
Modular integrable systems, their deformations and classification
Philip Boalch (CNRS, IMJ-PRG, Paris)

I’ll discuss the moduli space approach to finite dimensional integrable systems ad-
mitting “good” rational Lax representations, as well as their deformations to isomon-
odromy systems. This viewpoint was initiated by Hitchin in the higher genus case
with no poles and then extended by Nitsure/Bottacin/Markman to cover the cases
with poles, and in particular to incorporate existing systems in the genus zero case
(rational matrices) where many of the applications lie. A key step (Biquard-B. 2004)
was to show such integrable systems have complete hyperkahler metrics on their to-
tal space, and so (by hyperkahler rotation), are canonically diffeomorphic to moduli
spaces of meromorphic connections. This step amounts to a generalisation of non-
abelian Hodge theory to incorporate poles of any order, and this rotation is a modern
intrinsic way to understand the autonomous limit of an isomonodromy system to an
isospectral integrable system (dating back to Painlevé and Garnier).

Finally one can also consider the moduli spaces of monodromy/Stokes data (the
wild character varieties) corresponding to such spaces: we will view these as “global”
analogues of Lie groups and explain some first steps in their classification, via dia-
grams, analogous to Dynkin diagrams. One of the simplest class of examples of wild
character varieties (related to Painlevé II) are the Flaschka–Newell surfaces:

x y z + x + y + z = b − b−1

where b ∈ C∗ is constant. These complex surfaces underly the simplest examples of
the wild nonabelian Hodge hyperkahler manifolds, and their diagram is affine A1.

• O. Biquard and P.B., Wild non-abelian Hodge theory on curves, Compositio Math.
140 (2004), no. 1, 179–204.
• P.B., Symplectic manifolds and isomonodromic deformations, Adv. in Math. 163
(2001), 137–205.

• P.B., Simply-laced isomonodromy systems, Publ. Math. I.H.E.S. 116 (2012), no.
1, 1–68.
• P.B. and D. Yamakawa, Diagrams for nonabelian Hodge spaces on the affine line,
C. R. Math. Acad. Sci. Paris 358 (2020), no. 1, 59–65.
• J. Douçot, Diagrams and irregular connections on the Riemann sphere, arXiv:2107.02516,
2021

https://webusers.imj-prg.fr/~philip.boalch/

https://webusers.imj-prg.fr/~philip.boalch/

