1)

}tn }
sn

(3;1,1,1,1)

}

tn }

(3;1,1)

}
tn } sn

(mod 3)
n≡1 , 2

tn

}(3;1,1)

}

tn } sn
(mod 3)
n≡ 0

tn-1

}

sn

}
}}tn

tn tn

(3;1,1,1)

}

tn }n odd

tn }
tn

sn

}(3;1,1,1)

}

tn }
tn

tn+1

sn

}
}(mod 4)

n≡ 0 tn }
tn } sn

}(3;1,1,1)

}

(mod 4)
n≡ 2

tn-1

sn
}

sn

}
tn

tn

ECH capacities by 
counting lattice points

Infinite staircases: outer corners
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Finding embeddings via ATFs
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Infinite staircases: inner corners


